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Introduction: gravity = gauge X gauge

o Naive idea: “A, ® A, = gu © B @ ¢
@ First concrete incarnation: KLT relations

@ A purely field theoretic approach: BCJ colour—kinematic duality and
double copy prescription

@ We propose an homotopy algebra realisation of this principle
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Flash review of BCJ duality and double copy

@ Every Lagrangian field theory is equivalent to a theory with only cubic
interactions

@ n-points L-loops YM amplitude as sums of trivalent graphs

L LGN
At = 2 [ g,

@ / ranges over all trivalent L-loops graphs
@ C;: colour factor, composed of gauge group structure constants

e N;: kinematic factor, composed of Lorentz-invariant contractions of
polarisations and momenta
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Flash review of BCJ duality and double copy

BCJ colour—kinematic duality

There is a choice of kinematic factors such that N;s obey the same
algebraic relations (e.g., Jacobi identity) of the correspondent C;

@ True at tree-level, conjectured for loop-level

@ Gravity amplitudes can be represented as sum over trivalent graphs,
too

Yang—Mills double copy

If BCJ duality holds true, replacing the colour factor with a copy of the
kinematic factor in AZ'\[' produces a N = 0 supergravity amplitude

@ All-loop statement, the problem is then to validate BCJ duality at loop
level
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BRST-Lagrangian perspective on double copy

@ Until now, on-shell scattering amplitude approach

@ An off-shell Lagrangian realisation of colour-kinematic duality and
double copy could solve the all-loop conundrum

Our approach

Double-copy YM Lagrangian and BRST operator to obtain a theory
equivalent to AV = 0 supergravity
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Yang—Mills theory in the BV formalism

e Extend YM action with antifields (A, ¢*) and trivial pairs (b, ¢,
b*, )

Sg\'\," :/ ddx{—%F:VFQ“”jLA;’a(V”c)a—i—%flfcc”cbcc—i—baf“}
M

@ We can formulate YM theory as the Maurer—Cartan homotopy theory
associated to a cyclic Lo-algebra (£, {ui}, (—, —))
1

Swvcla] = ;(I-ﬁ-l)' (a,pni(a,...,a))
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Yang—Mills theory

Chain complex (u1)

5
A% sh0—8, 0H ALl

QMg — QM) g

ba b+a
(M) @ g (M) ® g

a E+a =a C+a

C C
¢>M?) @ g ¢* (M%) ®g (M%) ® g (M%) @ g
£ £ £ £
0 1 2 3
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Yang—Mills theory

@ Other non-vanishing higher products

[2(A, ))° = gfiec’c®, [ua(A Q) = —gficAce
[M2(A+7C)]Z = _gflch/—i_bCC7 [M2(C’ C+)]a = gfla‘accbc+c
[12(A, A); = —3lkfi 0" (ALAY)
la(A AN = 2gfic (0" (ADAS) + 24701, AT))
u3(A A AL = 31g8%fg foc AV AL AS

1 v
@ Cyclic structure
(A, AT) = dIxAZAT (b bT) = d9x b?bt?
M M
(c,cT) = d9x c?ct? | (¢,et) = —/ d9x ect?
Wi

Md
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Yang—Mills theory

e Gauge-fixing: gauge-fixing fermion
v = —/ddx63(8“A2+§b").

with £ real parameter

@ Gauge-fixed action

Sow = / Qx { = FFou F = G0M(V )" + §bab" + b0 A7}

Sty = [ A% {3As DA+ H(0 AL~ D™+ §bub+ 5,0 AL+ STy
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Yang—Mills theory

o Canonical field redefinition

Ea == Ca E+a = C+a
~ ~ 1-yI=¢
— +a _ + +
A = Al Al = Al g Oub™?
- ¢ 1-V1=¢ - g
a _ S a B A2 +a _ — Kta
b g\t A b e
¢ = ¢? cta = ¢te

@ New action

Svm = / 0x { 4 Ao, A% &, 006+ 15,006° +€ by VDI 00 g |+ 53

with 5: \/le5

Tommaso Macrelli (Surrey) 31 March 2021 10 / 32



Yang—Mills theory

@ New chain complex

A"a A+a
Q (Md )®g — Ql(Md)®g

—f\ﬁ@“\
V0o,
E+a

%“(Md) ®g = M) ®g

ga C+a =a &ta
€ (Md) 2g > F2M) @ g &> (Md) 2g F°M) @ g
— — — —
_ gglvl _ E}(M — E;(M _ E;(M

@ This chain complex is readily interpreted as a (twisted) tensor product
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Tensor products

@ Tensor product between associative, commutative and Lie algebras

® ‘Ass Com Lie

Ass | Ass Ass —
Com | Ass Com Lie
Lie — Lie —

For two compatible algebras 2, 5B
my©® (a1 ® by, a2 ® b)) = m3 (a1, a2) ® m3 (by, b2)

@ Tensor product between chain complexes 2, 8B

AB = PERAB), A2B), = P w23,
i k+I=i

m*®®(a@b) = mi(a)® b+ a® mjy(b)

@ Strict homotopy algebras are nothing but differential graded algebras
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Factorisation of YM theory

Lym = colour ® tinematic ®; scalar

@ scalar is the A-algebra of a cubic scalar theory, with basis s,
@ colour is the gauge Lie algebra, with basis e,

o finematic is the following graded vector space

g vH n a
R[1]® (RYQR) S R[-1] @ ...
where basis (g,v*, b, a,...) correspond to fields (c, A, b, C,...)

c = esgsxc(x), A = exv'syAl(x),
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Factorisation of YM theory

@ ®; is a twisted tensor product, where the twist is controlled by a twist
datum 7

7 : tinematic®” — Einematic ® End(sca[ar)®”

(ki - -kn) — 7(kg,. .., ®®T (ki,...,

@ Thanks to the twist, tinematic becomes a kinematic operator algebra,
acting on scalat with 7/(ky, ..., k)
mi(k ®a) = +7(k) @ my(rt(k)(a)) ,
ma(ky ® a1, ko ® a2) =
= i’/"(kl, k2) &® m2(7‘2(k1, kz)(al), 7'2(/(17 k2)(82)) .

e 7 is dictated by the field theory we consider
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Factorisation of YM theory: chain complex level

@ Scalar theory chain complex

Sx sy
x — §[-1] IR 5[-2] — =
S~ S~
scalavy scalavy

o Twist datum

~ 1
n(v") = vV ®id+&n® —=0o ,
n(g) = g®id, ) \/15 m(a) = a®id
1(n) = n®id—§v“®ﬁau,
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To factorise the full interacting theory as
Lym = colour ® tinematic ®, scalav

we need to strictify YM theory
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Strictification of YM theory

@ There exist a non-local YM Lagrangian with manifest tree-level BCJ
duality for on-shell physical gluons (Tolotti, Weinzierl, '13)

@ We can insert auxiliary fields to make it local, and strictify to a
Lagrangian with only cubic interaction

L = lq)aigaﬁG,'qu)Bj—}—%Cbaifagq/ ’,jkq)/ijq)wk
(QP)Y = 55qid% + 35 Q) dT D7 + 165 sQjd b7 0!

@ We want to double copy the BRST-extended field space, but BCJ
duality is satisfied only on-shell for physical gluons: eventual BCJ
violations due to unphysical gluons and ghosts!

@ We compensate for these eventual BCJ violations with suitable field
redefinitions
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Double copy of YM theory

(Qoc®)" = ...

@ Is the new theory consistent? Do we obtain a new BRST operator
Q3¢ =0, QocSpc =07

If Fjjx satisfies the same algebraic relations of f,z-, then QpcSpc = 0.
This requires off-shell BCJ duality! And we have it only on-shell

We have then QpcSpc = 0 up to equations of motion

This is actually enough for quantum equivalence, since it provides the
right on-shell Ward identities
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Double copy of YM th

colour®colour®scalar colour®einematic® - scalar tinematic®, tinematic® - scalar
Nf

Biadjoint Yang—Mills =i
scalar theory theory supergravity
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Biadjoint scalar theory

Lhiadj = colour @ colour ® scalar

@ g and g semi-simple compact matrix Lie algebras with basis e, and &;
o Fields: scalar ¢ = p%e, ® &; taking values in g ® g
@ Action

5 — /ddX {%(Paél:lspaa 3I fabc fabcsoaasobb(pcc}

@ Chain complex and L, algebra

aa Leraa
* —> 9®9®3 2 gegeF ——
N——— S———
Lhiadj, 1 Lhiadj, 2
[12(p1, 92)] = — Mo f 2082057
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Double copy: field content

Lpc = tinematic ®, tinematic ®; scalav

Antisymmetric sector

fields anti-fields

factorisation [—lgn | [—1]¢| dim factorisation [—1]e | dim
—lg, g]sxé (x) 2 -1 | 92-3] X =—[aasfii(x) 4 4+3
A [g,v‘ IsxsMu(x) | 1 0 |2-2 At = [a,v¥]s} }7\+ 3 1942
5 = [g, n]sx \[V(X) 1 0 4-2 5t =Ta,nlsy \[7 T(x) 3 442
B= [v“,v"]sxz—\l/iéw,(x) 0 1 41| Bt=w" Visisos W(X) 2 441
a= [n,v“]sxﬁdu(x) 0 1 | 2-1 a‘*’ =n, v/‘]s;*'\ﬁa;f(x) 2 | 4+1
~€ = 7[g,a]sx%2~€(x) 0 1 41 = —[g,alsf L ”*(x) 2 | 4+1

A= [a,v“]sX%/_\H(x) -1 2 g /\+ = [g, v"]s} 1{/\+ x) 1 4

S fnlsbit) | -1 | 2 | 4 (gl L5 1| 4
A= —[a,alsiA(x) | -2 3 | 4+1 /\+ =g g]s+1A+( ) 0 |¢4-1
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Double copy: field content

Lpc = tinematic ®, tinematic ®; scalar

Symmetric sector

fields anti-fields

factorisation | —lgn | | =g | dim factorisation |—|e | dim
X = (g,v* )sX Xu(x) |1 0 42| Xt=(a v”)sJr L X (%) 3 442
B (emsii) |1 0 |2-2| Fr=(a n)s*}m ) | 3 [4+2
h= v“,v”)sxz\—&h#u(x) 0 1 41| bt =(v*,v)siL 2\[ ht, (%) 2 441
@ =—(n,v )sxﬁfvu(x) 0 1 41| &t =—(n,v")s} fw;r(x) 2 4+1
7= (n, n)sxﬁfz(x) 0 1 | 9-1 7:T+ =(n, n)s+27\1/§7r+(x) 2 | 4+1
0=—(ga)sx350(x) |0 1 | 4-1] 6" =—(ga)st }6*( X) 2 | 4+1

)_<~: (a,VH)SX%;M(X) 71 2 % )_iJr = (ga VH) x \/5: M(X) 1 %

B=(@n)s5Bx) | -1 2 $ BT = (g:n)st J587(x) 1 4

..+ auxiliary fields
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Double copy: action

Soc = /ddx {% B, 08" — A, OA* + La,06"
— £(0"a,)? + Leoe — NOR — 507 + £a"VT0" By, +
+&vOoN — EVDo, M+
+ 1k, O — X,0X" + e, 06k +
+ 5 (0" @,) - $606 + 0% — BB+
+ £ VO by, + EXVDO, &M + 1E270,0, h +
+E3vBa. X"~ 55\/50”5(“} T
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Double copy: action

Soc = /ddx {% 3,08 — N,OR* + La,0a" —
— £(0"a,)? + LeOe — NOR — 504 + £6"VT0" By, +
+ &3vOo,N — E5vBaR +
+ 1k, O — X,0X" + e, 06k +
+ 5 (0" @,) - $606 + 0% — BB+
+ £ VO by, + EXVDO, &M + 1E270,0, h +
+E3vBa. X"~ 55\/56”5(“} T

Antisymmetric sector

Tommaso Macrelli (Surrey) 31 March 2021 24 / 32



Double copy: action

Soc = /ddx {% B, 08" — A, OA* + La,06"
— £(0"a,)? + YeOe — NOR — 504 + €6V V00" By, +
+&vOoN — EVDo, M+
+ 1R, O — X,0X" + e, 06k +
+ Sorm,)f — 1505+ 3507 5+
+ VD" by, + EXVDO, &M + LE270,0, h +
+EVOa X" ~ ééx/iajﬂ} T

Symmetric sector
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Perturbative equivalence: N' = 0 supergravity is quantum equivalent to
Yang—Mills double copy
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Classical equivalence

Antisymmetric sector is related to Kalb—Ramond theory by the following
field redefinition

A=A, Ay = Ay,
~ 1—4/1-— ~
Y = é<7+§£a#/\u>a B,uu = B}LV7
- 1-¢ = -
€ e—i—f@“au, N:AN7
- 1—4/1-— - g <
1-— 1—4/1-—
5[# = é (O['u — 8/1«6 - ngauayoz,, + ggawa>

Analogously, symmetric sector can be related to Einstein—Hilbert
gravity+dilaton
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Classical equivalence

@ Integrating out the auxiliary fields: DC and N = 0 supergravity have
the same field content and kinematic terms up to field redefinition

@ The same field redefinition relates linearised BRST operators of DC
and N = 0 supergravity

@ The tree-level double copy holds: setting the unphysical fields to zero,
DC and NV = 0 supergravity are classically equivalent
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Quantum equivalence

@ Auxiliary fields of ghost number 0: tree-level amplitudes with physical
and ghost number 0 auxiliary fields coincide for DC and N' =0
supergravity, since they are determined by collinear limits of physical
tree-level amplitudes

@ Nakanishi—Lautrup fields: modify the gauge-fixing fermion and
redefine NL fields to match

@ Ghosts: linearised BRST operators of DC and N = 0 supergravity
coincide, and on-shell Ward identity links the tree-level scattering
amplitudes containing ghosts to physical tree-level scattering
amplitudes

At
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Quantum equivalence

Conclusion: both theories are local and the tree-level scattering amplitudes
on the BRST extended field space coincide. Yang—Mills double copy and
N = 0 supergravity are perturbatively quantum equivalent
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Extend our approach to supersymmetric theories

Establish a web of dualities between a zoology of QFT

@ Renormalisation?

Homotopic description of open—closed string duality?
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Thank you for listening!
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