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Motivation:
Conceptual: Wilsonian renormalization group (RG)
provides a deep understanding of what it means fo form
the continuum limit of a quantum field theory.

Practical: Wilsonian Exact RG (ERG) equations allow for
very general approximations of continuum solutions.

However, need fo combine with non-Abelian gauge
invariance (gravity, Yang-Mills).

Quantum gravity has power law UV divergences. ERG makes these
manifest. They could be crucial in defining a continuum limit. Also
Euclidean signature Einstein-Hilbert action is unbounded from below
(conformal factor instability): no partition function. ERG well defined
but profoundly altered. This could also be crucial to defining
continuum limit.



Batalin Vilkovisky Quantum Master Equation
e ¥ =2(S5,5) - AS
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Antibracket: (X,Y) = DA " Ao im0 | 9GA
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Measure operator: A X SR )41 a({j; K & X

UV cutoff function K(p*/A%) ¢

Regularises measure operator whilst preserving important
identities, and compatible with ERG.

QME follows straightforwardly from:
Ae™® =0



Wilsonian Exact RG
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t =In(u/A)  field reparametrisation (blocking functional)



Polchinski Equation

25 ai;l (@Ae_s) = Oy /nge_s ==

t =In(u/A)  field reparametrisation (blocking functional)
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(S — 2S5p) S5 = S0+ 57

IR cutoff propagator K =1 — K

Sy = 1675, A4PpL g4 L(ENEASBETOLS RS S| — o1 [S)]

Compatibility: > = ao[ST, 2] = a1 [X]



Continuum limit

"Theory space’ of effective actions S

UV fixed point

BarerdcT Renormalized trajectory




Example: perturbative continuum limit
Sole, ¢"] = 30K AR ¢7 + ¢aK T Rp¢”

Free BRST transformations: Qo ¢A — RAB qu

~ Gaussian fixed point So




oS (QME)

a %k
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Koszul-Tate charge: Q ¢% = (¢%,5) = — DA

Full BRST charge: Q¢ = (¢4,5) = K

If S+c0O satishes > =0: sO=1)

5O = (S <A e~ ALY

Therefore: O =5K = (K,9) — AKX satisfies X =0

But this just corresponds fo field and source redefinitions:
0, IC 0K
0d% D

Therefore want: sO =0 such that O #sK

i regularised A
Quantum BRST cohomology & derivative expansion

Spt = —cK
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: (close to fixed point)
Eigenoperators

zzao[S],E]—al[Z] S]Z%&()[S[,S[]—al[s_f]

(e.g. Gaussian FP)
S5 =050+9g51 X =Xg+ g2

Eigenoperator eqn:
Sl — —al[Sl]

General soln is
expansion over
eigenoperators
~ with constant
“T coefficients g.

So=2Qo PG e

31 = 5057 satisfies
21 — —&1[21]

/

Quantum BRST cohomology in this space



: (close to fixed point)
Eigenoperators

zzao[S],E]—al[Z] S]Z%&()[S[,S[]—al[s_f]

(e.g. Gaussian FP)
S5 =050+9g51 X =Xg+ g2

Eigenoperator eqn:
Sl — —al[Sl]

General soln is
expansion over
eigenoperators
~ with constant
“T coefficients g.

So=Co ¢, ==
(Marginally)

relevant
eigenoperators

21 — —&1[21] (dlm g = O)

31 = 5057 satisfies
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Quantum BRST cohomology in this space



Renormalized trajectory close to FP

n—1
: 1
S=S0+gS1+g°S2+ - =23 aolSum,Sm] = @[S
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> = 2+ g2 ‘|‘9222 Z CLO L _al[zn]



Renormalized ftrajectory close to FP

n—1

: 1
S=S0+gS1+g°S2+ - =23 aolSum,Sm] = @[S

m=1

=Yg+ g% +9°%s + = M = ar

If QME already solved up to >, =0
then Zn G —&1[Zn]

—> 2., can only be violated by a
linear combination of eigenoperators



Renormalized ftrajectory close to FP
1 1

S=8Si+gSLtagi T Sn:§Zao TS| S, ]
Ti= EO_I_ng +9222 ZCLO n— ma _al[zn]

If QME already solved up to >, =0
then Zn G —&1[2n]

—> 2., can only be violated by a
linear combination of eigenoperators

1 —1
S =80 Sp + QM

™~ fo be repaired by a
linear combination of eigenoperators




Renormalized frajectory ..

n—1
A 2 o oltle = i i 1
S=5+951+g° S+ 8, = 5;1%[3”_%5”7,] =1[S)y,)
Ti= ZO = gzl 1 9222 Z CI,() n— ma e al[zn]

..follows from perturbative development of
the BRST cohomology

—= Y G only be violated by a
linear combination of eigenoperators

_SOS _I_ E n mv

’ro be repaired by a
linear combination of eigenoperators




Renormalized trajectory

Only freedom is to change coeffs in linear sum over
eigenoperators

Soln of flow eqgn (body of the physical amplitudes)
guaranteed correct up to this
linear combination of eigenoperators

Fix remaining freedom with renormalization
conditions

Causes coupling constants to run.



Loop expansion

Eigenoperator eqn: S = —api&]]

(Marginally) relevant operators built from local terms with
dimension < 4

space-time dimension

Only freedom is in these A-independent local terms
(counter-terms)

N.B. derivative expansion property at finite A, crucial.



/{ X Example: Yang-Mills
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/{ X Example: Yang-Mills

0—18 ay _1(%&”——8@[( 18a—|—a K 0,0
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QOCLM:@MC, QECLZZ a,u_a,ua'aa g C ¢F
0, | -2

Ghost numbers

—0-a”



/{ X Example: Yang-Mills

2
0—18 ay _1(%&”——8@[( 18a—|—a K 0,0

+1 +1 ‘1
+1 +1 e

M= Qaa; —Wa, J,da,
0, |

Ghost numbers Dimension



2tr/x{.--} Example: Yang-Mills
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+1 -1
+1 ﬁ s 2
M= Qoa, =Ua, —0,0-a, e 00
+0 O 1 eS| C
0 0 2
Ghost numbers Dimension Anti-field number:

treats pieces differently!



/{ X Example: Yang-Mills
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0 0 2
Ghost numbers Dimension Anti-field number:

; treats pieces differently!
S0 Sl =

Want a solution up fo 51— 51 + 50K



/{ X Example: Yang-Mills

2
0—18 ay _18May——8aK 18a—|—a K 0,0

1 -1
+ i s 2
M= Qo a, =Uay, —0,0-a, e 00
+0 O 1 LR C
0 0 2
Ghost numbers Dimension Anti-field number:

; treats pieces differently!
S0 Sl =

Want a solution up to  Si — S1 + 3K

But  must be A independent, max dimension 3,
ghost number -1, and have 3 fields!



Example: Yang-Mills 2tr/{---}

So =} (@uar)* = §(0-0)° + ajd,c
+1 +1 21
! +1 AR 2
M= Qoa, =Ua, —0,0-a, e 00
+0 O | -1 1 -2
0 0 2
Ghost numbers  Dimension Anti-field number:
] not conserved by
S0 9158 action!

For same reasons, S; has maximum anti-field number 2

SQ s ol 62 [M Henneaux et al]
1

where it is unique:
Thus: S — S L
is the unique extension of Maxwell theory



e R >l< *
Qo a, =06 Qo a, =Ua, —0,0-a, 0 C —0-a

5051 =1Qo+ Qg )81 =0 S — s
Descendents:

Y
QoSi = —Qg S7
i0-a*c? = —ia 10uc ¢} = —ta nGoay, clis ZQ()( s ])

— 8y = —iaj[au,c]  unique ‘deformation to a’D,c
QST = —Qy S

— S] = —i0,a,[a,,a,] unique cubic interaction

is the unique deformation of Maxwell theory



Classical solution at O(g?)

S0 92,c1 = —%(517 51)

s0 S2,c1 = ([c*, c] + [&Z,au]) Klbar o la,,ctKlay, | f’@uK[au,c]

aﬂ[a/)v a,u] g [(%ap - Qpa’u’ Clp] v i
Qo 53 = [c", ] K (c)
K(—82/A2) — 14 Z Kn(—(?Q/AQ)"’L

No canonical choice
(infinitely many solutions differing by so-exact piece)



Gauge fixed basis

Extended (non-minimal) gauge invariant basis:

So|ei %@LaVK_laﬂaV = %&aK_l(‘).a -+ a;';K_lé’Mc + gbK_lb Dk b

Canonical transformation:

Oalgt = Palgi +04Y e.g.i ol — —ilcil.al © —>

—X

—k .
6o — @il

* R v
a;|gi = au\gf 10,,C

(c*(p) & (—p)) = i6"°A(p), where A(p):=1/p’

(02 (9) a%(—p)) = 6% (p), where A (D) :=§(5W+<§—1>p;§”),

(b%(p) ab,(—p)) = —(al(p) b°(—p)) = 6“p.A(p),
(b*(p) b°(—p)) = 0




Classical solution at O(g?)

Sa,a = 5a0[S1,81] = =3 03 5184%%8581  nique solution with

derivative expansion
up to
A independent piece

Sz =—3 0351 05" 05 SEE Ual




Classical solution at O(g?)

Sa,a = 5a0[S1,81] = =3 03 5184%%8581  nique solution with

derivative expansion
up to
A independent piece

%({CLM,C}—I-@ ) ‘({CLV,C}—F@ ) Sl ([C*7C]+[ ,uv ])A@ [a’l/7 ]

S2.1 = —5 04518459581 + Op o

1

0 S2,c1 = —3(S1,51) =4 Oy = —%[a,, a,]



Classical solution at O(g?)

Sa,a = 5a0[S1,81] = =3 03 5184%%8581  nique solution with

derivative expansion
up to
A independent piece

%({CLM,C}—I-@ ) ‘({CLV,C}—F@ ) Sl ([C*7C]+[ ,uv ])A@ [a’l/7 ]

S2.1 = —5 04518459581 + Op o

Sp Soicli= —%(51751) — 0oy — —%[au,ay

One-loop at O(g?)

SQ’q —_— —al[SQ,d] S SQ P ; Cllu A,Lu/ (8) Ay i CLZ B(—@Q) @Lc

]2

SOSQ’q — ASZ)C] — Uy ]-"(—82) 8Mc

\(q)K (p+q) {4% WSS 14=:C) (ﬁ;gf

Pu A (p) = F(pZ)pu | i
A dependent mass term + ...



Why?
59— 50=(0,8)-A0=(Q+Q - A0

Formally, BRST-invariant operators that are exact have
vanishing correlators:

(8O -+ @ =4SIICO, o) — —%/D¢A(K01---One_s) =)

decoupling of longitudinal modes,
gauge parameter independence ...

disjoint support



Why?
59— 50=(0,8)-A0=(Q+Q - A0

Formally, BRST-invariant operators that are exact have
vanishing correlators:

(B0 - - O =0, i@ = —%/D¢A(K01---One_s) — 0

decoupling of longitudinal modes,
gauge parameter independence ...

disjoint support

But now this holds only in the limit A w00 or A —0

A(O105) = O1A05 + (=)2(A01)O;5 +(=)P2(O;, O3)

(O15Eh ) O Kalo2 IOy Kalo2 s 0 /
Ot~ O¢h " T dursEaos

for A—0 or Alz;— x| >




Legendre effective action:

Legendre transformation:

[/[8,8"] = Sil, ¢*] — L (¢ — ©)4

Ayp (¢—@)7

— R
o . 0
oA~ 1 opB

with IR cutoff A




Legendre effective action:

Effective average action:
[ =TT, Ty - O A O B 07

8,2 &Y 8,8 HT
DA 9%, OPY, ODA

(Fﬁ))AB 7 acl?j;1 i agB

& ” 2|
i AF?)} >

Antibracket: e

= 2

ST — (Krﬁ)

These give modified Slavnov-Taylor identities
U Ellwanger, Phys Lett B335 (1994) 364

= Zinn-Justin identities as A—0



Legendre effective action

Effective average action:
[ =Lg+T;, 3Ty = s DA & O R 07

O-2 dpilee 0.2 |

Antibracket: Gl bl = 254 355 Hor BDA
A A

— —

0 0
- 9o, 59" - 5aP

2

5, 1) < T (Krﬁ) 11

['=Fy+ gy + gtis s gt

SoI'n =(Qo+Qy —A)I'1 =0 Al'="Tr (Krf))



Legendre effective action:

Gives direct access to physics in limit A—=>0
Is one-particle irreducible

But BRST invariance obscured at A>O:

s —1
» = LD, TRy (Krg?,) [1 s AP?)} )

Wilsonian effective action:

Is entirely equivalent

UV regularisation makes A well defined
Unbroken quantum BRST invariance: X = 1(S,S5) - AS =0
But AS #0 leads to A-dependent mass terms etc..



In interacting case neither equation has local solutions:

» UV cutoff function K (p? /A?)

(S,9) — AS =0
i —1
(D) —T¥ (Krff [1 4 AFP] )

]
|
N|— DN

so no local bare action that satisfies reqularised QME or mST

But dont need a bare action.

Can solve these equations directly for the
renormalized trajectory to all orders in
derivative expansion.



Qody=8,C, QFA =TA,—8,8:4° HQEGE— -7 A"

o't = (Qo +Qp )1 =0 B — i O
Descendents:
Qol7 =Ue
Qoly = @y I
10-A*C? = —iA%{8,C,C} = —iA;{QoA,, C} =iQo (A}[A,, C))
— I'; = —iA4;[A,,C] unique ‘deformation’ to A%D,C

QoI = —Qp Iy

— TIY=-i0,A[A,, A unique cubic interaction



Qody=8,C, QFA =TA,—8,8:4° HQEGE— -7 A"

o't = (Qo +Qp )1 =0 B — i O
Descendents:
Qol7 =Ue
Qoly = @y I
10-A*C? = —iA%{8,C,C} = —iA;{QoA,, C} =iQo (A}[A,, C))
— I'; = —iA4;[A,,C] unique ‘deformation’ to A%D,C

QoI = —Qp Iy

— TIY=-i0,A[A,, A unique cubic interaction

Classical solution at O(g?)

soT2,c0 = (Qo+ Qg )20 =—2(T1,T'1) = Qo (—i[Au,Au]Z)

unique quartic inferaction



QQ A'u — 8HC, QSAZ == A,u s 6M8°A7 Qac* A e

Define coupling to be coefficient of unique so-closed:
g(A) Iy = Zy (A)9F1

Only other possibilities are so-closed two-point verftices.

Uniquely two options:
124(Qo + Q7)) (A5 A4,) = 324 { (BuAL) — (B-4)° + 124470,C
s20(Qo + Q )(C*C) = 520 A}0,C

But these are sp-exact, so just canonical reparametrisation:
1

K = Z2 o 80

O ; 0,
a@EK[(I)(T)’(I) ] (T‘)E 0D

o 58 K@), @

(7)



1 1 1 1

Ap=Z3Awyu, A,=Z,°A%,, C=2Z3Cy, C'=2Z5°Cp,

Thus RG flow generates flow along consistent deformations of

the QME:
1 1

%Z,ZlAu(_ 5uv+aual/)f4v T ZZZC_*§A:auC

1 3
— 192, 252 (C*C* + A} [A,, Oy = i9Z, 224 20, A [AL, A

1 suien ¥
il W ZQZZg ZZAQ[AWAV]Q
Standard parameterisation:
1 o 3N 1
Z3 =24, 4y = L3572 3 i A0E 27 s S S = 77
AR A . e
L= =2 =772 Slavnov-Taylor identities!

Z3 Ty



,LW(p) 7 _ZA(pzéuv _p,upl/) B i O(p4/A2) i B A (13
e (ir

One-loop at O(g?)

Lo
Z3 Au(—00,, + 0,0,)A, + Z32Z,%A%0,C
(0) A, + A%, B(—0%) 0,,C Py A (p)

— ¢

e — 9 TN 2

— s

>/

du QKZ



One-loop at O(g?)

L oo
27, Ap(—00,, + 0,0,)A) + Z2Z,%A%0,C

o4 = 2 AL A0 &, T A BERG Ga Py A (p) = F(p*) po
ATI/ = —2 251/_ I/_I_O 4A2 C 3 el
1) = —2a(p?d, fpi;p) Oo(pg g (47r§) (1__€> du%Kz( o
B(0) = 224 R P 2(4W)20A/du%f(2( 0 e

One-loop at O(g>)

3
ng 1Z (C*CQJFA* A, Cl) =192, Z %0, A [Ay, A

O | §CA
Zg—l— Zc—— 5 (975/A2 QM(]V v ): (4) d %Kg( )_ (47T)2

B(g) = Ao (9Z —9 Zg

o O

(30 + i) + 4 (ia = 20) - o= =5 o



Conclusions.

@ Despite breaking by cutoff BRST invariance
still very much present in flow equation.

@ Regularisation of A plus existence of
derivative expansion, allows to define
quantum BRST cohomology.

@ Together yields a formalism that is still
elegant and not much harder than Dim Reg.






