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Chiral Soliton Lattice (CSL)

monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.
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• Chiral magnet Togawa et al., PRL (2012); See also Kishine and Ovchinnikov (2015) for review

• Ferromagnetic interaction→Aligning neighboring spins.

• Zeeman effect→Spins align with the direction of the magnetic field

• Dzyaloshinskii・Moriya interaction→Twisting neighboring spins.
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The twisting spin structure is spatially localized = soliton
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• CSL = A periodic array of topological solitons



Universality of CSL
NG mode Explicitly breaking Surface term

Chiral magnet [1] Magnon Magnetic Field Dzyaloshinskii-Moriya 
Interaction

QCD in magnetic field [2] Pion Quark mass Chiral anomaly

QCD under rotation [3] Pion Quark mass Chiral anomaly

[1] Togawa et al., PRL (2012) 
[2] Son and Stephanov, PRD (2008); Brauner and Yamamoto, JHEP (2017) 
[3] Huang, Nishimura and Yamamoto, JHEP (2018); Nishimura and Yamamoto, JHEP (2020)

These systems can be described by the sine-Gordon theory 
with a total derivative term.



Motivation and summary
• Conventional CSL = a periodic array of the solitons with no internal d.o.f

• New CSL = A periodic array of the topological solitons with S2 moduli

• Excitations from this new state due to the new SSB　☜　NEW!
 Eto, KN and Nitta, JHEP (2024)

・・・・・ ・・・・・

- We consider QCD under rotation at finite μB.

- What is the ground state?
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 Eto, KN and Nitta, JHEP (2022)



Chiral perturbation theory

• Mass term :
<latexit sha1_base64="+Favl53lzXGJ4GqXBSoXTfJs2GQ="></latexit>

Lmass =
B

2
tr(MU +MU †)

• Topological term :

• Kinetic term :

- When masses of up and down quarks are equal, this term is invariant under SU(2)V.

- Effective Lagrangian is related to the chiral anomaly.

Huang, Nishimura and Yamamoto, JHEP (2018); Nishimura and Yamamoto, JHEP (2020) 
See also Son and Zhitnitsky, PRD (2004); Son and Stephanov, PRD 2008 for the magnetic field case

• D.o.f in the case of two flavor = pions + η :
<latexit sha1_base64="OIdo3ZCQQkBTKp4yxt5zyIxk6vk="></latexit>

U = ei�0⌃ , ⌃ = ei�a⌧a
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2⇡2
r⇡0 ·B- This term is a rotational analog of 

Son and Surowka, PRL (2008); Landsteiner, Megias and Pena-Benitez, PRL (2011); 
Son and Yamamoto, PRL (2012); Stephanov and Yin, PRL (2012)



Dimensionless Hamiltonian

• Dimensionless effective Hamiltonian
<latexit sha1_base64="RhQARBEO/Jhqy26WFK2iME8effY="></latexit>
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• Dimensionless coordinates and parameters :
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•The difference from the Hamiltonian describing the usual CSL：ε≠0
<latexit sha1_base64="Bw8VVYsDFs+iPOK5ycriJVBm8Cc="></latexit>

✏hadron ⇠ 0.17 , ✏CFL ⇠ 0.24

• We can diagonalize the matrix U in the two flavor symmetric case.
<latexit sha1_base64="FVp62DkGLdDAVEWXi5xILdxmUII="></latexit>

U = exp(i�0 + i⌧3�3)

Inhomogeneous configuration of φ0 is favored by this term!

Donoghue, Golowich and Holstein (2022); Son and Stephanov, PRD (2000)
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ε=0, φ3=0

• Sine-Gordon soliton:

• Energy :

• Critical angular velocity :

• Hamiltonian and EOM :
<latexit sha1_base64="Qy7Gw7TZE4r167TalD3dE5fq0ck="></latexit>

�0 = 4tan�1expm⇡ (z � z0)

• A periodic array of the topological solitons is energetically more stable.
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• A value of    that minimizes the energy density per unit length→
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` = `(µB,⌦)

Huang, Nishimura and Yamamoto, JHEP (2018); Nishimura and Yamamoto, JHEP (2020)
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ε=0, φ3≠0
• Effective Hamiltonian in the case ofε=0, φ3≠0 :
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Φ± are completely decoupled, and each Hamiltonian is half of that of φ0

• φ± and Ωc has the same values as that of φ3=0 case.

• The ground state is the CSL of both φ±.

- Useful coordinates :
<latexit sha1_base64="yycBccxKfwlt2iYYGM54emkEyUA="></latexit>

�± = �0 ± �3

・・・・ ・・・・

φ+ soliton = up soliton φ- soliton = down soliton



d dependence

Deconfined phase

Dimer phase

Confined phase
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(d < `/2)

<latexit sha1_base64="FqmK5aVIHpVTpDQdR9G8NNuPiGI="></latexit>

(d = 0)

• How do the up and down solitons arrange?

•    is determined by minimization of the total energy density per unit length.
<latexit sha1_base64="DYzCQEDb+yZNOu0k029Xm5auJVw="></latexit>
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•    is a free parameter at ε=0.
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Mass term
• The solitons are field configurations connecting between two vacua.

up soliton

down soliton

eta soliton
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Non-Abelian soliton
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(�0,�3) = (0, 0)
<latexit sha1_base64="/O0/k9bTUvnMWeaFL0OKiAMZu5k="></latexit>

(�0,�3) = (⇡,⇡)

<latexit sha1_base64="H0TOzlX8SBBG4ghv6zlnaz30YN0="></latexit>

U = 12

<latexit sha1_base64="5LjRFr/+TUbIPqcj7p8DJtfQ+Fk="></latexit>
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• The position z0 can be chosen freely→z0 is moduli from the translation.

• Moduli space：
<latexit sha1_base64="yYN7TSZM4ircH26qSYA513ax+jo="></latexit>

SU(2)/U(1) ⇠= S2

Nitta, Nucl. Phys.B (2015); Eto and Nitta, PRD (2015)

•                        is invariant only when 
<latexit sha1_base64="QxJjGk+8CGaFTjlbwKqZeLsxTxw="></latexit>

U = diag(ei�+ , 1)
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-    transforms under SU(2)V as
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Interaction betweenφ±
• The potential depending on both φ± :
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Distance between 
up and down solitons Small Large

ε>0 Positive ~0 Repulsive

ε<0 Negative ~0 Attractive

• For the solitonic configurations,         has a peak the center of the kink.
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• Vε at ε>0 leads to the repulsive interaction between up and down.

• Vε at ε<0 leads to the attractive interaction between up and down.



Phase diagram
Abelian CSL Non-abelian CSL

Trivial state

=

Eto, KN and Nitta JHEP (2024)



Dispersion relation (1)
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• Excitation from the non-Abelian CSL

• Fluctuations of the neutral part :
<latexit sha1_base64="8+MW6V7d0PEQXWKDqxL6tTcN+58="></latexit>
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m(n,1)  m(n,2)  · · ·

# of the phonon = 1
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←NG mode (Phonon)!

Gapped

This NG mode is associated 
with SSB of the translation.

Eto, KN and Nitta JHEP (2024)



Dispersion relation (2)
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µ(n,1)  µ(n,2)  · · ·
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←NG mode!

Gapped

This NG mode is associated 
with SSB of SU(2)V → U(1).

# of the isospinon = 2

• The EOMs of        has the mathematical same form.
<latexit sha1_base64="4lH20gnGff+xSwWTGr0lr6UIiAQ="></latexit>
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Summary and future 
direction

• New type of CSL = A stack of the topological solitons with S2 moduli

• New NG mode from SSB of SU(2)V→U(1)

• Non-Abelian CSL in CFL phase

- ChPT like EFT can be applied to CFL phase.


