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DFT approach to nuclear structure physics

p two kinds of constituent particles: neutrons and protons

p Coulomb interaction and strong interaction

p self-bound system (no external field)

atomic nucleus



Coulomb EDF
p Direct and exchange terms

p Slater approximation to exchange term
(homogenous Fermi gas) 

p Coulomb is basically considered for point proton density
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⇢ch(r) ⇡ ⇢p(r)

Generalized gradient approx.  Naito et al., Phys. Rev. C 99, 024309 (2019) 

neutron charge distribution/spin-orbit contribution
Friar and Negele, Adv. Nucl. Phys. 8, 219 (1975)

0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

0 1 2 3 4 5 6 7 8

40Ca

ρ(
r)
(fm

-3
)

r (fm)

proton
charge

SLy4, Coulomb calculated with proton density



Strong interaction

p origin: interaction between quarks in QCD

p realistic NN interaction:
p spin and isospin dependence
p large repulsive core
p central/tensor/spin-orbit forces

p three-body force: necessary to obtain saturation

nuclear effective interaction

p spin and isospin dependence
p effective theory for low-energy/in-medium nuclear physics
p three-body force included as density-dependent two-body force
p local (delta function) type and non-local (gaussian) type



Skyrme effective interaction

spin-orbit term

tensor term

density-dependent term

s: spin ±1/2
t: isospin ±1/2

zero-range (delta function), up to second order in relative momenta Skyrme, Nucl. Phys. 9, 615 (1959)
Vautherin and Brink Phys. Rev. C 5, 626 (1972)



Gogny effective interaction

spin-orbit term

density-dependent term

finite-range force + density-dependent term and spin-orbit

Decharge and Gogny, Phys. Rev. C 21, 1568 (1980)



Nuclear DFT

p non-relativistic ones: local (Skyrme-type) and non-local (Gogny-type)
p relativistic ones

⇢3(r) = ⇢n(r)� ⇢p(r)

⇢n(r) = h |a+n (r)an(r)| i

⇢p(r) = h |a+p (r)ap(r)| i

⇢0(r) = ⇢n(r) + ⇢p(r)

density matrix

⇢k(r, r
0) =

X

stt0

⇢̂(rst, r0st0)⌧̂kt0tnon-local density

local density

⌧̂0t0t = �t0t

⇢k(r) = ⇢k(r, r
0)|r=r0

k=1-3 Pauli matrix

⇢̂(rst, r0s0t0) = h |a+r0s0t0arst| i

isoscalar

isovector

expressions based on  Perlinska et al., Phys. Rev. C 69, 014316 (2004) 



Nuclear EDF

p EDF derived from the effective interaction (Skyrme, Gogny)
p Skyrme: SLy4, SkM*, SkO’, SAMi,  ...
p Gogny: D1S, D1M, ...
p note: effective interaction is fitted to reproduce experimental data

p EDF whose coupling constants are adjusted to reproduce experimental data
p no direct connection with effective interaction

but EDF form is often taken from effective interaction
p more degrees of freedom within the framework of DFT
p Several local EDFs available
p non-local EDF: Raimondi et al., J. Phys. G 41, 055112 (2014)



Skyrme-type EDF
p Skyrme force: zero range, depends up to second order in relative momenta
p corresponding EDF: functional of local densities, with up to two derivatives 

Under time-reversal symmetry we have three local densities
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kinetic density spin-current densityparticle density
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Local and non-local EDF

Non-local EDF
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Bender et al. Rev. Mod. Phys. 75, 121 (2003)



DFT and symmetry breaking
p spontaneous symmetry breaking (in the absence of the external field)

p efficient way to include correlations within mean-field framework
p consistency with DFT ?

p symmetry breaking introduces new densities in DFT

p often broken symmetries:
p (isospin symmetry): explicitly broken by Coulomb
p rotational symmetry (deformation of the local density)

p within axial symmetry(most of the ground states) / triaxial 
p gauge symmetry (particle number violation due to pairing)

(new densities and terms in EDF)
p parity symmetry
p time-reversal symmetry (new densities and terms in EDF)
p proton-neutron symmetry(pn-mixing) (new densities and terms in EDF)



Pairing
like-particle pairing: correlation between two fermions

two-particle wave function:  ( space )   *   ( spin )   *   (isospin) 

symmetric antisymmetric
(singlet)

symmetric
(triplet)

pair density matrix
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⇢̃t(r) = ⇢̃t(r, r)local pair density

pair EDF
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EDF optimization
SVmin Klupfel et al., Phys. Rev. C 79, 034310 (2007)

experimental data set to fit
p 64 binding energies
p 28 diffraction radius
p 26 surface thickness
p 50 rms radius
p 19 proton odd-even staggering values
p 16 neutron odd-even staggering values
p 7 single-particle level splittings

fitted parameters: t and x



EDF optimization
UNEDF project Kortelainen et al., Phys. Rev. C 89, 054314 (2014) 

experimental data set to fit

p 47 deformed binding energies
p 29 spherical binding energies
p 28 proton point radii
p 13 odd-even staggering values
p 4 fission isomer excitation energies
p 9 single-particle level splittings

RMS deviation in energy ~ 2 MeV



Momentum-dependence in pairing EDF
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p Pairing EDF based on delta interaction: energy cutoff required
p Coupling constant is usually readjusted to the experimental data (OES/pairing gap)
p standard pairing EDF includes only the first term with density dependent coupling constant

momentum dependent terms are usually not included (except SkP)

NH, J. Phys. G 45, 024004  (2018)

effect of momentum dependent term 
on pairing rotational moment of inertia
(double binding energy difference of even-even systems)
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Spin-triplet pairing

two-particle wave function:  ( space )   *   ( spin )   *   (isospin) 

antisymmetric symmetric
(triplet)

symmetric
(triplet)

Spin-triplet (S=1) pairing between like-particles (T=1) NH, Oishi, Yoshida in preparation
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local (isovector) pair densities generated from non-local spin pair density
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Spin-triplet pair condensation
NH, Oishi, Yoshida in preparation
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"abcJ̃tbc(r)non-zero component of tensor pairing
under spherical symmetry

spin-tripletspin-singlet

p Spin-singlet pair EDF produces spin-triplet condensation
p Spin-triplet condensation has orbital dependence
p Relatively large at intruder orbits (20<N<28, 40<N<50, 70<N<82, 112<N<126)
p future plan: three terms in pair EDF from spin-triplet pairing <latexit sha1_base64="hXi/yrQAfPu0PA0yZZB1uvOBd0o="></latexit>
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Time-odd densities
New local densities are present when time-reversal symmetry is broken

<latexit sha1_base64="6NUMq9mwVFtHww1SUsGnHVjBwXE="></latexit>

Cs
1s

2
3 + C�s

1 s3 ·�s3 + CT
1 s3 · T3 + Cj

1j
2
3 + Crj

1 s3 · (r⇥ j3) + Crs
1 (r · s3)2 + CF

1 s3 · F3

isoscalar EDF

isovector EDF

spin density

tensor-kinetic density

current density

spin-kinetic density



Time-reversal symmetry
Time-reversal symmetry is broken in:

p odd-mass systems
widely used equal-filling approximation keeps time-reversal symmetry
full inclusion of time-odd fields

Schunck et al., Phys. Rev. C 81, 024316 (2010)
Kasuya and Yoshida, PTEP 2021, 013D01

p excited states (excitation atop time-even system) / time-dependent dynamics
rotational bands

Dobaczewski and Dudek, Phys. Rev. C 52, 1827 (1995)
Yoshida, Phys. Rev. C 105, 024313 (2022)

vibrations:  QRPA 

p local gauge symmetry connects some time-odd couplings to the time-even couplings

p local spin terms (Cs, CΔs, C∇s) are not constrained by the local gauge symmetry
p time-odd part of the EDF is not yet systematically readjusted

coupling constants



Proton-neutron symmetry

⇢1(r) = ⇢np(r) + ⇢pn(r)

⇢2(r) = �i{⇢np(r)� ⇢pn(r)} ⇢np(r) = h |a+p (r)an(r)| i

⇢pn(r) = h |a+n (r)ap(r)| i

(time reversal symmetry cancels ρ2)

All other ph densities (kinetic,current,spin,spin-orbit,tensor,tensor-kinetic,spin-kinetic)
has same isospin structure (k=0 isoscalar, k=1-3 isovector)

transition to neighboring nuclei
p β decay ((N,Z) to (N-1,Z+1)), electron capture ((N,Z) to (N+1,Z-1))
p excitation to isobaric analogues states (IASs)

EDF with pn densities 
⇢k(r, r

0) =
X

stt0

⇢̂(rst, r0st0)⌧̂kt0t ⇢k(r) = ⇢k(r, r
0)|r=r0



Isospin-invariant EDF

k=1,2 neutron-proton mixing terms
time-reversal symmetry cancels k=2 term

�1(r) = C⇢
1⇢

2
3(r)

�0(r) = C⇢
0⇢

2
0(r)

isoscalar functional

isovector functional
(conventional)

⇢3(r) = ⇢n(r)� ⇢p(r)

⇢0(r) = ⇢n(r) + ⇢p(r)

isovector functional
(isospin-rotation invariant)

�1(r) = C⇢
1{⇢21(r) + ⇢22(r) + ⇢23(r)}

= C⇢
1 ~⇢(r) � ~⇢(r)
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isoscalar in total

isoscalar density

neutron-proton term shares the coupling constants with isovector (k=3) term
no new coupling constants in ph channel within the isospin symmetry

Sato-san’s talk on Dec. 13 



Particle-hole densities in isospin representation

Neutron-proton pairing

two-particle wave function:  ( space )   *   ( spin )   *   (isospin) 
symmetric antisymmetric

(singlet)
symmetric

(triplet)

Spin-singlet (S=0) isospin-triplet (T=1) pairing (isovector pairing)

n n n p p pTz=1 Tz=0 Tz=-1p n

np coupling constant ~  nn and pp coupling constants

two-particle wave function:  ( space )   *   ( spin )   *   (isospin) 
symmetric symmetric

(triplet)
antisymmetric

(singlet)

Spin-triplet (S=1) isospin-singlet (T=0) pairing (isoscalar pairing)

n p n p n pSz=1 Sz=0 Sz=-1n p

isoscalar pairing coupling constant: independent from others



Particle-hole densities in isospin representation

Constraining proton-neutron EDF
neutron-proton pairing condensation?

p around N=Z nuclei (protons and neutrons occupy the same level)
p isovector or isoscalar pair condensation?
p experimental observables that indicate np pair condensation?

Wigner energy? odd-odd N=Z nuclei? rotational MOI?
p reviews: Afanasjev, Fifty years of Nuclear BCS, p.138, arXiv:1205.2134

Frauendorf and Macchiavelli, Prog. Part. Nucl. Phys. 78, 24 (2014)

neutron-proton pairing correlation

p beta-decay and double-beta decay
p Gamow-Teller resonances

Yoshida, PTEP 2013, 113D02 (2013) Mustonen and Engel, Phys. Rev. C 87, 064302 (2013)

Zr isotopes
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V1(isovector)~ -250 MeV fm3

isovector (k=1) time-odd EDF

Constraining proton-neutron EDF

isoscalar pairing

experimental data set

Mustonen and Engel, Phys. Rev. C 93, 014304 (2016)



Mustonen and Engel, Phys. Rev. C 93, 014304 (2016)

Correlation between the data and coupling constants

Only C1s(isovector spin coupling) and V0(isoscalar pairing coupling) can be 
determined using this data set



2νββ decay nuclear matrix element

prediction for NME values of unmeasured 2νββ decay

NH and Engel, Phys. Rev. C 105, 044314 (2022)
p EDF fitted to β decay half-life (10 parameter sets)
p pnFAM calculation

160Gd NME: 0.0455 MeV-1 (Hirsch et al., PRC66(2002))
QRPA(EDF): 0.12 – 0.21 MeV-1 → PIKACHU experiment

160Gd NME2νββ NME
comparison with experiments

Future plan: constraints on pnEDF coupling constants using 2νββ half-life 



pair density matrix

non-local pp density

local pp density

ˆ̆⇢(rst, r0s0t0) = 4s0t0h |ar0�s0�t0arst| i
ˆ̃⇢(rst, r0s0t0) = �2s0h |ar0�s0t0arst| i
̂(rst, r0s0t0) = h |ar0s0t0arst| i

⇢̆k(r, r
0) =

X

stt0

ˆ̆⇢(rst, r0st0)⌧̂kt0t

⇢̆k(r) = ⇢̆k(r, r
0)|r=r0

⇢̆1(r) = ⇢̆n(r) + ⇢̆p(r)

⇢̆2(r) = i[⇢̆n(r)� ⇢̆p(r)]

⇢̆n(r) = h |an(r)an(r)| i

⇢̆p(r) = h |ap(r)ap(r)| i

⇢̆3(r) = 2⇢̆np(r)⇢̆np(r) = h |an(r)ap(r)� ap(r)an(r)| i ⇢̆0(r) = 0
isovector np pairing

s̆k(r, r
0) =

X

ss0tt0

ˆ̆⇢(rst, r0s0t0)�s0s⌧̂
k
t0tnon-local spin pp density

(isospin symm.)

(time reversal)

local pp spin density
(isoscalar pairing) s̆0(r) = s̆0(r, r

0)|r=r0 = s̆np(r) k=1-3 zero due to Pauli principle

(Pauli principle)

Pair densities in isospin representation
Perlinska et al., Phys. Rev. C 69, 014316 (2014)



Ground state np pair condensation

k= 3 neutron-proton pairing terms

isovector pairing functional
(isospin-rotation invariant)

isovector pairing functional
(conventional)

�̆n(r) = C̆⇢
n [⇢0]|⇢̆n(r)|2

�̆p(r) = C̆⇢
p [⇢0]|⇢̆p(r)|2

isoscalar pairing functional (np)

�̆0(r) = C̆s
0 [⇢0]|s̆0(r)|2

�̆1(r) = C̆⇢
1 [⇢0]{|⇢̆1(r)|2 + |⇢̆2(r)|2 + |⇢̆3(r)|2}

= C̆⇢
1 [⇢0]~̆⇢

⇤(r) � ~̆⇢(r)
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pair density matrix (isospin formalism)
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<latexit sha1_base64="7QLTTiyWhJA7bNIWe29I3DSOoto="></latexit>

⇢̆k(r, r
0) =

X

stt0

⇢̆(rst, r0st0)⌧̂kt0tnon-local pair density
<latexit sha1_base64="Ri21UD9Lg/Agpc5zcMoV6Fq5ud0="></latexit>

⇢̆k(r) = ⇢̆k(r, r
0)|r=r0local pair density

⇢̆1(r) = ⇢̆n(r) + ⇢̆p(r)

⇢̆2(r) = i[⇢̆n(r)� ⇢̆p(r)]

⇢̆3(r) = 2⇢̆np(r)



Pairing in isobaric analogue states

A=48 T=4 states, from 48Ca (Tz=4) to 48Ni (Tz=-4)
w/o Coulomb: with artificially strong pairing

pairing energy pairing gap

calculation starting from 48Ca,
with proton gauge angle at 48Ca
φ=0,30,60,…,150,180 (Δp~|Δp|eiφ)

48Ni48Ca 48Ni48Ca

Tz
T=0

T=4

T=1
…

-4 -3 -2 -1 0  1 2 3 448Ni 48Ca

en
er

gy

IASs
Isobaric analogue states: |T Tz> states : cranking in isospace NH, Sheikh, Dobaczewski, Nazarewicz, in prep.



ph density

pp density

isoscalar (n+p)
np-mixed

isovector (n-p)

φ: relative gauge angle at T=Tz (48Ca)
pairing energy (n, p, np) pairing energy (1,2,3)

⇢̆1(r) = ⇢̆n(r) + ⇢̆p(r)

⇢̆2(r) = i[⇢̆n(r)� ⇢̆p(r)]

⇢̆3(r) = 2⇢̆np(r)

⇢̆0(r) = 0

Isospin rotation about 2nd axis

θ=0

θ=90°

red curve: only one pairing is present at θ=0°
purple: region covered by the relative gauge angle



Isovector pn pairing in ground state

without Coulomb with Coulomb

<S2>=0

Constraint DFT on <S3> (np pair condensate)
<latexit sha1_base64="rKY93s3pNEnr675msnUesJnaNyw="></latexit>

hŜki =
Z

dr⇢̆k(r)

<latexit sha1_base64="Yt71Ij+jg/DViVzMi5C/GKtt2B8="></latexit>

�̆(r) = C̆⇢
1

⇥
|⇢̆1(r)|2 + |⇢̆2(r)|2 + gpp|⇢̆3(r)|2

⇤

Future plan: include isoscalar np pairing 



Summary
p Recent development of nuclear energy density functional

p symmetry breaking introduces new densities in nuclear EDF

p Optimized EDF is available for
p time-even densities fitted to ground-state experimental data
p isovector pn part and isoscalar pn pairing fitted to beta decay and GT resonance
p some couplings constants are not well constrained with g.s. data (isovector effective mass) 

p Extensions to
p momentum dependence on pairing
p spin-triplet pairing
p time-odd fields
p proton-neutron mixing

p Collaborators
p Takashi Nakatsukasa (Tsukuba), Koichi Sato (Kochi)
p Tsunenori Inakura (Tokyo Tech), Hitoshi Nakada (Chiba)
p Tomohiro Oishi, Kenichi Yoshida (Kyoto)
p Witek Nazarewicz(MSU), Jacek Dobaczewski(York), Javid Sheikh(Kashmir)
p Jon Engel(UNC)


