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Many-body correlations                                   
and EDF-based models

1

Gianluca Colò
U. Milano and INFN
YITP, Kyoto U.

Kyoto, 9 Dec. 2022 
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Outline of the talk

• Recap of nuclear EDFs (very short, cf. previous
talks in this workshop)

• New strategies to build EDFs

• Many-body correlations (“PVC vs GW”)

Kyoto, 9 Dec. 2022 2
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Nuclear EDF (cf. N. Hinohara, K. Sekizawa ...)

Kyoto, 9 Dec. 2022 3
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E =

Z
d3r

⇥
Ekin + ESkyrme + Epairing + ECoulomb

⇤

<latexit sha1_base64="qCJvqXhE395KtinDAjTcxfbRINM="></latexit>

ESkyrme = C⇢⇢[⇢]⇢2 + C⇢⌧⇢⌧ + CJ2 ~J 2 + C(r⇢)2
⇣
~r⇢

⌘2
+ C⇢~r· ~J⇢~r · ~J

Labels related to p, n were omitted for simplicity. 

The quadratic form ensures the respect of the symmetries.

In principle, all coupling constants could be functions of the densities.

Coulomb: known. Exchange is often approximated (e.g.: Slater approximation).
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Kyoto, 9 Dec. 2022 4

1. In the case of Coulomb EDFs, the underlying interaction is known, and

the Hartree term is well-defined so that the “functional” is defined by

the choice for Exc.

HF and KS-DFT are clearly distinguished for Coulomb systems.

2. In the nuclear case, so far, all EDFs are based on an ansatz for the

form of E , and a parameter fit. There is no underlying “fundamental

force”, so that Hartree, exchange and correlations are mixed up in the

terms of the EDF.

HF with e↵ective forces and KS-DFT are connected.

1

GC, Nuclear DFT in: 
Tanihata, I., Toki, H., Kajino, T. (eds) 

Handbook of Nuclear Physics, Springer, 
Singapore, 2022.
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Status of nuclear DFT (very brief...)

• Error on masses of the order of 1 MeV.

• Predictions of drip lines and super heavy nuclei.

• Trends of charge radii and deformations fairly
well reproduced.

• Advanced (multi-reference) techniques based on
symmetry restoration.

• Giant resonances, charge-exchange states and
β-decay.

• Current interest in large amplitude motion,
reactions etc.

Kyoto, 9 Dec. 2022 
5
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Kyoto, 9 Dec. 2022 6

Many observables 
(pseudo-

observables)

Many PARAMETER 
SETS for EDFs

Risk         
of 

overfitting

Science 355, 
49 (2017)

NEW 
TECHNIQUES

Keep an eye on DFT 
from ab initio
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• New strategies to build EDFs

Kyoto, 9 Dec. 2022 7
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Several possibilities

Kyoto, 9 Dec. 2022 8

• Bayesian inference, machine learning...

• Building the EDFs from ab initio.

• Reverse engineering: deduce EDFs from
reliable energies/densities (i.e. the inverse
KS problem).
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Ab initio: still behind respect to Coulomb

Kyoto, 9 Dec. 2022 9

Ab initio aims at solving the nuclear many-body problem using a
realistic Hamiltonian and a many-body method that is, in
principle, exact (or whose uncertainty can be quantified).

H is a larger source of uncertainties than the MB method.

J. Simonis et al., Phys. Rev. C 96, 014303 (2017)
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Figure 3
(a–c) Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16−24O (42). Energies
obtained from (a) phenomenological forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita–Miyazawa 3N forces due
to ! excitations, and (c) low-momentum interactions V low k and including N2LO 3N forces, as well as 3N forces only due to !

excitations. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. The dashed lines in panels b and c
show sd-shell calculations based on second-order MBPT. (d ) Ground-state energies of oxygen isotopes relative to 16O based on
valence-space Hamiltonians, compared with the atomic mass evaluation (AME 2012) (45). The MBPT results are performed in an
extended sdf7/2 p3/2 valence space (37) based on low-momentum NN+3N forces, whereas the IM-SRG (39) and CCEI (40) results are
in the sd shell from an SRG-evolved NN+3N-full Hamiltonian. (e) Ground-state energies obtained in large many-body spaces:
MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), all based on the SRG-evolved NN+3N-full Hamiltonian, and lattice EFT
(34), based on NN+3N forces at N2LO. Abbreviations: CC, coupled cluster; CCEI, CC effective interaction; EFT, effective field
theory; (MR-)IM-SRG, (multireference) in-medium similarity renormalization group; IT-NCSM, importance-truncation no-core
shell model; MBPT, many-body perturbation theory; SCGF, self-consistent Green’s functions. Modified from Reference 42.
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Nuclear energy density functionals grounded in ab initio calculations
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We discuss the construction of a nuclear energy density functional (EDF) from ab initio computations and
advocate the need for a methodical approach that is free from ad hoc assumptions. The equations of state (EoSs)
of symmetric nuclear and pure neutron matter are computed using the chiral NNLOsat and the phenomenological
AV4′ + UIXc Hamiltonians as inputs to self-consistent Green’s function (SCGF) and auxiliary field diffusion
Monte Carlo (AFDMC) methods. We propose a convenient parametrization of the EoS as a function of the
Fermi momentum and fit it on the SCGF and AFDMC calculations. We apply the ab initio based EDF to carry
out an analysis of the binding energies and charge radii of different nuclei in the local density approximation.
The NNLOsat-based EDF produces encouraging results, whereas the AV4′ + UIXc-based one is farther from
experiment. Possible explanations of these different behaviors are suggested, and the importance of gradient and
spin-orbit terms is analyzed. Our paper paves the way for a practical and systematic way to merge ab initio
nuclear theory and density functional theory, while shedding light on some critical aspects of this procedure.

DOI: 10.1103/PhysRevC.104.024315

I. INTRODUCTION

The need to tackle the very complex nuclear many-body
problem has inspired dramatic advances in the so-called
ab initio methods in recent years [1–3]. These approaches
aim at solving the many-nucleon Schrödinger equation in
an exact or systematically improvable way by using a re-
alistic model for the nuclear interaction in the vacuum.
Examples of these approaches are the Green’s function
Monte Carlo (GFMC) and auxiliary field diffusion Monte
Carlo (AFDMC) [4–6], self-consistent Green’s function
(SCGF) [7–10], coupled-cluster [2,11,12], in-medium similar-
ity renormalization group [3,13], and many-body perturbation
theory methods [14,15]. Successful nuclear structure cal-
culations have been performed for low- and medium-mass
nuclei [1,3,4,16], as well as in infinite nuclear matter [9,17,18]
and neutron stars [19,20]. Although ab initio theory can now
approach masses of A ≈ 140 [21], its predictive power is
affected by the large computational cost and full-scale studies
of heavy nuclei are still out of reach.

In the heavy-mass region of the nuclear chart, the method
of choice is density functional theory (DFT). Originally intro-
duced in condensed matter, DFT is a hugely popular method
that finds application in several areas of physics, ranging from
quantum chemistry [22–25] to nuclear physics [26–31]. In the

*francesco.marino@unimi.it

latter case, it represents the only approach that allows one
to cover almost the whole nuclear chart [26,27,30], with the
partial exception of very light nuclei, and to study both ground
states (g.s.) and, in its time-dependent formulation, excited
states [29]. In principle, DFT provides an exact formulation
of the many-body problem based on the Hohenberg-Kohn
theorems [22,30,32], which state that all observables, starting
from the total energy, can be expressed in a unique way as a
functional of the one-body density (including spin densities
and other generalized densities [33]). However, these theo-
rems give no hints about the actual form of such functional,
which is dubbed as the energy density functional (EDF).
Hence, in practice, DFT turns out to be an approximate, albeit
very powerful, method. In particular, most relativistic [34]
and nonrelativistic [26–28] nuclear EDFs are designed in an
empirical manner. A reasonable ansatz for the functional form
is chosen and its actual parameters are fitted on experimen-
tal observables such as radii and masses of finite nuclei, or
pseudo-observables such as the saturation density of symmet-
ric nuclear matter [27,35]. The available EDFs are overall
successful [26,30], e.g., the experimental binding energies
are reproduced on average within 1–2 MeV and charge radii
within 0.01–0.02 fm. However, it is unclear how to further
improve the performance of traditional EDFs [36]. Despite
attempts to frame DFT as an effective field theory (EFT),
we still lack guiding principles for the systematic improve-
ment of nuclear EDFs [37]. Existing EDFs are affected by
uncontrolled extrapolation errors when applied to systems for

2469-9985/2021/104(2)/024315(14) 024315-1 ©2021 American Physical Society
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Our strategy based on the Jacob’s ladder of electronic DFT.
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• Follow a step-by-step approach
• Use ab initio simulations of model systems
as a constraintJ. Perdew, K. Schmidt, AIP Conf. 

Proc. 577, 1 (2001).
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FIG. 1. Dots: SNM and PNM EoS computed with the NNLOsat

interaction and the SCGF method. Dashed: model EoS (2,3,4,5,6)
(see text).

saturate; in fact, AV4′ alone predicts no saturation before 0.50
fm−3 [97]. The smallest validation error (MSE = 0.06 MeV2)
is achieved by the (2,5,6) model, which is shown in Fig. 2
together with the ab initio EoS.

To sum up, parametrizing the nuclear EoS as a polynomial
of the Fermi momentum has proved an effective ansatz. Two
optimal models have been found, namely, (2,3,4,5,6) for the
NNLOsat EoS and (2,5,6) for the AV4′ + UIXc EoS. The
parameters of these models are reported in Table III.

B. Predictions of the LDA EDFs in finite nuclei

Two LDA EDFs are derived from the (2,3,4,5,6) and (2,5,6)
parametrizations of the NNLOsat- and the AV4′ + UIXc-based
EoS (Sec. IV A). These are then applied to closed-subshell
nuclei and compared to experimental values, taken from
Refs. [98,99], and to ab initio results. Full ab initio calcula-
tions are available for a set of nuclei up to 54Ca for NNLOsat

TABLE I. Energy per particle e computed with SCGF and the
NNLOsat interaction at several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −7.94 5.22
0.08 −11.78 6.71
0.12 −13.98 8.51
0.16 −14.62 11.23
0.20 −13.68 14.99
0.22 −12.61 17.24
0.24 −11.12 19.71
0.26 −9.22 22.40
0.28 −6.91 25.29
0.32 −1.00 31.58

TABLE II. Energy per particle e and standard errors (in paren-
theses) computed with AFDMC and the AV4′ + UIXc interaction at
several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −8.17 (1) 7.062 (5)
0.08 −13.60 (1) 11.075 (6)
0.12 −17.48 (1) 15.278 (8)
0.16 −20.74 (2) 20.20 (1)
0.20 −22.80 (1) 26.23 (1)
0.22 −23.42 (2) 29.66 (2)
0.24 −23.68 (3) 33.44 (3)
0.26 −23.58 (3) 37.47 (2)
0.28 −23.15 (3) 42.12 (3)
0.32 −21.10 (3) 52.26 (5)
0.36 −17.0 (1) 63.91 (6)
0.40 −12.21 (8) 77.51 (7)

and 90Zr for AV4′ + UIXc. Moreover, the NNLOsat densities
for 90Zr are available.

The discrepancy between theory and experiment for ener-
gies per nucleon (top) and charge radii (bottom) are shown in
Fig. 3 for NNLOsat and the (2,3,4,5,6) EDF, as well as the
GA-E and GA-r EDFs introduced later on (Sec. IV C). On
the one hand, we can appreciate that NNLOsat predictions are
very close to experiment. On the other hand, the LDA EDF, al-
though less precise, exhibits interesting trends, since it enables
one to reproduce heavier nuclei, especially from 90Zr on, in
a realistic way, with deviations smaller than 1 MeV/nucleon
and 0.05 fm for the energies and radii, respectively. This is
quite remarkable, as the LDA EDF incorporates only infor-
mation on uniform matter. Also, it is unsurprising that light
systems are less amenable to a local density treatment, since

FIG. 2. Dots: SNM and PNM EoS computed with the AV4′ +
UIXc interaction and the AFDMC method. The AFDMC statistical
error bars are shown. Dashed: model EoS (2,5,6) (see text).

024315-7
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Kyoto, 9 Dec. 2022 12

We start from the Equation of State (EoS) of nuclear matter.

SNM

Within LDA, the energy
functional is the same as
in uniform matter.

We apply it to finite
systems as if their local
density were uniform.
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We parametrise the potential part of the EoS.

1. is quadratic in 

2. is a polynomial in kF

3. The optimal set of powers is chosen by model selection

<latexit sha1_base64="nQsX9L/lq/3dlYfgFTiVm5DZ8sE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+lMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzauyd12u1Cul6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AOYfjQM=</latexit>v
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

<latexit sha1_base64="pukloPPJvExoKjeb5XpzoAG8Iro="></latexit>

v(⇢,�) =
X

�

�
c�,0 + �2c�,1

�
⇢�

<latexit sha1_base64="nQsX9L/lq/3dlYfgFTiVm5DZ8sE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+lMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzauyd12u1Cul6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AOYfjQM=</latexit>v
<latexit sha1_base64="8CIE8sK9zE3I2jcwrDHS7phd/IQ=">AAAB/XicbVDLSgNBEJyNrxhf8XHzMhgET2FXg3oRgl48RjAPyIbQO5lNhszMLjOzQlyCv+LFgyJe/Q9v/o2TZA+aWNBQVHXT3RXEnGnjut9Obml5ZXUtv17Y2Nza3inu7jV0lChC6yTikWoFoClnktYNM5y2YkVBBJw2g+HNxG8+UKVZJO/NKKYdAX3JQkbAWKlbPPD7IATgK+yHCkgqx+nZuFssuWV3CrxIvIyUUIZat/jl9yKSCCoN4aB123Nj00lBGUY4HRf8RNMYyBD6tG2pBEF1J51eP8bHVunhMFK2pMFT9fdECkLrkQhspwAz0PPeRPzPaycmvOykTMaJoZLMFoUJxybCkyhwjylKDB9ZAkQxeysmA7ApGBtYwYbgzb+8SBqnZe+8XLmrlKrXWRx5dIiO0Any0AWqoltUQ3VE0CN6Rq/ozXlyXpx352PWmnOymX30B87nD+MVlOE=</latexit>

� =
n

3

SCGF with NNLOsat

QMC with AV4’ 



京都⼤学

基礎物理学研究所 Visit

Images may be subject to copyright. Learn More

See more

Send feedback Get help Collections

Related content

www2.yukawa.kyoto-u.ac.jp

QIST2019

www2.yukawa.kyoto-u.ac.jp

Logo of International Research U…
of Advanced Future Studies |

京都⼤学

医学物理・医⼯計測グローバル拠…
点」設⽴記念シンポジウムを開催し

www2.yukawa.kyoto-u.ac.jp

YKIS2018a

京都⼤学理学研究科

ロゴマークについて | 京都⼤学理…
研究科・理学部

京都⼤学国際⾼等教育院

課外の⽇本語学習⽀援講座につい…
｜京都⼤学国際⾼等教育院

www2.yukawa.kyoto-u.ac.jp

OMEG15

cond.scphys.kyoto-u.ac.jp

Condensed Matter Theory Group,…
Kyoto University

www2.yukawa.kyoto-u.ac.jp

Logo of International Research U…
of Advanced Future Studies |

京都⼤学

京都⼤学⼤学院理学研究科技術部

The Center for Gravitational Physics,…

The Center for Gravitational…
Physics, Yukawa Institute for

FAVPNG.com

String Theory Quantum Mechanic…
Physics, PNG, 800x500px, String

KAWWA

TORI CAS

EoS with different Hamiltonians

Kyoto, 9 Dec. 2022 14
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FIG. 1. Dots: SNM and PNM EoS computed with the NNLOsat

interaction and the SCGF method. Dashed: model EoS (2,3,4,5,6)
(see text).

saturate; in fact, AV4′ alone predicts no saturation before 0.50
fm−3 [97]. The smallest validation error (MSE = 0.06 MeV2)
is achieved by the (2,5,6) model, which is shown in Fig. 2
together with the ab initio EoS.

To sum up, parametrizing the nuclear EoS as a polynomial
of the Fermi momentum has proved an effective ansatz. Two
optimal models have been found, namely, (2,3,4,5,6) for the
NNLOsat EoS and (2,5,6) for the AV4′ + UIXc EoS. The
parameters of these models are reported in Table III.

B. Predictions of the LDA EDFs in finite nuclei

Two LDA EDFs are derived from the (2,3,4,5,6) and (2,5,6)
parametrizations of the NNLOsat- and the AV4′ + UIXc-based
EoS (Sec. IV A). These are then applied to closed-subshell
nuclei and compared to experimental values, taken from
Refs. [98,99], and to ab initio results. Full ab initio calcula-
tions are available for a set of nuclei up to 54Ca for NNLOsat

TABLE I. Energy per particle e computed with SCGF and the
NNLOsat interaction at several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −7.94 5.22
0.08 −11.78 6.71
0.12 −13.98 8.51
0.16 −14.62 11.23
0.20 −13.68 14.99
0.22 −12.61 17.24
0.24 −11.12 19.71
0.26 −9.22 22.40
0.28 −6.91 25.29
0.32 −1.00 31.58

TABLE II. Energy per particle e and standard errors (in paren-
theses) computed with AFDMC and the AV4′ + UIXc interaction at
several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −8.17 (1) 7.062 (5)
0.08 −13.60 (1) 11.075 (6)
0.12 −17.48 (1) 15.278 (8)
0.16 −20.74 (2) 20.20 (1)
0.20 −22.80 (1) 26.23 (1)
0.22 −23.42 (2) 29.66 (2)
0.24 −23.68 (3) 33.44 (3)
0.26 −23.58 (3) 37.47 (2)
0.28 −23.15 (3) 42.12 (3)
0.32 −21.10 (3) 52.26 (5)
0.36 −17.0 (1) 63.91 (6)
0.40 −12.21 (8) 77.51 (7)

and 90Zr for AV4′ + UIXc. Moreover, the NNLOsat densities
for 90Zr are available.

The discrepancy between theory and experiment for ener-
gies per nucleon (top) and charge radii (bottom) are shown in
Fig. 3 for NNLOsat and the (2,3,4,5,6) EDF, as well as the
GA-E and GA-r EDFs introduced later on (Sec. IV C). On
the one hand, we can appreciate that NNLOsat predictions are
very close to experiment. On the other hand, the LDA EDF, al-
though less precise, exhibits interesting trends, since it enables
one to reproduce heavier nuclei, especially from 90Zr on, in
a realistic way, with deviations smaller than 1 MeV/nucleon
and 0.05 fm for the energies and radii, respectively. This is
quite remarkable, as the LDA EDF incorporates only infor-
mation on uniform matter. Also, it is unsurprising that light
systems are less amenable to a local density treatment, since

FIG. 2. Dots: SNM and PNM EoS computed with the AV4′ +
UIXc interaction and the AFDMC method. The AFDMC statistical
error bars are shown. Dashed: model EoS (2,5,6) (see text).
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gies per nucleon (top) and charge radii (bottom) are shown in
Fig. 3 for NNLOsat and the (2,3,4,5,6) EDF, as well as the
GA-E and GA-r EDFs introduced later on (Sec. IV C). On
the one hand, we can appreciate that NNLOsat predictions are
very close to experiment. On the other hand, the LDA EDF, al-
though less precise, exhibits interesting trends, since it enables
one to reproduce heavier nuclei, especially from 90Zr on, in
a realistic way, with deviations smaller than 1 MeV/nucleon
and 0.05 fm for the energies and radii, respectively. This is
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ESkyrme = C⇢⇢[⇢]⇢2 + C⇢⌧⇢⌧ + CJ2 ~J 2 + C(r⇢)2
⇣
~r⇢

⌘2
+ C⇢~r· ~J⇢~r · ~J

Nuclei are finite systems and the dependence of the EDF on ∇ᵨ, 𝜏 and
J is mandatory. These quantities vanish in static uniform matter.

How can ab initio inform us about this dependence?

Uniform matter perturbed by a
(weak) potential

LDA
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Perturbed nuclear matter (I)
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Add a weak external potential of the type:

In linear response:

<latexit sha1_base64="BaQ+NdbytAn48MsLllfxDbA1fT4=">AAACFnicbVA9SwNBEN3zM8avqKXNYhC0MNyJqI0g2lhGMBrIhWNvM0kW927P3blgOO5X2PhXbCwUsRU7/42bj0KNDwbevjfDzrwwkcKg6345U9Mzs3PzhYXi4tLyymppbf3aqFRzqHElla6HzIAUMdRQoIR6ooFFoYSb8PZ84N/0QBuh4ivsJ9CMWCcWbcEZWiko7fWCzNcRhXvM6Qnd7wV3lCuzk/k94PQu93lL4eih892gVHYr7hB0knhjUiZjVIPSp99SPI0gRi6ZMQ3PTbCZMY2CS8iLfmogYfyWdaBhacwiMM1seFZOt63Som2lbcVIh+rPiYxFxvSj0HZGDLvmrzcQ//MaKbaPm5mIkxQh5qOP2qmkqOggI9oSGjjKviWMa2F3pbzLNONokyzaELy/J0+S6/2Kd1g5uDwon56N4yiQTbJFdohHjsgpuSBVUiOcPJAn8kJenUfn2Xlz3ketU854ZoP8gvPxDWJ+nuc=</latexit>

vext = 2vqcos(~q · ~r)

<latexit sha1_base64="l/g95EWl9I9Xyql4rjHAlompvAE="></latexit>

�⇢(~r) = 2�(q)vqcos(~q · ~r)
<latexit sha1_base64="MZbOHeZb/IXm08ftRJsVzWTdJ44=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSDGJuyGoDZC0MYygnlANi6zk7vZIbOPzMwGwpJPsPFXbCwUsbW082+cPApNPHDhcM693HuPG3MmlWl+G5mV1bX1jexmbmt7Z3cvv3/QkFEiKNRpxCPRcokEzkKoK6Y4tGIBJHA5NN3+zcRvDkFIFoX3ahRDJyC9kHmMEqUlJ39qd4ErggFfYdsThKY29VlxcDZObeFHjjnGQ2fwUHbyBbNkToGXiTUnBTRHzcl/2d2IJgGEinIiZdsyY9VJiVCMchjn7ERCTGif9KCtaUgCkJ10+tAYn2ili71I6AoVnqq/J1ISSDkKXN0ZEOXLRW8i/ue1E+VddlIWxomCkM4WeQnHKsKTdHCXCaCKjzQhVDB9K6Y+0bEonWFOh2AtvrxMGuWSdV6q3FUK1et5HFl0hI5REVnoAlXRLaqhOqLoET2jV/RmPBkvxrvxMWvNGPOZQ/QHxucPG/6cBg==</latexit>

�e =
�(q)

⇢0
v2q

PNM, N=66, q/qmin=1, vq/EF = 0.1

Potential along the z axis.
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Perturbed nuclear matter (II) 

Kyoto, 9 Dec. 2022 18WORK IN PROGRESS

Perturbing the system gives access to:
<latexit sha1_base64="eL+jo7zRvaOk5hqYBZfw6iXCDj8="></latexit>

C⇢⌧ C(r⇢)2 C⇢~r· ~J

Pure neutron matter Symmetric nuclear matter



京都⼤学

基礎物理学研究所 Visit

Images may be subject to copyright. Learn More

See more

Send feedback Get help Collections

Related content

www2.yukawa.kyoto-u.ac.jp

QIST2019

www2.yukawa.kyoto-u.ac.jp

Logo of International Research U…
of Advanced Future Studies |

京都⼤学

医学物理・医⼯計測グローバル拠…
点」設⽴記念シンポジウムを開催し

www2.yukawa.kyoto-u.ac.jp

YKIS2018a

京都⼤学理学研究科

ロゴマークについて | 京都⼤学理…
研究科・理学部

京都⼤学国際⾼等教育院

課外の⽇本語学習⽀援講座につい…
｜京都⼤学国際⾼等教育院

www2.yukawa.kyoto-u.ac.jp

OMEG15

cond.scphys.kyoto-u.ac.jp

Condensed Matter Theory Group,…
Kyoto University

www2.yukawa.kyoto-u.ac.jp

Logo of International Research U…
of Advanced Future Studies |

京都⼤学

京都⼤学⼤学院理学研究科技術部

The Center for Gravitational Physics,…

The Center for Gravitational…
Physics, Yukawa Institute for

FAVPNG.com

String Theory Quantum Mechanic…
Physics, PNG, 800x500px, String

KAWWA

TORI CAS

Kyoto, 9 Dec. 2022 19

The inverse Kohn-Sham problem
Y. Wang and R.G. Parr, Phys. Rev. A47,
R1591 (1993).

R. Van Leeuwen and E.J. Baerends,
Phys. Rev. A49, 2421 (1994).

D.S. Jensen and A. Wassermann, Int. J.
Quant. Chem. 118, e25425 (2018).

B. Kanungo, P.M. Zimmermann, V. Gavini,
Nature Communications 10, 4497 (2019).

Some attempts have been made in
the case of electronic systems, but
not yet for atomic nuclei.

Input: target density ⇢̃(~r)
<latexit sha1_base64="i/REcXKUJzyUZ/yPp69MM241W1c=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZSkCnosevFYwX5AE8pmM2mXbjZhd1MspX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LOlHacb6uwsbm1vVPcLe3tHxwe2cfltkoySaFFE57IbkAUcCagpZnm0E0lkDjg0AlGd3O/MwapWCIe9SQFPyYDwSJGiTZS3y57mvEQPDlMqt4YKJYXfbvi1JwF8Dpxc1JBOZp9+8sLE5rFIDTlRKme66TanxKpGeUwK3mZgpTQERlAz1BBYlD+dHH7DJ8bJcRRIk0JjRfq74kpiZWaxIHpjIkeqlVvLv7n9TId3fhTJtJMg6DLRVHGsU7wPAgcMglU84khhEpmbsV0SCSh2sRVMiG4qy+vk3a95l7W6g9XlcZtHkcRnaIzVEUuukYNdI+aqIUoekLP6BW9WTPrxXq3PpatBSufOUF/YH3+AEywk/M=</latexit>

C6H4 (Benzyne)

<latexit sha1_base64="FfRqtFoeNfXmHmEn/Ofo18GU6Mc=">AAACHXicbZBNS8MwGMfT+TbnW9Wjl+AQPI1WhnocCuJxgnuBtow0S7ewNClJOhllX8SLX8WLB0U8eBG/jenWg24+EPjn938ekucfJowq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHoOvc7YyIVFfxeTxISxGjAaUQx0gb17PqNl/lyKKaBD31JB0ONpBQP5gLHXm4sccN6dtWpObOCy8ItRBUU1ezZn35f4DQmXGOGlPJcJ9FBhqSmmJFpxU8VSRAeoQHxjOQoJirIZttN4YkhfRgJaQ7XcEZ/T2QoVmoSh6YzRnqoFr0c/ud5qY4ug4zyJNWE4/lDUcqgFjCPCvapJFiziREIS2r+CvEQSYS1CbRiQnAXV14W7bOae16r39WrjasijjI4AsfgFLjgAjTALWiCFsDgETyDV/BmPVkv1rv1MW8tWcXMIfhT1tcPCYWihQ==</latexit>

F [⇢] ! v[⇢] ! ⇢

<latexit sha1_base64="UVc8cMkpZuJpNR5eH+nNSp1lMuw=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCp9GOoR6Hgnic4F6gLSPN0jUsTUqSTkbZ9/DiV/HiQRFPgge/jem2g27+IfDP73kekucfpowq7Tjf1srq2vrGZmmrvL2zu7dvHxy2lcgkJi0smJDdECnCKCctTTUj3VQSlISMdMLhdVHvjIhUVPB7PU5JkKABpxHFSBvUs2u+jIUPfUkHsUZSigdzgSOvwMECv5nRnl1xqs5UcNm4c1MBczV79qffFzhLCNeYIaU810l1kCOpKWZkUvYzRVKEh2hAPGM5SogK8uluE3hqSB9GQprDNZzS3xM5SpQaJ6HpTJCO1WKtgP/VvExHl0FOeZppwvHsoShjUAtYBAX7VBKs2dgYhCU1f4U4RhJhbeIsmxDcxZWXTbtWdc+r9bt6pXE1j6MEjsEJOAMuuAANcAuaoAUweATP4BW8WU/Wi/VufcxaV6z5zBH4I+vrBxytoXk=</latexit>

⇢ ! v[⇢] ! F [⇢]

Direct problem

Inverse problem
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The constrained variational (CV) method

Kyoto, 9 Dec. 2022 20

In the Kohn-Sham spirit, the
system at hand is assumed to be
equivalent to a non-interacting
system with the same density
⟹ min. of the kinetic energy T

The method is general/unbiased.

It relies on the IPOPT library
�J = 0

<latexit sha1_base64="49i+J+w2azFr2c1mS8rKlNkIto4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIehFPEcwDskuYne1Nhsw+mJkVwpLf8OJBEa/+jDf/xkmyB00saCiquunu8lPBlbbtb2tldW19Y7O0Vd7e2d3brxwctlWSSYYtlohEdn2qUPAYW5prgd1UIo18gR1/dDv1O08oFU/iRz1O0YvoIOYhZ1QbyXUDFJqSe3JN7H6latfsGcgycQpShQLNfuXLDRKWRRhrJqhSPcdOtZdTqTkTOCm7mcKUshEdYM/QmEaovHx284ScGiUgYSJNxZrM1N8TOY2UGke+6YyoHqpFbyr+5/UyHV55OY/TTGPM5ovCTBCdkGkAJOASmRZjQyiT3NxK2JBKyrSJqWxCcBZfXibtes05r9UfLqqNmyKOEhzDCZyBA5fQgDtoQgsYpPAMr/BmZdaL9W59zFtXrGLmCP7A+vwBKLuQcw==</latexit>

J = Ts [{�i}] +
Z

d3r U(~r)⇢(~r) �
NorbX

i=1

iX

j=1

✏ij

Z
d3r �⇤

i (~r)�j(~r).

<latexit sha1_base64="oELGSd4pygXTl7PzuVwiPn1QHJU="></latexit>

Constraints for: reproduction of target density
plus orthonormality of the orbitals
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Test: reconstruction of SkX effective potential

Kyoto, 9 Dec. 2022 21

SkX has an effective mass
close to 1 (within ≈ 5%)

Still, “errors” are also
associated with the fact that
the problem is not well
defined according to
Hadamard’s definition.

Coulomb tail is fairly well
extracted!
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How to deduce the EDF?
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Some kind of functional
integration is called for.

<latexit sha1_base64="qK/dThQJP6a2EswzcZ9TMI6JtIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHYi8cK9gPaWDbbTbt0s4m7EyGE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj+tRvPzGleSTvMY2ZF5Kh5AGnBI3UqT/0uAww7ZcrTtWZwV4mbk4qkKPRL3/1BhFNQiaRCqJ113Vi9DKikFPBJqVeollM6JgMWddQSUKmvWx278Q+McrADiJlSqI9U39PZCTUOg190xkSHOlFbyr+53UTDK69jMs4QSbpfFGQCBsje/q8PeCKURSpIYQqbm616YgoQtFEVDIhuIsvL5PWWdW9rJ7fXVRqN3kcRTiCYzgFF66gBrfQgCZQEPAMr/BmPVov1rv1MW8tWPnMIfyB9fkDBtSP+Q==</latexit>

C1
<latexit sha1_base64="woCNLXQUwWBe98AY8kkYfcxInC8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5dV7APboWTStA3NZIbkjlCG/oUbF4q49W/c+Tdm2llo9UDgcM695NwTxFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4Lxdea3Hrk2IlL3OIm5H9KhEgPBKFrpoRtSHAVBejftlStu1Z2B/CVeTiqQo94rf3b7EUtCrpBJakzHc2P0U6pRMMmnpW5ieEzZmA55x1JFQ278dJZ4So6s0ieDSNunkMzUnxspDY2ZhIGdzBKaRS8T//M6CQ4u/VSoOEGu2PyjQSIJRiQ7n/SF5gzlxBLKtLBZCRtRTRnakkq2BG/x5L+keVL1zqunt2eV2lVeRxEO4BCOwYMLqMEN1KEBDBQ8wQu8OsZ5dt6c9/lowcl39uEXnI9vv/uQ+g==</latexit>R

<latexit sha1_base64="f0biD+ffk0Q7TVlI44mlodbH1g0=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LgnisYD9gu5Rsmm1Ds8mSZMWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5YcKZNq777aysrq1vbBa2its7u3v7pYPDlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upn67UeqNJPiwYwTGsR4IFjECDZWat/6UeXpLOiVym7VnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2O3eCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqKrIGMiSQ0VZL4oSjkyEk1/R32mKDF8bAkmitlbERlihYmxCRVtCN7iy8ukdV71Lqq1+1q5fp3HUYBjOIEKeHAJdbiDBjSBwAie4RXenMR5cd6dj3nripPPHMEfOJ8/Y8GO9g==</latexit>

F [f(x)]

<latexit sha1_base64="OKZk8DpszibaL75zWwx11uri2mY=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LgnisYD9gu5Rsmm1Ds8mSZMWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5YcKZNq777aysrq1vbBa2its7u3v7pYPDlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upn67UeqNJPiwYwTGsR4IFjECDZWat/6g8rTWdArld2qOwNaJl5OypCj0St9dfuSpDEVhnCste+5iQkyrAwjnE6K3VTTBJMRHlDfUoFjqoNsdu4EnVqljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//P81ERXQcZEkhoqyHxRlHJkJJr+jvpMUWL42BJMFLO3IjLEChNjEyraELzFl5dJ67zqXVRr97Vy/TqPowDHcAIV8OAS6nAHDWgCgRE8wyu8OYnz4rw7H/PWFSefOYI/cD5/AGVJjvc=</latexit>

F [g(x)]<latexit sha1_base64="+RhDj4GLTD2v5BcQD2YV4f7ZPXQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0qj6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmv1+3qlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPcNSN2w==</latexit>

g(x)
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f(x)

A line integration formula has
been proposed by Van Leeuwen and
Baerends [PRA 51, 170 (1995)]

<latexit sha1_base64="XWSfYXUk4xuYgG13X8U4p3wEw+s="></latexit>

F [⇢B ]� F [⇢A] =

Z B

A
dt

Z
d3r v[⇢t]

d⇢t(~r)

dt

<latexit sha1_base64="661lv2CT129JXSrQ65JsEzbvkEw=">AAAB83icbVBNSwMxEM36WetX1aOXYBHrpexKUY9FLx4r2A/oLiWbZtvQbLIks2JZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4ej26nffmTacCUfYJywICYDySNOCVjJ9/VQ9TI4m1Seznulslt1Z8DLxMtJGeVo9Epffl/RNGYSqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWShIzE2Szmyf41Cp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+53VTiK6DjMskBSbpfFGUCgwKTwPAfa4ZBTG2hFDN7a2YDokmFGxMRRuCt/jyMmldVL3Lau2+Vq7f5HEU0DE6QRXkoStUR3eogZqIogQ9o1f05qTOi/PufMxbV5x85gj9gfP5A4WbkVs=</latexit>

⇢t0(x)

<latexit sha1_base64="WuSAK7qLn+OLPdAQTeKMTfm9LrE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxi3ZREirosCuKygn1AGsJkOmmHTmbCzESsoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2e3bO/tt5VIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0fXU7zwQqajg93qcED9GA04jipE2UmCXb7yeHIog0yeT6uOpH9gVp+bMAJeJm5MKyNEM7K9eX+A0JlxjhpTyXCfRfoakppiRSamXKpIgPEID4hnKUUyUn80On8Bjo/RhJKQpruFM/T2RoVipcRyazhjpoVr0puJ/npfq6NLPKE9STTieL4pSBrWA0xRgn0qCNRsbgrCk5laIh0girE1WJROCu/jyMmmf1dzzWv2uXmlc5XEUwSE4AlXgggvQALegCVoAgxQ8g1fwZj1ZL9a79TFvLVj5zAH4A+vzB/otkqg=</latexit>

F [⇢t0(x)]

<latexit sha1_base64="1VRtLCbb/oqDGSv1QWrAwOAoqTw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VaNyWRoi6LgrisYB+QhjCZTtqhk5kwMymW0D9x40IRt/6JO//GaZuFth64cDjnXu69J0wYVdpxvq3C2vrG5lZxu7Szu7d/YB8etZVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0e3M74yJVFTwRz1JiB+jAacRxUgbKbDtO68nhyLIdKUyrT6d+4FddmrOHHCVuDkpgxzNwP7q9QVOY8I1Zkgpz3US7WdIaooZmZZ6qSIJwiM0IJ6hHMVE+dn88ik8M0ofRkKa4hrO1d8TGYqVmsSh6YyRHqplbyb+53mpjq79jPIk1YTjxaIoZVALOIsB9qkkWLOJIQhLam6FeIgkwtqEVTIhuMsvr5L2Rc29rNUf6uXGTR5HEZyAU1AFLrgCDXAPmqAFMBiDZ/AK3qzMerHerY9Fa8HKZ47BH1ifP171ktk=</latexit>

F [⇢t00(x)]
<latexit sha1_base64="pVk8UB1MNQ7UULsH621UZeNs1AA=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLAC9k1RD0SvXjERD4S2JBuKdDQbde2SyQbfocXDxrj1R/jzX9jgT0o+JJJXt6bycy8IOJMG9f9djJr6xubW9nt3M7u3v5B/vCooWWsCK0TyaVqBVhTzgStG2Y4bUWK4jDgtBmMbmd+c0yVZlI8mElE/RAPBOszgo2V/I4aym5iisVp6em8my+4ZXcOtEq8lBQgRa2b/+r0JIlDKgzhWOu250bGT7AyjHA6zXViTSNMRnhA25YKHFLtJ/Ojp+jMKj3Ul8qWMGiu/p5IcKj1JAxsZ4jNUC97M/E/rx2b/rWfMBHFhgqyWNSPOTISzRJAPaYoMXxiCSaK2VsRGWKFibE55WwI3vLLq6RxUfYuy5X7SqF6k8aRhRM4hRJ4cAVVuIMa1IHAIzzDK7w5Y+fFeXc+Fq0ZJ505hj9wPn8A6WeRjA==</latexit>

⇢t00(x)

<latexit sha1_base64="SE4ZPpEd8QNyUsqCh+UIGpxWhSo=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRXJVEiroRioK4rGAvkIQymUzaoZNJmJkUSugbuPFV3LhQxK1bd76NkzaCth4Y+Pj/czhzfj9hVCrL+jJKS8srq2vl9crG5tb2jrm715ZxKjBp4ZjFousjSRjlpKWoYqSbCIIin5GOP7zO/c6ICEljfq/GCfEi1Oc0pBgpLfXM45HjikHswUvohgLhzA0IUwjeTH4otyc9s2rVrGnBRbALqIKimj3z0w1inEaEK8yQlI5tJcrLkFAUMzKpuKkkCcJD1CeORo4iIr1ses8EHmklgGEs9OMKTtXfExmKpBxHvu6MkBrIeS8X//OcVIUXXkZ5kirC8WxRmDKoYpiHAwMqCFZsrAFhQfVfIR4gHYvSEVZ0CPb8yYvQPq3ZZ7X6Xb3auCriKIMDcAhOgA3OQQPcgiZoAQwewBN4Aa/Go/FsvBnvs9aSUczsgz9lfHwDibycXw==</latexit>

v[⇢] =
�F

�⇢



京都⼤学

基礎物理学研究所 Visit

Images may be subject to copyright. Learn More

See more

Send feedback Get help Collections

Related content

www2.yukawa.kyoto-u.ac.jp

QIST2019

www2.yukawa.kyoto-u.ac.jp

Logo of International Research U…
of Advanced Future Studies |

京都⼤学

医学物理・医⼯計測グローバル拠…
点」設⽴記念シンポジウムを開催し

www2.yukawa.kyoto-u.ac.jp

YKIS2018a

京都⼤学理学研究科

ロゴマークについて | 京都⼤学理…
研究科・理学部

京都⼤学国際⾼等教育院

課外の⽇本語学習⽀援講座につい…
｜京都⼤学国際⾼等教育院

www2.yukawa.kyoto-u.ac.jp

OMEG15

cond.scphys.kyoto-u.ac.jp

Condensed Matter Theory Group,…
Kyoto University

www2.yukawa.kyoto-u.ac.jp

Logo of International Research U…
of Advanced Future Studies |

京都⼤学

京都⼤学⼤学院理学研究科技術部

The Center for Gravitational Physics,…

The Center for Gravitational…
Physics, Yukawa Institute for

FAVPNG.com

String Theory Quantum Mechanic…
Physics, PNG, 800x500px, String

KAWWA

TORI CAS

Which path of densities?

Kyoto, 9 Dec. 2022 23

In the works by A. Gaiduk et al., possible choices are discussed [cf. e.g. J.
Chem. Theory Comput. 5, 699 (2009)].

t - scaling
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⇢t(~r) = t3⇢(t~r)
This looks familiar to nuclear physicists
as the scaling model for the GMR.

In principle, it can be generalised to
other shapes.

We have applied the line-
integration formula for the first
time in the nuclear case.

We have shown that we can
indeed reconstruct the EDF.

Simple Skyrme (t0-t3) EDF.
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vext = µr2

When we invert the relation between densities and
potentials we obtain:

The relevant information is

We must use a density path in which the external
potential is known along with the density
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A. LIARDI et al. PHYSICAL REVIEW C 105, 034309 (2022)

FIG. 8. The total energy !F (µ) + !T (µ) reconstructed with
the two-step IKS method and associated with the value α = 0.32 is
compared to the values obtained with t0 − t3 EDFs characterized by
different values of α.

three curves for all values of µ. The deviations from the CHF
results are plotted in the bottom panel. It can be appreciated
that the discrepancies are quite small, being of the order of
10−2 MeV. In comparison, the neutron kinetic energy of the
unperturbed system amounts to Tµ=0 = 148.37 MeV (includ-
ing the center-of-mass correction). We observe, however, that
Eq. (15) guarantees an overall better accuracy. Therefore, it
will be used in the following to estimate !T .

We now compute the universal term F or, more precisely,
!F (µ) = F (µ) − F (µ = 0), by the line integration method
introduced in Sec. II according to Eq. (11). Figure 6 shows that
the reconstructed IKS curve is in excellent agreement with
the CHF values obtained with the original Skyrme EDF, with
discrepancies of about 10−3 MeV. This is rather encouraging,
since it implies that the line integration has been implemented
to a high numerical precision. At the same time, it is a strong
support to the reliability of the IKS machinery. This is con-
firmed by Fig. 7, where we display the total energy difference
!F (µ) + !T (µ), accurate up to a fraction of keV.

A question now arises: How much information have we ac-
tually gained about the original EDF, by solving the two-step
inverse IKS problem? We will limit ourselves to consider the
family of t0 − t3 Skyrme EDFs, obtained by varying the value
of the exponent α and by assuming that they are determined in
symmetric nuclear matter, as discussed above (cf. Table I). In
other words, we will not discuss how to determine the absolute
strengths (t0 and t3) of the different terms in the underling
F [ρ], but only if we can be sensitive to the exponent of the

density dependence. To this aim, we compare in Fig. 8 the
values obtained for !T + !F as a function of µ for a few
different values of α. The resolving power of the method will
depend on the range of µ taken into account in the calcula-
tion. Nonetheless, the figure already shows that, for a modest
change in µ, our benchmark value α = 0.32 can be rather
clearly distinguished from α = 0.16 and α = 1. This type of
information may become instrumental in building new EDFs
based on ab inito calculations.

VI. CONCLUSIONS AND PERSPECTIVES

A complete solution to the inverse Kohn-Sham problem
of density functional theory has been proposed. First, the
effective KS potential associated to a given ground-state den-
sity is determined. Second, a path of perturbed densities is
chosen, and the knowledge of the associated KS potentials is
exploited to compute the difference between the energies of
the perturbed and unperturbed states.

Benchmark calculations have been performed in a case
relevant for nuclear physics. In particular, we have shown that,
for a simple t0 − t3 Skyrme EDF, and perturbing the system
with an external harmonic potential, this method allows to
reconstruct the energies with good numerical accuracy.

These results open up a number of perspectives. First, one
should apply our method using ab initio calculations as an
input. The feasibility of these calculations when the nuclear
systems are perturbed by external potentials, and the assess-
ment of the associated theoretical uncertainties, are issues that
are mandatory to clarify.

In principle, accurate ab initio calculations of nuclear den-
sities perturbed by a variety of external potentials contain a lot
of useful information to improve existing EDFs. In practice,
one could apply the IKS methodology outlined in the present
work to produce a set of ab initio metadata on how energies
change under the action of perturbations with different space
dependence.

In our work, we have not fully tackled the problem of how
to determine the EDF from these metadata. First, we envisage
that it would be useful to also exploit the absolute values of
the ab initio energies. Then, two options open up: One could
propose an ansatz for the EDF and, upon implementing appro-
priate fitting algorithms, obtain a set of constraints on its terms
from those metadata. An alternative approach could be that
of exploiting machine learning techniques [53] to determine
EDF models that are consistent with the information made
available by the IKS (see, e.g., Ref. [22]).

In a later stage, further studies could be envisaged by
considering a set of different external potentials that are also
coupled to spin densities, isospin densities, or other types of
densities. This investigation could shed light on the terms
of the nuclear EDF that are not merely sensitive to the total
density.

[1] D. S. Jensen and A. Wasserman, Int. J. Quantum Chem. 118,
e25425 (2018).

[2] Y. Shi and A. Wasserman, J. Phys. Chem. Lett. 12, 5308 (2021).

[3] R. G. Parr and W. Yang, Density-Functional Theory of Atoms
and Molecules, International Series of Monographs on Chem-
istry (Oxford University Press, New York, 1994).
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What information do we get when we
reconstruct the energy?

In the case at hand, we have correctly
reproduced the EDF.

We are indeed sensitive to the exponent
𝛂.

Appropriate strategies must be devised if
we start from ab initio results.
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Limitations of nuclear DFT
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Single-particle states and the associated transfer reaction cross sections or
spectroscopic factors (Sn) are not within the DFT framework.

Sn ⌘
Z

d3r |�n(~r)|2, �n(~r) = hn,A� 1|a~r|Ai

208Pb

K. Bennaceur et al., J. Phys. G 44 (2017) 045106
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FIG. 11: (Color online) The comparisons with the experimental data[21, 22]. The level density is shown as a function of the
excited energy in 39Ca for hole states of 40Ca(left panels), as a function of the excited energy in 41Ca for particle states of
40Ca(right panels). The vertical dotted line show the one neutron threshold energy.
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Our many-body approach

H = H0 + Ve↵

X

i

"ia
†
iai +

�
2
H

�⇢�⇢



<latexit sha1_base64="gSK0Qg1QUIjHIsEdftxYYTctH+c="></latexit>

Equations for

G,⌃,W,⇧,�

can be derived

• The set of equations for these quantities has been derived
in the famous paper(s) by L. Hedin for the Coulomb force.

• The validity of this scheme when starting from EDF at 0th
order is discussed.

M. Baldo et al., J. Phys. G 42 (2015) 085109
E. Litvinova and P. Schuck, 
Phys. Rev. C 100, 064320 (2019) 
Phys. Rev. C 102, 034310 (2020) 
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Hedin’s equation
<latexit sha1_base64="RzEHr01dPSFVvDiRpPDpFK1YpN8="></latexit>

G(1, 2) = G0(1, 2) +G0(1, 3)⌃(3, 4)G(4, 2)

⌃(1, 2) = iG(1, 3)�(3, 2, 4)W (4, 1)

W (1, 2) = (1, 2) + (1, 3)⇧(3, 4)W (4, 2)

⇧(1, 2) = �iG(1, 3)G(4, 1)�(3, 4, 2)

�(1, 2, 3) = �(1, 2)�(1, 3) +
�⌃(1, 2)

�G(4, 5)
G(4, 6)G(7, 5)�(6, 7, 3)

G = Green’s function, 𝛴 = self-energy, W = induced
interaction, Π = polarization propagator, Γ = vertex function
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Vertex function: Γ(1,2,3) ≈ ẟ(1,2)ẟ(1,3)
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<latexit sha1_base64="yOP+YwSMRXEmNn7x5GKaSG22NxM="></latexit>

⇧(1, 2) = �iG(1, 2)G(2, 1)

W (1, 2) = (1, 2) + (1, 3)⇧(3, 4)W (4, 2)

⌃(1, 2) = iG(1, 2)W (1, 2)

G(1, 2) = G0(1, 2) +G0(1, 3)⌃(3, 4)G(4, 2)

1
2

+                         +                                       +      …                                     

+                              +      …                                     

We work within this scheme in 
what follows
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This is called PVC. Cf. next slide(s)
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<latexit sha1_base64="UtixMs3utI/OE5biaT1je2y0M7U=">AAACR3icbZA7T8MwFIWd8irlFWBksaiQmKoEVcBYwVDGIuhDakJ147qtVTuJbAdUVf13LKxs/AUWBhBixGkzQNtrWTr+zr2yfYKYM6Ud583KrayurW/kNwtb2zu7e/b+QUNFiSS0TiIeyVYAinIW0rpmmtNWLCmIgNNmMLxO/eYjlYpF4b0exdQX0A9ZjxHQBnXsB++O9QVgL12S9QcapIye0mN1CfOqIAQsM2psCW127KJTcqaFF4WbiSLKqtaxX71uRBJBQ004KNV2nVj7Y5CaEU4nBS9RNAYyhD5tGxmCoMofT3OY4BNDurgXSbNDjaf078QYhFIjEZhOAXqg5r0ULvPaie5d+mMWxommIZld1Es41hFOQ8VdJinRfGQEEMnMWzEZgASiTfQFE4I7/+VF0Tgrueel8m25WLnK4sijI3SMTpGLLlAF3aAaqiOCntE7+kRf1ov1YX1bP7PWnJXNHKJ/lbN+AbyxsBQ=</latexit>

⌃ ! G ! � ! ⇧ ! W

<latexit sha1_base64="5Voze0Qf7+UvIsyaOAy2b10nlps="></latexit>

⌃ = 0

G = G0

⇧ = �iG0G0

W = + ⇧W

Order 0
<latexit sha1_base64="bu4PaWj18Y70lLm+nVI+uBwqNp0="></latexit>

⌃ = iG0W

G = G0 +G0⌃G

⇧ = �iGG

W = + ⇧W

Order 1

The last is the RPA equation

X
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Particle-vibration coupling (PVC)

Kyoto, 9 Dec. 2022 32

• The basic idea is that in spherical nuclei there are single-particle states
and (mainly surface) collective vibrations. The spectra result from their
interplay. (Deformed nuclei: particle-rotation coupling)

• Vibrations = phonons.

• Even nuclei: core + 1p-1h + 1p-1h plus phonon …

• Odd nuclei: core + 1 particle + 1 particle plus phonon …

<latexit sha1_base64="7Ig+rVesWh7EZA2xydw1dp/KoVM=">AAACFnicbVDLSgMxFM3UV62vUZdugkUQxDIjRd0IRRd1WdE+oDOWTJq2oUlmSDJCGfoVbvwVNy4UcSvu/Bsz7Sy09ZJczj3nXpJ7gohRpR3n28otLC4tr+RXC2vrG5tb9vZOQ4WxxKSOQxbKVoAUYVSQuqaakVYkCeIBI81geJXqzQciFQ3FnR5FxOeoL2iPYqQN1bGPvVva5wheQFq9d5rQ8wrmVE1tSniU5qyjaviOXXRKziTgPHAzUARZ1Dr2l9cNccyJ0JghpdquE2k/QVJTzMi44MWKRAgPUZ+0DRSIE+Unk7XG8MAwXdgLpblCwwn7eyJBXKkRD0wnR3qgZrWU/E9rx7p37idURLEmAk8f6sUM6hCmHsEulQRrNjIAYUnNXyEeIImwNk6mJrizK8+DxknJPS2Vb8rFymVmRx7sgX1wCFxwBirgGtRAHWDwCJ7BK3iznqwX6936mLbmrGxmF/wJ6/MH0NuayA==</latexit>

⌃ = iG0W

G = G0 +G0⌃G
+                              +    …   =                                  
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Shell evolution in exotic nuclei
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(Q)RPA+(Q)PVC
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✓
A+ ⌃(E) B
�B �A� ⌃⇤(�E)

◆
⌃php0h0(E) =

X

↵

hph|V |↵ih↵|V |p0h0i
E � E↵ + i⌘

The state α is 1p-1h plus one phonon.

Scheme effective to produce GR widths !

Pauli principle !

⇧ = �iGG
W = + ⇧W
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Giant Resonances
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Prominent features of the nuclear response: large peaks in e.g. inelastic spectra.
IVGDR is analogous to a plasmon in a molecular aggregate.
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• Exp. data from D. Patel et al., Physics Letters B 735, 387 (2014).

The ISGMR is also called “breathing mode”:
its energy should be correlated with the
compressibility of nuclear matter.
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ISGMR in Sn isotopes
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• Exp. data from T. Li et al., Phys. Rev. Lett. 99, 162503 (2007).

• QPVC reproduces the experimental data quite well.

• The best description is obtained with the Skyrme EDF SV-K226.
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The energy shift from QRPA to QPVC
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In general, the coupling with the
vibrations shifts the mean energies
downward.

For monopole, the shift is not large
(less than 1 MeV).

There is considerable dispersion
among the results from different
Skyrme EDFs.

Still, the shift in 208Pb is smaller
than for Sn and Ca isotopes.
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The ISGMR energy of 120Sn (or
48Ca) and 208Pb can not be
described simultaneously at QRPA
level

With the inclusion of QPVC effects, a
big improvement is achieved.

Within QPVC, the ISGMR energy
in 208Pb is consistent with 120Sn.

Z.Z. Li, Y.F. Niu, GC (submitted)
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• C. Barbieri, P. Brandolini, F. Marino, X. Roca-Maza, E.Vigezzi (Univ. of 
Milano and INFN, Italy) 

• F. Pederiva (Univ. of Trento and INFN, Italy)

• A. Porro, A. Scalesi (CEA, Saclay, France)

• G. Accorto (Univ. Zagreb, Croatia)

• A. Liardi (Cambridge University, UK)

• A. Lovato (ANL, USA)

• Y.F. Niu, Z.Z. Li (Lanzhou University, China)
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Nuclei are spin-1/2 fermions and the EDFs can depend on number or
spin densities.
Generalised densities are obtained by the systematic use of derivative
operators.
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Courtesy: R. Godby
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