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Energy density of nonrelativistic spin-1/2 Fermi gases

[ @1 E|n] J » Application to DFT, TDDFT

However, its exact form is unknown except for free gases

2
3ki  3(3m?%)3
Era(m) = 70m™ = "Tom

3
3

n

Can we extend it to the interacting case?

Fnv) = )
' Erc(n)
/" Partial wave expansion of the bare interaction V.~ *  Approach from the dilute limit
V="V(a,r1,..)+ Vp(vp, kp, _ ) 4. » Homogenous matter EOS (kg —>;))
f, V) = f(kgas, ke, Upkg, ...)

| as: s-wave scattering length Vp: p-wave scattering volume |
\ 15: s-wave effective range ~ kp: p-wave effective momentum,

_________________________________________________________



“Universal thermodynamics” and Bertsch parameter

Suppose the s-wave interaction is dominant and taking large scattering length limit,
EDF does not depend on details of the interaction like a free gas.
Ya. B. Zel’dovich, JETP 38, 1123 (1960).

NN scattering phase shift Universal thermodynamics in a unitary Fermi gas
f(n,V) = f(kpas > ) = &g

E(n,V) - E(kga - o) = &gEpg(n)

&' Bertsch parameter

A. Gezerlis, et al, arXiv : 1406.6109v2 G.F Bertsch,
1 1 Challenge problem
keotdy = ——+ zkzrs + - in many-body
s physics (1999)

ag; = —18.5fm, r, = 2.8 fm



Tunable scattering length in ultracold Fermi gases

“Academic problem” can be now tested in cold atoms

Feshbach resonance in Fermi gases Observation of BCS-BEC crossover

Scattering length a, can be tuned by No: Condensate fraction

applying the external magnetic field
600

Strong
| coupling

o B
S <
S O

1 1
Lo

S o <
S S

Weak

scattering length g, [nm]

couplin g .
-600 - i A A
600 800 1000 1200 € ABgauss) ) 05°® Q@
Magnetic field B [G] (=B-By) ¢, %

G. Ziirn, et al., PRL 110, 135301 (2013). C. Regal, et al., PRL 92, 040403 (2004).



BEC-BCS crossover

Y. Ohashi, HT, and P. van Wyk, Prog. Part. Nucl. Phys. 111, 103739 (2020).

0.5 - 7
04 Molecular
' Fermi Bose gas
liquid 7/
NCulonem: e o T,
— a; = —18.5fm = 0 S T T
~ =02
7 N (kpag)™m =0 =
http://astro.riken.. Jplwordpressl page_id=1425 g 01
E e Superfluid
S |l K upertlui
P03 T 0 1 2 _
(Weak-coupling)  BCS (ksa,)"—>BEC (Strong-coupling)

/" Enerqgy density from EFT up to 4th order R

——————————————————————————————————————

Unitarity limit (kga) 1=
E(kg) = ¢gEpg (k)

Eky) = MFE - 1)2&(1@]

v=1

10.0644872(0) (kpa, Y ker,

+ya(ke) (g — 2) (kay)*.

PRC 104, 014003 (2021).,/

. o o o o = o e e e - - —

Science 335, 3, (2012).

N e o e e = = - - - - - - - - ———

0.2
0.0 0.1

\
| L
| | 1
| 1 1
: 1 |
I : :
, : - :
> spin multicity (g=2 for spin-1/2 ! | ; A o7
| g:3p Y (§=2 for spin-1/2) .1 Determined
! Cilke) = 2 —kra, . ! - ;
: j | . experimentally A
Colkp) = ——(11 — 21In2)(kga,)?, . ! o
| 0= g 2 .+ fromEOS &+
| Ca(kp) = [0.0755732(0) + 0.0573879(0) (g — 3)](ka,)’ | | AN N S
| %04—__:‘ "-'-.._1.
: +L(km\)2km+lg“(kr i | i fB ~ 037 — - < s
| 10 Smg— : : iy \
| 4
. Calke) = —0.0425(1) (kea,) ! !
| C.Wellenhofer, etal,, | 1 M.J-H.Kuetal,
\ 1



Unitary Fermi gas and neutron matter

* The low-density neutron matter is also dominated by

the s-wave scattering like an ultracold Fermi gas
M. Horikoshi, M. Koashi, HT, Y. Ohashi, and M. Kuwata-Gonokami, PRX, 7, 041004 (2017).
» EOS of neutron matter and cold atom

» Precise measurement of cold atom EQS

1 - - ,s PRC, 58,1804 (1998) | E
Theory ~« APR (2-body +UIX) | .
8‘ 20 - = APR (2—b0dY) i —
s\ = SLi (exp.) ¢
15 ’
6Liexp.) -4 ° : -
0.2f 5 g :
0 . . A : E | ’
-1 08 -06 -04 -02 0 s Y E— i v
. e - 0 0.05 0.1 0.15 0.2
BCS (kra,)” Unitarity Low dens n [fm”] High dens
B — | |

T — 6] j Agreement in the low density region




Many-body T-matrix approach: HT, et al., PRA 95, 043625 (20}).

Unitary F

o = = 3 5= > B = > 2
_ G e g | o N L N L
.The IOW'denSIt £ >—> <> > > >
R L DR L 0 + 0T+ | |
the s-wave scatt S R P o T o
M. Horikoshi, M. KoasV e L e L T o R RS D o
» Precise measurement of - - e < e
A r r + oo o+ T /
1 ' ' e e << <> << <>1>
Theory ] ~ ¢ ATK{Z00U0y TUTAT Py
. %) 20 = APR (2-b0dY) : ]
= _ 61 ; i
[ Li (exp.) l
[<B} g 15 i
C_U —_ @ |
o]
A (% 83 10— : ]
SLi(exp.) - = | y
0.2} - P | ]
S50 e l .
0 — - — — /7 B - B | I ]
BlCS 0.8 0(?( a)_9'4 0.2 Unit%\rity 0o 0.05 0.1 0.15 0.2
e Low dens. n [fm™] High dens.

Agreement in the low density region




Density-induced BEC-BCS crossover

What happen when the effective range is not negligible?
(e.g., kgr~1 becomes non-negligible in neutron matter at subnuclear density)

Scattering phase shift Generalized crossover

1 1 5 IHigh cllensityI |

kcotd, (k) = — = + §rk2 — Sr3k* + O(k°) “BCS”™?
a

a: scattering length
r. effective range
S: shape parameter

Cold atoms (zero-range interaction, r/a = 0)
Neutron matter (dineutron pairing) (r/a < 0)

Nuclear matter (deuteron pairng) (r/a > 0) B1C5S -1

FR

Dashed line: cotd,(k = kg) = 0

*In this talk, we consider only the positive r HT, JPSJ 88, 093001 (2019)




V(r)/Er

%ig/fzerrﬂ

—10 k-

—15 k-

Mechanical instability in two-component
Fermi gases with finite-range interaction

Collapse at divergent a
(DMC and HF calculation)

PRA 95, 013633 (2017).

kr Reg
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1.8 2

5 T T T AY T T T
4L \, Second derivative
3| of free energy F
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Cluster formation in trapped gases
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0.20

refffaho

0.05 |

0.00

0.0

(few-body calculation)
PRL 123, 073401 (2019).

Gas
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as/aho

Interaction used in these work (in principle, nonzero shape parameter S...)
= unclear whether it is the effective-range correction or the effect beyond r

#——_—::
Potential well /
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Energy density and Tan’s relation

How does the exact relation for the zero-range interaction can be modified?

..................................................................
-
S

\\

]

Z C

: n(k) oo F

i S.Tan, Ann. Phys. (NY) 323, 2952, (2008).

: Tan’s energy relation

- Z k2 0 C N C

i = ——|n -

5 2m k*|  4mma

5 k,o

H <u_ _  Atomic Gas . 40 /

ol TOEE e 1

i - @Y OO0 =Nuclei k ¥Cu, *"Au

1 3__ c"..b ’ 1zc

: E :: 1.&:’\.1’/: /] + Nuclei

! 2; F:= 1018 m3 // * -

: ke = 2.5x108 eV/c
p=10%m3

| 0 05

, (k)"

o
_________________________________________________________________
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- SS

Nucleon-nucleon interaction (r # Q)

Nucleon momentum distribution

np (k) =2C5°|g5°

+ Con' 1P €

#)1* + C57°

~s=0

G ()

k)|?

correlated pp and pn pairs

The ratio of short-range

s=0/75=0 2
SRCpp k) = Cop l@pp (0]
— 5=0y55=0 s=1 7s=1
SRCpn Cpn |99pn (]<)|2+Cpn |§0pn (k)|2
<0.35
oy B K= 000fm"  Kppe=1.50 fm”
(th) 0.3 = Kpax =050 fm™ Konax = 2.00 fm™?
} Kinax = 1.00 fm™ B8 Koy =
@ 0.25F
()]

kF ~ 1.3 fm_l

0.2 Contact
Formalism
0.15—
0.1+
0.05— Korover et al. y
| _“He(ee' pN)
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]
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In this talk...

* We discuss the ground-state properties in non-relativistic spin-1/2
Fermi gases with the finite-range interaction.

« Specifically, we focus on the pure effective-range corrections by
using the interaction potential exactly reproducing the phase shift
without higher-order coefficients.

What can we say with only s-wave scattering length _ 1 1 2
and effective range in spin-1/2 fermionic systems? keotds (k) = a T 2 rk

f(m, V) = f(kga, kgr) > E(n, V) = f(kga, kgr)Egg(n)

In particular, we address:
1. Is the formation of droplets found due to the effective range correction?
2. What about the relation between Tan’s contact and nuclear contact?

d%(E/N)
2 —
HT and H. Liang, PRA 106, 043308 (2022).
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Hamiltonian

H=Hy+V
= Z fk,ac};,ack,a + Z U (k, kl)CIT.;;-}-P/Q,TCT—k:—i—P/2,¢C—k’+P/2;¢Ck’+P/2aT
k.o k.k', P

2

$ho = Zk—m — u: kinetic energy measured from the chemical potential u

Ck,o- annihilation operator of a fermion with momentum k and spin o =T, !

U(k, k'): non-local two-body interaction

k, k': relative momenta

P : c. 0. m. momentum

—k' +P/2,1 —-k+P/2,1



Separable finite-range s-wave Interaction

Uk,k") = gviy

Two-body T-matrix

1

T(k,k';w)=U(k, K k T(p, k'
(ko K'50) = Ulh, K1)+ 3 U, p) 5 T, )
Relation to the s-wave phase shift
—ET(k k' 2ep) = ! k coté,(k) = —1 + lrkz
77 S kcot dg(k) — ik * a 2
Form factor
v I 2r
J1+ (k/N)? A=—l+yl=-—
Two parameters can be expressed _4ma 1]
in terms of low-energy constants. 8= m 1 —aA’

*Non-separability is out of scope in this work because it cannot be characterized by the effective range theory



Hartree-Fock-Bogoliubov theory

 Both density and pairing mean-fields are self-consistently treated
 Hartree-Fock term is NOT negligible in contrast to the zero-range interaction

Hypp = Z k.0 + 2o (K)) C}Le,ackaa

k.o
_ Z [A*(k)c_k,wk;r + A(k)cl];,TCT—k,J
k

= Uk, K'){ch el g Yerr ponr 1)

k. k'
/ !/
P—DP P—D T +
-2 ( 2 2 ) (Cp,1Cp. 1) (Cpr 1 Cpr L]

p,p’
BCS-type pairing field Hartree-Fock-type self-enerqy
A(k) = => Uk, k) {c_k crr 1) Se(p)=>_U (p B ) (Chy 5Cpr,o)

k' ' 2 2 ’

See also PRA 103, 063306 (2021).
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*Results and discussion



Superfluid order parameter

2.5

(Zero-range)

r/a=0

o
.
—_— o
—— +
u— .
- . o —
o
o
o
.
.




Effective-range dependence at 1/(kca) =0

*In the high-density regime, the value of 1/(k:a) is not important

0.8-

High density
N T

SF order parameter

(a)

o
N
T

Ground-state energy

Unitarity (zero-range)

1 2 3 4 5
kyr

6

Qualitatively consistent with DMC

Er

3
5

E(kpRer)/ 2

0.9
0.8
0.7

= 0.6

f_ 0.5

T 04
0.3
0.2
0.1

o

High density

/| 1 1 |
-2 -15 -1 -05 0 0.5 1 1.5 2

PRA 95, 013633 (2017).
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Astrakharchik
= I.-\'Iorris
=

3 . =‘.
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E

1 1 1
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kg Ry

Ground-state energy
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Sound velocity in the density-induced
BEC-"BCS” crossover

No collapse in contrast to [PRA 95, 013633 (2017)] reporting the collapse (c, = 0).
0.24 I I I I I

o
N
I

0.08; 5 75 10 125 15

Low density kra High density



Sound velocity in the density-induced
BEC-"BCS” crossover

BEC regime with Crossover regime with Non-universal
Bogoliubov phonon Stoner enhancement “BCS” regime
0.24 “ **
0.2 '
~
~
2 0.16 !
) i
i kFT' =T
0.12 ;
N
cotds(kg) = 0 rla=0.4
0.08 '

0 25 5 75 10 125 15
Low density k.a High density



High-momentum talls

More detailed investigations on the relation between Tan’s contact and nuclear contact
seem to be needed (e.g., repulsive core and so on).

0.4

Nuclear contact
r~176fm, kg~ 13fm™ !, kgr = 2.3

£0.35

(kea)™' =0

O B K =000 m” Kinax = 1.50 fm!
?l:) 0.3— K= 0.50fm™ Ky =2.00 fm”
E -1

0‘1 Kuax = 1.00 fm™! 555 Koy =

@ 0.25

n

Contact
Formalism

k [fm™]

ki k¢ R. Weiss, et al., Phys. Lett. B 780, 211 (2018).

The high momentum tails should be _
suppressed by the finite-range correction Are they different?



Nuclear-contact-like parameter

Tan’s contact and nuclear contact are slightly different in terms of relevant energy scales

Definition of the nuclear contact 0.6 .
o ndoydle  C570 + €520 + €520 + ¢35 0.5 ) :
- = 3C/k? (r=0)
Jo n(k)dk A/2 0.4 :
R. Weiss, et al., Phys. Lett. B 780, 211 (2018). > 0.3
0.2} .
Nuclear contact-like parameter 01l ]
~ (kpa)_l =0
¢=2 § :9(k — kr)ni % 0.5 i 15 >
k kpi"
(assumption) - 0.4 B
C 2 o0 C 3C i A ker =001
~ £ —_ ~ 2 - = | i - =0.1 |
ng = 7 at k = kg ‘ b (2n)p /;F 4k dkk4 K 03 5o 7t T “True” short-

202 _,\\ | range part
: I : SH T N 7

Main contribution to the difference comes from | o1 /2% ﬁ
near the Fermi momentum (many-body scale) 00T1 J S
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*Summary and future perspective



Su m mary Paper: HT and H. Liang, PRA 106, 043308 (2022).

-We have discussed the ground-state properties of non-relativistic spin-1/2 Fermi gases with
the finite range interaction.

-What can we say with only two parameters (a, r)? Our answer is that the sound velocity
exhibits a non-monotonic behavior but no collapse associated with the finite-range correction.
- We elaborated the relation between Tan’s contact and the nuclear contact. While Tan’s

contact characterizes short-range correlations beyond many-body scale, the nuclear contact
captures the pair-correlations around the Fermi momentum.

0.24 T ! T . . 0.6 ‘ : :
i 0.5 -
0.2 - 3C/k: (r=0)
o i 0.4 / |
Zotel | 1 S 0.3
0.2
0.12}
0.1t
. | rla=0.4
00825 5 75 10 125 15 % 05 1' 15 >
Low density k.a High density Low density kr High density

Future work: Beyond the HFB calculation. Extension of Tan’s energy relations to nuclear
system and its applications to constructing true “universal” EDF.
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Large effective-range limit

2
U(k k) = I ” : .
(k. k) =g 1+ (k/N)? A ” (a 0) “Lorentzian form
4 2
Uk, k) — ——5(k) (r — o)
m
-Vanishing HF self-energy
le
Yirsoo(k) = QSW?k_kw 0 (_% + 0 E(kl)) =0
k' 2

-Vanishing SF order parameter

()

Large effective range limit
= Weak-coupling limit

No droplet formation

6 66BCS79




Equations for physical quantities

Number density HF self-energy Gap equation
&k + 2(k) 2
pzz 1 - % (k) :gi%k—wnk’ —92
I Eiy ™ 2 2Ep
Quasiparticle dispersion Pairing gap

Ee =k +S(B) 2+ |AK)E Ak = 19> wle-wacws) = Ay

Ground-state energy

E=) [&+3(k)— Ex] — — =) S(k)ng
k g k
Sound velocity Compressibility

1 1 (8p)
Cs = R = 5
mpkK p* \ Ou




Beyond effective-range theory?

Yamagquchi interaction

Screened Coulomb interaction

Phys. Rev. 95, 1628 (1954).
, 1 1 Ve(q) = — 4rre? _ 4re?
Uk, k') = 9 Tajny 100 70 ¢ +gt  (k—K)>+q1
m 1 1 0 | ‘
=D k2 Skt — ik (S-wave component)
A | a 2 0.0l
L2 2 | mAz’f ] s ' Effective range g
=1+t 4C - . S 04} -
Ay gv 8t (k+iAv)2] S 2
Nonzero up to S g-O.B— ,//
Gaussian interaction S 0l /" Screened Coulomb
Uk, k') = ge *" /A e—K"*/A° |
1 19 05 i 15 2
- [—— + §rk2 — Srikt — zk} + O(k°) k/A (=~2k/gy)
T a

282 ] m T, -2
=€ G [X+R{AG\/;+ZW]€€ AG }:|

Nonzero for all order (but e#*)



Do we encounter the mechanical collapse?

—No, at least within the effective-range corrections.
Comparison with zero-momentum Hartree approximation

| T | | r-r-—--—————"-——"=—=—"-—=—-—=-—=——
N | L |
0.3LN 1 Y =U(0,0)p/2 = gp/2 I
\\ | PRA 97, 013601 (2018). :
TN 1 1 2 1 |
- mpekK T — a
2oz N A e [ ke =G )
< R AN ] HF self-energy
N \ - ; ; —
N 0 —
0 1 B \\\ . 0.1 /"//
i \ i 0207
T 9 /
0, L ! \l\l (a) :’_;-\ -0.3} fr E— kFI": 0.1
0 1 2 3 4 5 \Vt]/ _04_ ’l """"" - 1
) f —
kFI" Il _____ =35
Stoner enhancement of thelcompressibility K oS / (c)rla= 0
= Suppression of ¢, = V€ 2 4 6 8 10
pmx kl ke

*However, the collapse occurs in PRA 95, 013633 (2017) at ker =~ 2 because of higher coefficients in d,(k).



Optical control of the effective range In cold atoms

| 1.0/

A y ’

( c 0.8
kel

8 s

vii\Y v, 0, Lo

Singlet g 0.4!

r— < Tl

191\ = iy IT, k) lB 02

Triplet (a) '

lg2) ,

-3000 -2000 -1000 0 1000 2000 3000
rf (Hz)

PRL 116, 075301 (2016), PRL 121, 163404 (2018), PRL 122, 040405 (2019).

ol ~ (i) zero detuning Rabi-frequency de_pendence of
controllable effective range
30f
- \ () PRA 86, 063625 (2012).
= o
= Ll ") = A system with both large scattering
_ length and effective range (compared
—60p nonzero detuning to higher order coefficients) can be
0 i realized in future experiments.

-Q'E/ye



BEC-BCS crossover in condensed matter systems

Scattering length (interaction) CANNOT be tuned =» Density can be tuned

BEC-BCS crossover in Li,ZrNCI (lithium-intercalated layered nitride)

E 50 T N S B 04 ] . :
s Y ] 0.2 . T
40 - =Ty - L
i = e I _
o ® 9 2 ® ° 5‘ 0.3Fo01k e 06_ o i
5 1 0.01 0.1 8 6
30 | T = o
g 53 X S = 0.2 S arra— y
= ®» ~ 02+ 0 02 04 -
g = Pseudogap @ = 1 /(kFZg) [ )
S 20r RS 1 = Pseudogap T
— <6 e 5 o e
o} 7% oo Ntne, g o o -
[ e & BKT
Superconductivity & [/ - N .
f<B) & Superconductivity
. = 0. ©
" M| " " PSR Er A | O .V 1 L .
0 001 01 0 0.1 0.2 0.3 0.4
X “BCS” (dense) Al E; BEC (dilute)
Carrier dope (density) Pairing gap scaled by E.

Y. Nakagawa, et al., Science 372, 6538 (2021).

Others: FeSe [PNAS 111, 16309 (2014).], Organic SC [PRX 12, 011016 (2022).],
Excitons in bilayer graphene [Science 375, 6577 (2022).], etc...



Sound velocity throughout the BCS-BEC crossover
in “ultracold Fermi gases”

« Smooth change from the Anderson-Bogoliubov (AB) mode of
Fermi superfluids to the Bogoliubov phonon of molecular bosons

0.8 — .
AB mode ‘l Bogoliubov

0.6 __ Y. MF \/ .

\
0.4+
0.2 }}T """" =
| | ETMA
05 -1 0 1 2

(Weak-coupling)

(krag)”

ETMA: H. Tajima, et al., PRA, 95, 043625 (2017).
Cold atom expr.. M. Horikoshi, et al., PRX, 7, 041004 (2017).
S. Hoinka, et al., Nat. Phys. 13, 943 (2017).

Monotonic, and no peak
In the case with contact-
type interaction

—

How about the sound
velocity in the density-
induced crossover?

<’ QC,D

1/3

£

PRD 105, 076001 (2022).

(Strong-coupling)




Large effective range limit is really BCS?
(high density)

Electron-hole system Nuclear matter
E A
) o
1 9 n- A

. o n
2B I i > | EOS for pure »
= B’ F5Z% 2 | neutron mattel\ EOS
© =" e L0 e - o
= biexciton S g9 e including
o ' ty " hyperons
£ g (charge-neutral
Q ' 2p, baryonic matter)
- 1 gl

p (baryon der;sity)

_ EOS p
_ ordinary  for symmetric %
e-h density nucleus  pyclear matter

large range From Prof. J. Omachi’s slide H. Tamura, JPS Conf. Proc. 1, 011003 (2014).
FEMI P FEZMEIRI—IL

Mechanical collapse to the droplet phase?

(note that these are four-component mixtures)

= FR
05 1 15

0
15 -1 -05 0
BCS (kea) BEC



Matrix.Green’s function

A Scalar representation
6,0 = (T [ %@ )}

o <TT [Cp,T(T)c;,T(O)D <TT [CP,T(T)C—p,l(O)D
— <TT [Cip,l(T)C;,T(O)]> <TT [Cip,l(T)C—p,l(O)D = -

Dyson’s equation with the matrix self-energy 2(p)

== P

G(p) = G°(p) + C'(ME@IG(p) + G*(PZ®G° (P)Z(P)G(p) + -
=G°(p) + C°(MEP)G(p)

=>-==—>—+->—@—>—+ —)—@—)—@->—+
=—>—+—>—®=>:

BCS-Gor’kov Green’s function P

GO(p) = |iwn, — (gp — u)T3 + ATy + h]_1 Go(p) = ] dtGs(p, 1) %p = (p,iwm)
0



Extended 7-matrix approximation

ETMA self-energy X(p)
2(p) = —Tz z r'v(q)r;G(p + q)TJ _@_ m
q iLj==*

*Ordlnary TMA uses G° (non- mteractlng one) here

Particle-Particle scattering matrix f‘(q)

F(q) = —U[T + Uﬁ(q)]_l Pairing fluctuations

_ (T (@ T (g r U
[t+(q) I (@) “WwWwWw = —777° oo
e
Matrix pair propagator I1(q) <> — < : : >



Diagonal Green’s function

Gi1 = G{y + G{1211G1q

Diagonal scattering matrix

. U
1+ U+

GII

Gl

Y

=
t1

Y

1—1—+




Diagonal Green’s function Gu - i -
o= r + —»>— + >« ——
G11 = G{1 + G{1211G11 + G15251Gyq N\
+ G11212Gp1 + GP222,G5q — =
I I
+ > <~ + <> <>
Anomalous Green’s function . f;\ £y
<« > = —4—»— + <> + —< I
Gy1 = G31 + G31211G11 + G3,%51G14 ~
+ G31312G21 + G3282,G4 — -
I I
+ <> <> + —< >
Diagonal scattering matrix . > e
F—+ : + : F—+ + : 1—\++
—U — U2H+— > > S - >lp«
—t = > > <>
(1+ UN-*)(1 + UI*) — U2II++ - CIr] Lo+ e
l 4—»-:-»— > R
Anomalous scattering matrix— = =T L T TR
s —U2H++ I > I
B = AT Ha o v n— A © :" s ‘:' “ —
<< O o R




