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In atomic and molecular scales, it is important to
discuss systems which consist of electrons, nuclei
and photons on the basis of quantum
electrodynamics (QED).

Historically, QED is the first theory where full
agreement between quantum mechanics and
special relativity 1s achieved.

The relativistic theory and QED have been
regarded as only a slight correction in the field of
quantum chemistry.

-
-
-
-
-

Lamb's shift:
a subtle structure of the n=2 level in

\ hydrogen

However, the concept of “locality” based on relativistic
theory gives novel images to physical phenomena and
mechanisms of chemical reactions.




¢ Definition of physical quantities in QM and QED

Electronic momentum in QM

N N

N . In quantum mechanics, physical
~ / d°F Z I (7) (—ihV) Y;(7)  quantities are defined after the

integration over the whole region.

Electronic momentum density in QED

(W) ) = (¥ (%wa:) (i) () + h) )

K Invariance under the gauge r = (Ct7 77)
) transformation
* Invariance under the general Physical quantities based on QED
L coordinate transformation do not lose local contribution.

— Local physical quantities

1>

, 1 .
P.(x) =1l.(z) + irotge(:v)



Imagine a one electron system

Equation of motion of QM
dow 1
— = — |1, H
i~

:Zee(E+&x§)

d_’ — — —
{—p:qE—l—ijJ

In quantum mechanics, the expectation
value of the Coulomb force is zero.

In classical electrodynamics,

the Coulomb force is not zero at each point.
However, it cannot explain what is the
counter force.

How about in QED?



What 1s the “local” physical quantity?

Chiral symmetry * 4-component charge current density
' o XN
Chiral current I8 = Zee) ™9 ) = (e, Je)
3#
5 * Chiral current density
R . R S
N 0 0 2,
. I = Zee" Oy ys1h = (53, ——5e)
Spin 2Z7
Spin angular
momentum density
Charge Mass * Energy-momentum tensor density
g aJ11%
Je Ty
Gauge symmetry General covariance
Charge current Energy-momentum tensor

In the framework of QED, the local physical
.- . . General covariance is the invariance of the
quantities of the electron are mainly derived : :
; ) form of physical laws under arbitrary
from three kinds of symimetries. differentiable coordinate transformations.

10



5(7) = T (F)

Quantum mechanics

H
Spin angular momentum S

5= / (5(7))d°F

In quantum mechanics, the image of spin is a
single vector because physical quantities are
defined after the integration over the whole
region.

27 .ec
Quantum field theory
~ (QED)
h z H atom

4
- * H’HJ/
A

Spin angular momentum density § ( ’F )
5(7) = (3)

In quantum field theory, spin is distributed as a
density, because physical quantities based on
quantum field theory do not lose local
contribution.




What 1s the “local” physical quantity?

Chiral symmetry * 4-component charge current density
' o XN
Chiral current I8 = Zee) ™9 ) = (e, Je)
3#
5 * Chiral current density
R . R S
N 0 0 2,
. I = Zee" Oy ys1h = (53, ——5e)
Spin 2Z7
Spin angular
momentum density
Charge Mass * Energy-momentum tensor density
g aJ11%
Je Ty
Gauge symmetry General covariance
Charge current Energy-momentum tensor

In the framework of QED, the local physical
.- . . General covariance is the invariance of the
quantities of the electron are mainly derived : :
; ) form of physical laws under arbitrary
from three kinds of symimetries. differentiable coordinate transformations.

12
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The Quantwm Theory of the Electron.

By P. A. M. Dirac, St. John's College, Cambridge.
(Communicated by R. H. Fowler, F.R.S.-—Received January 2, 1928.)

The new quantum mechanics, when applied to the problem of the structure
of the atom with point-charge electrons, does not give results in agreement
with experiment. The discrepancies consist of ““ duplexity ” phenomena, the
observed number of stationary states for an electron in an atom being twice
the number given by the theory. To meet the difficulty, Goudsmit and Uhlen-
beck have introduced the idea of an electron with a spin angular momentum
of half a quantum and a magnetic moment of one Bohr magneton. This model
for the electron has been fitted into the new mechanics by Pauli,* and Darwin,
working with an equivalent theory, has shown that it gives results in agreement
with experiment for hydrogen-like spectra to the first order of accuracy.

The question remains as to why Nature should have chosen this particular
model for the electron instead of being satisfied with the point-charge. One
would like to find some incompleteness in the previous methods of applying
quantum mechanics to the point-charge electron such that, when removed,
the whole of the duplexity phenomena follow without arbitrary assumptions.
In the present paper it is shown that this is the case, the incompleteness of

the previous theories lying in their disagreement with relativity, or, alternate-
tively, with the general transformation theory of quantum mechanics. Tt

appears that the simplest Hamiltonian for a point-charge electron satisfying

the requirements of both relativity and the general transformation theory

leads to an explanation of all duplexity phenomena without further assumption.

All the same there is a great deal of truth in the spinning electron model, at
least as a first approximation. The most important failure of the model seems
to be that the magnitude of the resultant orbital angular momentum of an
electron moving in an orbit in a central field of force is not a constant, as the
model leads one to expect.

* Pauli, © Z. f. Physik,” vol. 43, p. 601 (1927).
T Darwin, ¢ Roy. Soc. Proc.,” A, vol. 118, p. 227 (1927).

Quantum mechanics
+ relativity
+ general transformation theory

‘ Dirac equation

(equation of Dirac field)

Notel:

Dirac tried to construct relativistic quantum
mechanics of a point-charge electron, but he failed.
Instead, he paved the way to construct quantum
field theory.

Note2:

Weinberg said “relativistically invariant quantum
theories always do turn out to be quantum field
theories™[*].

In this sense, “relativistic quantum mechanics”
does not exist.

Note3:

Weinberg said “Although this is often talked about
as second quantization, I would like to urge that
this description should be banned from physics,
because a quantum field is not a quantized wave
function™[*].

[*] S. Wienberg http://arxiv.org/abs/hep-th/9702027 14



“In fact, 1t was quite soon after the Born—Heisenberg—Jordan paper of 1926
that the idea came along that in fact one could use quantum field theory for everything,
not just for electromagnetism. This was the work of many theorists during the period
1928-1934, including Jordan, Wigner, Heisenberg, Pauli, Weisskopf, Furry, and
Oppenheimer.

Although this 1s often talked about as second quantization, I would like to
urge that this description should be banned from physics, because a quantum field i1s
not a quantized wave function. Certainly the Maxwell field is not the wavefunction of
the photon, and for reasons that Dirac himself pointed out, the Klein—Gordon fields that
we use for pions and Higgs bosons could not be the wave functions of the bosons. In its
mature form, the idea of quantum field theory is that quantum fields are the basic
ingredients of the universe, and particles are just bundles of energy and momentum of
the fields. In a relativistic theory the wave function is a functional of these fields, not a
function of particle coordinates. Quantum field theory hence led to a more unified view
of nature than the old dualistic interpretation in terms of both fields and particles.”

[*] S. Wienberg http://arxiv.org/abs/hep-th/9702027
15



* C(lassical field theory * Quantum field theory

 Maxwell field  Maxwell field
e Dirac field e Dirac field
* (Schrodinger field) * (Schrodinger field)
* Qravitational field e etc
e etc
non-relativistic
* Quantum Electrodynamics (QED) limit « Non-Relativistic QED (NRQED)
* Maxwell field (photon) * Maxwell field (photon)
* Dirac field (electron) * Schrodinger field (electron)
Add freedom
‘ of nuclei

non-relativistic
« Rigged QED limit « Primary Rigged QED (PRQED)
* Maxwell field (photon) » * Maxwell field (photon)
* Dirac field (electron) * Schrodinger field (electron)
* Schrodinger field (nuclei) * Schrodinger field (nuclei)




Classical field theory

* Lagrangian density
— Lorentz invariance I = / L\/—gd*x
— (Gauge 1nvariance

* Variation principle for I (+ ;) respect to
— Maxwell field — Maxwell equation
— Dirac field — equation of motion of Dirac field

— Vierbein (tetrad) field — Einstein equation, the
symmetric energy-momentum tensor and the
conservation law



Dirac field and U(1) gauge field

Lagrangian density of free electron o Lagrangian density of free photon
1, - - 1 5
L, = 5 (Zhw’Y“aMD — MecPY + h.c.) Ly = T w
10 o0 9 0
(== 2 2 Z F,=0,A, —0A
Ou <c@t’8x’8y’8z> a g :
local phase transformation gauge transformation
P — 9@y A, — A, + 9, (x)
Oyib — € (9, +i0,0(x)) b
\_ /
Y
(a vily )1&—>6i9($) (a il A, +i0,0(x) +ild A(az))w
H he M H he M H he
= D¢, =0

4

Deytp — €@ D, 1

: : 19
Gauge invariant !



Dirac field and U(1) gauge field

« Lagrangian density of electron e Lagrangian density of photon
. Gauge invariant ! | Gauge invariant !
Le = 5 (it Deytp — me) + h.c.) Lint = == Fou
kinetic term mass term F,u,u = 8MA,, — 8,,14“
— [D e D eu]
local phase transformation gauge transformation
W — 0@ Ay — Ay +9,A

i0(x)
Deuw — € Delﬂ?b 0,0(x) = —%(%A(x)

Lqep = Le + Lem

1 1

=3 (ihpy* Deptp — menp + h.c.) — FF FH

! 1

5 (Zhwfy“auw mcwzp + h.c. ) — _wfy/iAuw _ —F Fnv
Interaction between

electron and photon 20



Classical field theory

* Lagrangian density
— Lorentz invariance I = / L\/—gd*x
— (Gauge 1nvariance

* Variation principle for I (+ ;) respect to
— Maxwell field — Maxwell equation
— Dirac field — equation of motion of Dirac field

— Vierbein (tetrad) field — Einstein equation, the
symmetric energy-momentum tensor and the
conservation law



* Equation of motion of the photon field
L 1 92 )\ - Euler-Lagrange equation
LGty (52 ) o) o o
ot 2 Ot? _ _
1 ° ‘ « 8“88AV Y
~V*Ay(z) = dmp()

-

Under the Coulomb gauge,
A(ct,7) = Apaa(ct, 7) + Aa(ct,7)
divA,aq(ct, ) = 0

- . 1 rlcu, s - |7 — 5]
AA(Ct,T) /d3 ]TT(_E»I) uw=1t— »

Arad(ct, F) — O

Ao(ct, ) = / d *Tﬁcfg

* Equation of motion of the electron field

Euler-Lagrange equation

A" Dewtp = mecty = 0 - Wi o0 =
"

22



The two currents j"(2) and j&(x) are the Noether currents J*(z) = 50, 0(1)
corresponding to the two transformations. g
* phase transformation
() = e “P(x) 0p(x) = tay(x)
i*(x) = Zeech(z)yHa)(x) : Electronic charge current density

e chiral transformation

P(x) = e *5h(x) o(x) = iaysy(x)

JE () = Zoech(x)y* 51 (x)  : Electronic chiral current density



Classical field theory

* Lagrangian density
— Lorentz invariance I = / L\/—gd*x
— (Gauge 1nvariance

* Variation principle for I (+ ;) respect to
— Maxwell field — Maxwell equation
— Dirac field — equation of motion of Dirac field

— Vierbein (tetrad) field — Einstein equation, the
symmetric energy-momentum tensor and the
conservation law



Einstein equation (General relativistic theory)

G — _ 8 T The symmetric energy-momentum tensor TM,,
HY cd TH appears in the Einstein equation.

The symmetric energy-momentum tensor is given by using the vierbein formulation.

_— This formulation is necessary to treat
T/U/ — L Na @5 (L g ) fermions in the relativistic theory.
v

v/ —g ded"

Spin connection

(L=L.+Lgw (QED Lagrangian) ) .~ .
1 - _ . ab - 4
Le = 59 (iln"eq Dyu(g) — me) ¢ + hec. Dilg) = O +igplan) ™" + iz A,
1 1h
Ley = ———Fu Fpo g g”® I = [y
\ EM 167 uvl pad " g J 4 h v ]
1
II II :

Symmetry-polarized geometrical tensor

o L o= v (a(LE\/m v,

50, 669-688 (2012).

A. Tachibana , J. Math. Chem.
H 1) }

6'(1,1/ = ——\/_—gnabe v a’}/Cdp 86@“ 8"}/Cdp a (a

Symmetry-polarized stress tensor A ( This equation is called “Spin
J— 1%
T (9) = ——,1—770,56“",, O (Ley 9 ) y Vorticity Principle”
' -9 dea Tuv (9) :

The energy momentum tensor is symmetric » [ 5A,LW + TA,W/ ( g) — O]




T L b 5(Le\/ _g)
epy —

TEMW/ — \/—gnabe

\/_—gnabe g 5(3&“

de”

limit to Minkowski space

(

[N
Te

( 2 (M + h.c.)
—I—lroé' —72.+ Le
H+—ros> —75

ySL’
Y
I + rots)

1S

zZT

CGZ\

( cG,

_—

8, T"" = LV

c (ﬁ + %rot:?)

c (f[ + %roté’) c (ﬁ + %rotg) \
Y z

1 -
§@b (thy“el D, (g) — me) ¥ + h.c.
Ly = R, F 9""g""
167 "7 7

S S
—Try Tz
_ _ S
Tvy + L, Ty
S S
_sz _TZZ + Le )

The energy momentum tensor density
is the conserved Noether current

associated with spacetime translations.

- - 1- -
L,LL — L'g [Le = Epe + Eje X BJ

Lg — jel/FVM

28



QED)
8, T"" =
T" L
F=Tgi+ T
evu

P —
= M

0, Tong =
M

8, T"H =
=LY

29



* C(lassical field theory * Quantum field theory
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* (Schrodinger field) * (Schrodinger field)
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* Maxwell field (photon) * Maxwell field (photon)
* Dirac field (electron) * Schrodinger field (electron)
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* Equation of motion of the photon field
L 1 92 )\ - Euler-Lagrange equation
LGty (52 ) o) o o
ot 2 Ot? _ _
1 ° ‘ « 8“88AV Y
~V*Ay(z) = dmp()

-

Under the Coulomb gauge,
A(ct,7) = Apaa(ct, 7) + Aa(ct,7)
divA,aq(ct, ) = 0

- . 1 rlcu, s - |7 — 5]
AA(Ct,T) /d3 ]TT(_E»I) uw=1t— »

Arad(ct, F) — O

Ao(ct, ) = / d *Tﬁcfg

* Equation of motion of the electron field

Euler-Lagrange equation

A" Dewtp = mecty = 0 - Wi o0 =
"




Causality

Canonical quantization rule for photon

Any  two  measurable local
operators located at points
separated by a spacelike interval
must commute with each other.




* Equation of motion of the photon field
Euler-Lagrange equation

1 92 5\ = 47 5
< EEV;—{[D(J) — (6—2@ —V ) 44(13) = ?_’}'(-l-) « 8M 8LA B 8{/ — 0
0(8,Av)  OAv

Under the Coulomb gauge,

A(ct, ) = Apaalct,7) + Aa(ct,7) divA,aq(ct, ) = 0
L VArh2c d3p o
‘4ia,d('f:t1 r) = \/% Z / [a (p o)e —icp’t/h ip-T/h
mh) ==l tr= wk ¢ = icpt/h_—ip-F/h
+a'(p,o)e™ (p,o)e e
A (et. g dr(ews) I
A (C F'J / |T‘ L S| u=t -
Apa(ct,?) = 0
Ag(ct, 7) = /d%’M
T — 5]
* Equation of motion of the electron field Euler-Lagrange equation
thy* Deyt) — mectp = 0 « d, 8L£ _ 8]: 0
O(Ouy) O 3



Hfamiltonian density operators

HQED (X) = HEM (X) + ﬁDirat(X)'
S Hem(x) = ﬁ}-‘(x) - EU(X)f)e(X)-
9 ﬁDirac(X) — Me(x) +EO(X),"\)B(X)'

Energy density and mass density operators
~

H,(x) = 8]—?1: (Ez (X) + gz(x)) .

.
o~

Y Me(X) = i (x) (—ih}f“f)ek(x) + meC) (X)),

Tons (1) = OLgy  OAF .
) = = —
M o(dArjat) ot M
. oL, OY -
HDiraC (ZIZ') = < ¢ - Lie

H,(x) = Tgn ()
H(z) = 1;"(x)

time evolution of state vector

9 )
h— V) = H VU
i (%l ) QED|Y)

»

E\) = Hqeol¥) =



* C(lassical field theory * Quantum field theory

 Maxwell field  Maxwell field
e Dirac field e Dirac field
* (Schrodinger field) * (Schrodinger field)
* Qravitational field e etc
e etc
non-relativistic
* Quantum Electrodynamics (QED) limit « Non-Relativistic QED (NRQED)
* Maxwell field (photon) * Maxwell field (photon)
* Dirac field (electron) * Schrodinger field (electron)
Add freedom
‘ of nuclei

non-relativistic
« Rigged QED limit « Primary Rigged QED (PRQED)
* Maxwell field (photon) » * Maxwell field (photon)

* Dirac field (electron) * Schrodinger field (electron)
* Schrodinger field (nuclei) * Schrodinger field (nuclei)
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QED)
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Hfamiltonian density operators
I:;’QED( j HEM( ) + ﬁDirat‘(X).
Hem(x) = H, ,(X) — Ao(X)p ().

HD]HL( ) M ( j +A0(X)E)B(X).
g HSchrédinger (37) = Ta («T) + 1210 (CU),@

a(T)

Energy density and mass density operators

(ITI},(X) = SL (Ez(x) - Ez(x)).

HR]gng QED( j HQED( j + Hatom(x)'

A A A
HRigsed QED = / HRigged QED (7)dTF » X
E|Y)

Me(x) = Cy(X j( ih) kDek( j+meC)lZf(X).

. OLpy  OAF .

Hpn(z) = 8(8121“/&) ot L
) oL, oY .
H irac = 7 B Le
) _ 0L, 9xa
HSchrédingel"<$) — a(@fca/at) ot B
H.(x) = Ty (z)
He(x) = TJ°(x)
%(/( B2097) + ( B307:( ) - >)

time evolution of state vector
= HRigged QED|Y)

= HRigged QED|V)

A

a



State vector and expectation value

“In a relativistic theory, the wave
e state vector For simp]icity, here we jgnore photon field. function is a functional of these fields,
not a function of particle coordinates.”

V) = Z /dwl"'dwN‘wly'” ,wN)PN (w1, wh)
N=0

wave function

* basis ket vector for fermion
1
_ 5T 5T
Wi, ,WN) = e'(wy)---e'(wn)|0 ) A
| ! > v N ( 1) ( )| > {p(7 1), T (7 1)} = 6(F — )

{e(w), e}y = 0(w —w)
{é,ém}s = Oim

 field operator (This is NOT a quantized wave function.)

continuous @E(Ct, ) = / dwip(w,7)é(w, t) For example, |
‘ annihilation operator Wz (77) = kT
discrete Qﬁ(ct, ) = Z ”QDEU (’F)égﬁ wo \/V
h —\ . . Operators are defined at
expansion function each coordinate in the real
* expectation value world. They do not depend
<\IJ|OA(:U)|\I!> on systems.

(W|w) 39



Approximation for state vector

conservation of the number of particles
W) = /dwl"’dWN|w17"' ,wN)Pn (w1, wN)

Hartee-Fock oce

Uur) = [] .10 Uur) = | &ll0)

k<kp 7

o)

Configuration Interaction (CI)

OCC unocc OCC unocc
W) = Co|Tpp) +Z Z Coeiel[Uup) + ) Y Cbese elel|Wur) +
iJ ab

Configuration Interaction (CC)

Wee) = e’ | Unr)

(T

OCC unocc OCC unocc

=) ) el =) ) —ta’bezé] élel
1 a

1] ab



Approximation for density matrix

* expectation value

O(z P ) )
<\Ij|<\p<|xp)>|qj> O(x) = ¢ (z)T()

* field operator expansion

A

Y(ct,7) = /dww(w,f')é(w,t)

(T|O(@)|0) = Y b (F)Teg(F)(TIeL(1)éq(1)|¥)

~ Density matrix of DFT




Local picture change error

Local picture change errors

In order to investigate the local physical quantities in large
molecular systems, the relativistic two-component formulation
is suitable in comparison with the four-component formula-
tion, which consumes much time and cost. However, local
physical quantities cannot be derived rigorously by a two-
component wave function. Here, we mention this problem
with local physical quantities calculated from two-component
relativistic wave packets. The Foldy-Wouthuysen-Tani transfor-
mation'™ is widely applied to construct a relativistic two-
component formulation. The large and small components of
the Hamiltonian can be decoupled by a unitary operator U as

hu his . |hee O
Hac , UHseU = . (26)
hs.  hss 0 h__
The wave packet is transformed as
v
lﬁ2c=U[/’4c: ( “ ) (27)
Woc—

This transformation does not change integrated value of the
energy density:

[ W Haclr g d°F= [ Vs Do AT+ [ Yo, -, d°F. (28)

Integrated physical quantities are often approximated as

[ Ve Qe &3 7= [ W UQucU o 7
' ' (29)
t 3
~ [ Voes [Qacly ac i d°r,

where Q. is an arbitrary operator. This approximation causes
(6] Besides the picture
change error, there is another problem when we treat local
physical quantities by the two-component wave packets. Since
the unitary operator U includes some differential operators,

the so-called picture change error.

local quantities are not conserved before and after the
transformation:

VacQuclhac 7 13 UQucU . (30)

This means that local physical quantities cannot be
derived rigorously by the two-component wave function
defined by this unitary transformation with the existence of
the Dirac mass term. This difficulty is characteristic of evalu-
ation of local physical quantities. For this reason, we calcu-
late local physical quantities using the two-component
relativistic wave function as an approximation of the large
component of the four-component relativistic wave

function.
M. Fukuda, et al,

Int. J. Quant. Chem., 116, 920 (2016)
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Local picture change error

* picture change error

l Vg Qucta dPF= [ o UQucU o BT
t 3
| Yot [Q4C]LL Vot d°r,

* local picture change error
t t t
l//4c Qs 7 ‘//2c USucU Wy
"." U includes differential operators

M. Fukuda, et al,
Int. J. Quant. Chem., 116, 920 (2016)
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Einstein equation (General relativistic theory)

G — _ 8 T The symmetric energy-momentum tensor TM,,
HY cd TH appears in the Einstein equation.

The symmetric energy-momentum tensor is given by using the vierbein formulation.

_— This formulation is necessary to treat
T/U/ — L Na @5 (L g ) fermions in the relativistic theory.
v

v/ —g ded"

Spin connection

(L=L.+Lgw (QED Lagrangian) ) .~ .
1 - _ . ab - 4
Le = 59 (iln"eq Dyu(g) — me) ¢ + hec. Dilg) = O +igplan) ™" + iz A,
1 1h
Ley = ———Fu Fpo g g”® I = [y
\ EM 167 uvl pad " g J 4 h v ]
1
II II :

Symmetry-polarized geometrical tensor

o L o= v (a(LE\/m v,

50, 669-688 (2012).

A. Tachibana , J. Math. Chem.
H 1) }

6'(1,1/ = ——\/_—gnabe v a’}/Cdp 86@“ 8"}/Cdp a (a

Symmetry-polarized stress tensor A ( This equation is called “Spin
J— 1%
T (9) = ——,1—770,56“",, O (Ley 9 ) y Vorticity Principle”
' -9 dea Tuv (9) :

The energy momentum tensor is symmetric » [ 5A,LW + TA,W/ ( g) — O]




Spin Vorticity Theory

The “spin vorticity theory” is a theory which gives the
time evolution equations of the electronic momentum
density and spin angular momentum density as equations
which relate the local physical quantities derived from the
energy-momentum tensor density.

C%Time evolution of electronic momentum

Kinetic momentum 1 qrentz force density l

THY — _gs,ul/ L TS/”W(Q)
Tg 0 — energy density

T > momentum density

L Téj X stress tensor density
| J5 = Zeecy" st

density
0 1 5 b
H—I——rots = L +divr®
ot 2 /
\ Spin vorticity Symmetric stress tensor

_/
B . — ~
Y Time evolution of electronic spin

/ Spin angular momentum density

Spin vorticity principle
Apv Apv — 0
e + 17 (g) =

The spin vorticity principle gives the
equation of motion of local spin and
the vorticity of spin in the limit to the
Minkowski space-time.

Ot ot

a 2 — ~ 0 R

—S§ =t — grad ¢s5 (—é’“ —epin ™" — O
/ /

KSpin torque density ~ Zeta potential

I TOCTITORTTO . I IVIOere: " Oreerme. U, OU7=00 ozZUTZy*

A. Tachibana, J Comput. Chem. Jpn., 13, 18 (2014)
A. Tachibana, Indian J. Chem. A, 53, 1031 (2014).
A. Tachibana, J. Math. Chem., 53:1943 (2015)




The conservation law of momentum

Kinetic momentum

\ /Spin vorticity
9 (L (G—i— GT) LT rotd) = —div (o — “;S) BT — 0
Poynting vector Maxwell stress tensor Electronic stress tensor
SN2 T N .
ot -+ Erots =L +divt (the electron field) 0, T =L
0 (15 ~t - . o g |
9\ 5 (G + G > = —L —divo (the photon field) aVTEM — _JJ




. Ao ] . 1 - R R
< Electronic momentum density P! = @ Ik = 5@“ (—z’hDek> Y+ h.c
C
2 2 1 N o A B
P, =11 + —rots sk _ Vot J
Y< Time evolution of electronic momentum density L=~Ep+-jxB
Spin vorticity in  Ghe - PR
0 /e 1 / ) ) /Stress tensor AMin 7@“707 Doth + h.c.
—(O+ —rotg') = L +divr® S ij | AT
7 ot 2 / \ 7o = (77 7HY) /2
U4

tension density

Lorentz force density A ¢ ﬂ

Kinetic momentum Lorentz force Tension

/
1
!
! Integrating over the whole region,
| i i 0o
I ., . 5 &
I o Od>7 + = /roté’d?’ff’ = [ Ld°F div T 2 d37 A
DD 5 ( / 2 ; AN
| <
\ O B B =0 —
\ . / [d°F = / Ld*F
\ ot o . In the framework of quantum
'\ This is the same as the equation of mechanics,
\ motion in quantum mechanics. -
AN dT - o
s E:Zee(E—i—axB).
In a local region, the tension of quantum field theory can ' | Tensjon density does not appear.

compensate the Lorentz force, which is the basic mechanism
leading to the quantum mechanical stationary state. A. Tachibana , J. Math. Chem. 50, 669 (2012).
g ! cC cals onary state M. Fukuda et al., AIP Advances 6, 025108 (2016).



Imagine a one electron system ¥¢ Time evolution of electronic momentum density

Spin vorticity S
tress tensor
/ e

o /(2> 17 - aX A
— [ II + =rots :L—I—div<7_'>s

ot 2 / \

Kinetic momentum Lorentz force Tension

5 1 A a A
at ( / Od37 + 5 / rot§d3F) — / Ld>7 + / div T Sd37

This is the same as the equation of
motion in quantum mechanics.
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[ Stress tensor density ] Equation of motion of the momentum
density of the photon field

o (1/= = -
N —(G—I—GT) = L —dive
photon ot \ 2
leue 1
compressive stress
Equation of motion of the momentum
electron density of the electron field
0 (= 1 S
a He—l— §I'Ot§e = Le‘|— diVé‘_—}éS
photon
nucleus ?
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Electronic stress tensor analysis

* Electronic stress tensor density operator

g e 4 71 ihc A
~Sii __ ~Ilin __
Sij — FHin — w Y" Deyth + h.c.

fﬁﬁémmz—{w*<x>bek<x>ﬁel<x>z&<x> (Ds@)i(@)' Dute)io)| + e

* Electronic kinetic energy density operator

f; {W( ) Deg (2 )ﬁek(l’)iﬂ(lﬂ)] + h.c.

Te(:c) =

* Total energy at the equilibrium state (virial theorem) dimension of energy density

o —/d?’fF <Te(x)> _ ;/dgfzi: <7A_€Sk:k:(x)>/

A S’gcgc(x) Tsxy(l') TSwz(x)
<<7—'>S(x)> S’y:c(x) TSyy(x) TSyz(m)
* Energy density constructed from stress tensor TS (x)  TO(x) TS (x)
1 3 ) g( 511(x) 0 0
55 r)= 2 Afkk xT 3 0 7_5‘22(33) 0
@ =52 (7 @) S

7_Sll(x) > 7_522(1,) > TS33(SC)
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tensile stress
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“Positive eigenvalue
of stress tensor”
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The H, bonding region with covalency can be characterized and visualized by the “spindle
structure”[*], where the largest eigenvalue of the electronic stress tensor is positive and the

corresponding eigenvectors form a bundle of flow lines that connects nuclei.

[*] 4. Tachibana, Int. J. Quant. Chem., 100, 981 (2004).

* Total energy at the equilibrium state (virial theorem)

E=— [ &F <Te(x)> - % / dSin: (#5F (z))
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Na (bcc), eigenvalue of electronic stress tensor density
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In a region where electrons are shared by Na' ions, the eigenvalues are all negative,
which represents compressive stress in every direction: “liquid character”[*]
— metallicity [*] A. Tachibana, J. Comput. Chem., 40, 316 (2018).
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% Cl, ground state, maximum eigenvalue of electronic stress tensor density
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The Cl bonding region with covalency can be characterized and visualized by the “spindle structure”[*], where the
largest eigenvalue of the electronic stress tensor is positive and the corresponding eigenvectors form a bundle of flow

lines that connects nuclei. [*] A. Tachibana, Int. J. Quant. Chem., 100, 981 (2004).
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GaAs S1 doped (dO)
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Spin Vorticity Theory

The “spin vorticity theory” is a theory which gives the
time evolution equations of the electronic momentum
density and spin angular momentum density as equations
which relate the local physical quantities derived from the
energy-momentum tensor density.

C%Time evolution of electronic momentum

Kinetic momentum 1 qrentz force density l

THY — _gs,ul/ L TS/”W(Q)
Tg 0 — energy density

T > momentum density

L Téj X stress tensor density
| J5 = Zeecy" st

density
0 1 5 b
H—I——rots = L +divr®
ot 2 /
\ Spin vorticity Symmetric stress tensor

_/
B . — ~
Y Time evolution of electronic spin

/ Spin angular momentum density

Spin vorticity principle
Apv Apv — 0
e + 17 (g) =

The spin vorticity principle gives the
equation of motion of local spin and
the vorticity of spin in the limit to the
Minkowski space-time.

Ot ot
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/ /

KSpin torque density ~ Zeta potential

I TOCTITORTTO . I IVIOere: " Oreerme. U, OU7=00 ozZUTZy*

A. Tachibana, J Comput. Chem. Jpn., 13, 18 (2014)
A. Tachibana, Indian J. Chem. A, 53, 1031 (2014).
A. Tachibana, J. Math. Chem., 53:1943 (2015)




Spin vorticity

Electron momentum density Angular momentum density
half of the J=7rxP,
spin vorticity
P, =11 The spin vorticity appears in the electron
\ momentum density.
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The spin vorticity is zero after integrating over the whole region.
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Local images of an electronic state
by the quantum spin vorticity theory
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Spin Hall effect

Spin Hall effect Inverse spin Hall effect

e

conductor

C arge curre
nt
J

C

The SHE is understood a conversion of a The ISHE is understood a conversion of an injected
charge current into a transverse spin current. spin current into a transverse charge current.
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Experiments of SHE and ISHE
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[ New concept based on the spin vorticity theory)

Spin Hall effect Inverse spin Hall effect

N 1 . @ t
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1 /; electnc field rots 3
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spin angular
momentum

conductor

The spin vorticity is generated by the applied The electron is accelerated by the rotation of
electric field in the conductor, and then, the spin the spin torque density as driving force
angular momentum is generated at the both edges accompanying the generation of half of the
of the conductor. spin vorticity in the conductor.
Time evolution of the momentum density Time evolution of the spin vorticity
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In these calculations,
a relativistic quantum

mechanical wave packet by
A carbon chain attaching both ) the non-equilibrium

edges to electrodes

Generation of the spin vorticity in a local region
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Green's function method is
used as an approximation to

- yL the quantum field theoretical
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Spin Vorticity Theory

The “spin vorticity theory” is a theory which gives the
time evolution equations of the electronic momentum
density and spin angular momentum density as equations
which relate the local physical quantities derived from the
energy-momentum tensor density.

C%Time evolution of electronic momentum
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Spin vorticity principle
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The spin vorticity principle gives the
equation of motion of local spin and
the vorticity of spin in the limit to the
Minkowski space-time.
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Quantum electron spin vorticity principle
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Electronic spin can be accelerated by the torque derived by the anti-
symmetric component of the stress tensor, which is also compensated
by the zeta force, which is a basic mechanism leading to the stationary
state of electronic spin.
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The relativistic wave packet is used as an
Steady State Of allene approximation to the quantum field
theoretical state vector.
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The allene has nonzero local spin torque density and its counter torque

density, zeta force density, even in the steady state. These results are consistent
with the fact that the nonzero spin torque density is in balance with the zeta force
density for the spin steady state.



Zeta potential 1n allene type structures

Iso-surface value of the zeta potential . +1X10 [a.u.]

Chiral models A and B are enantiomers.

(a) C3Hy (b) C3HsLiy (chiral A) (¢) C3HsLis (chiral B)
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~

Qght—handed and left-handed electron densities. )
" % Time evolution of electronic spin )
d~ o
—S5=1— grad q§5
ot
\_ Spin torque density Zeta potential )

Integrated value of the zeta potential
C;H,L1, (chiral A) C;H,L1, (chiral B)
1.33 X107 [a.u.] -1.33 X107 [a.u.]

A molecular chirality can bring about a
difference of right-handed and left-handed
electron densities.



Local physical quantities for spin
in the ground steady state of C H,
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C%Time evolution of spin
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The cancellation between the nonzero
zeta force and spin torque densities has
been seen clearly even in the singlet
ground state of C.Hg, even though the
spin angular momentum density is zero
over the whole region.
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