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Veneziano type amplitudes as a building block  
of Nekrasov partition function (q=t).

Inspired by Okounkov-Reshetikhin-Vafa (hep-th/0309208)
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to each of the cut N legs associated with the base P1 the representations R1, R2, · · ·RN

which are incoming to the vertex by convention.

T0 = • T1 T2 TN−1 TN TN+1 = •

R1 R2 RN−1 RN

Figure 2: Veneziano-like diagram from cutting in half the SU(N) ladder diagram. Note

that we respect topology only and ignore the slopes of the edges.

To the edges corresponding to the components of the fiber we assign representations

T0, T1, · · ·TN−1, TN with T0 and TN being the trivial representations. Then the amplitude

is expressed as the product of N topological vertices of the form
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together with the propagators Q
ℓTk
k := e−tk ·ℓTk . Note that we have an extra sign factor

(−1)ℓTk since Tk is outgoing in our convention. The parameters tk(k = 1 · · ·N−1) are the

Kähler moduli of the k-th P1 in the chain of rational curves and related to the SU(N)

gauge theory parameters ak by

Qk = exp(−2R(ak − ak+1)) . (3.6)

It is important to take into account the framing factor (−1)nℓT q−nκT /2, n ∈ Z for each

P1 of the fiber. Since the AN−1 singularity is fibered over the base, each P1 of the fiber

has a zero self-intersection number and the framing index n becomes n = −1. Thus the

factor coming from the framing cancels the factor (−1)ℓTk q−κTk
/2 of (3.5) and we obtain

the amplitude
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Counting of plane partitions by discrete time  
evolution of the Young diagram

We start by cutting the 3d partition into diagonal slices by planes x2−x1 =
t, see Figure 3. This operation makes a 3d partition a sequence {µ(t)} of

ordinary partitions indexed by an integer variable t. Conversely, given a

sequence {µ(t)}, it can be assembled in a 3d partition provided it satisfies

the following interlacing condition. We say that two partitions µ and ν

interlace, and write µ ≻ ν if

µ1 ≥ ν1 ≥ µ2 ≥ ν2 ≥ . . . .

It is easy to see that a sequence of slices {µ(t)} of a 3d partition satisfies

µ(t) ≺ µ(t + 1) , t < 0 ,

and the reverse relation for t ≥ 0.

Figure 3: A 3d partition and its diagonal slices

There is a well-known map from partitions to states in the NS sector of

complex fermionic oscillator. Let ai and bi be the areas of pieces one gets by

slicing a 2d partition first diagonally and then horizontally (resp. vertically)
above and the below the diagonal, respectively. Formally,

ai = µi − i +
1

2
, bi = µt

i − i +
1

2
,

where i ranges from 1 to the number of squares on the diagonal of µ. In math-

ematical literature, these coordinates on partitions are known as (modified)

Frobenius coordinates. The fermionic state associated to µ is

|µ⟩ =
d
∏
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ψbi
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from hep-th/0309208
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MacMahon function and the Hodge integral

Generating function of the numbers of plane partitions 

Derivation of topological vertex (hep-th/0309208)
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q := e�gs
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Plethystic exponential : Character of symmetric algebra 

MacMahon function of degree d 

P.E.[F (t1, t2, · · · , t`)] = exp
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Md(q) = P.E.[fd(q)], fd(q) =
q

(1� q)d�1
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Unfortunately d=4 fails to count solid partitions



Refined MacMahon function
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Let us introduce the following “refinement” 

We will see the generating functions of BPS state counting  
are expressed in terms of refined MacMahon functions
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Generalized ADHM equations
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ADHM description of 4d Yang-Mills Instanton
ADHM = BPS condition for D0-D4 system

µC = [B1, B2] + IJ = 0
<latexit sha1_base64="/omcuK2Nj6QcQ/njhjbUTIZOh+o="></latexit>

Introduce two vector spaces = “Chan-Paton bundles” 
dimC N = n dimC K = k

<latexit sha1_base64="0en5K4a6iGZ4LCibnHATOSQCeHQ="></latexit>

for D4 brane for D0 brane
B1,2 2 HomC(K,K) I, J† 2 HomC(N,K)

<latexit sha1_base64="b93HT9Wb+4TjwEuoa1I1cQ+2tDU="></latexit>

F term condition
D-term condition can be traded with the stability condition
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One can consider BPS condition for D0-D6 and D0-D8 systems

B1,2,3,4 2 HomC(K,K) I = J† 2 HomC(N,K)
<latexit sha1_base64="rVZPKExwoyftXeXfiPhDYTB9FZk="></latexit>

B1,2,3, Y 2 HomC(K,K) I = J† 2 HomC(N,K)
<latexit sha1_base64="YNY7NHDNP2JL3mUZ3m88avm9/k8="></latexit>

D0-D6 BPS condition

D0-D8 BPS condition (only for Calabi-Yau)

I is required for imposing the stability condition 



Generalized ADHM equations
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(Virtual) Dimensions of the moduli space

dimC M4D
ADHM = 2nk, dimC M6D

ADHM = 0, dimC M8D
ADHM = nk,

<latexit sha1_base64="yseZO4FQb/EqiC1W3noKONCuU8I="></latexit>

The action of (q1, · · · , qd)
<latexit sha1_base64="KKrx2pouHmHwFUckuq5q6UYXFuQ="></latexit>

Cd
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on and the maximal torus of  
(ea1 , · · · , ean)

<latexit sha1_base64="4YZ2U4T7z4ufNj3X8mfDGRJB7tU="></latexit>

U(n)
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:

{GL(k,C} �! {(Bi, I)} �! {ADHM}
<latexit sha1_base64="S54j3onzAMr1CUwfFDVeplWjaJk="></latexit>

symmetry Variables Constraints

M4D
ADHM

<latexit sha1_base64="lgSjKZsOExW0DBBsme6k2EFCKjs="></latexit>

Only has regular tangent space
M8D

ADHM
<latexit sha1_base64="r/z+9QsrkKv7uGnFtDSzXxsCbrY="></latexit>

cannot be hyperKaehler

induce the topic action on M2dD
ADHM

<latexit sha1_base64="T8WOkuqHz5UgUB+2MKfuWMb5YZw="></latexit>



Equivariant characters
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Fixed points of the toric action are labelled by partitions 
(d=2), plane partitions (d=3) and solid partitions (d=4)

This is the equivariant charactor and it gives the weight  
of the localization computation of path integral

is decomposed into the rep. space of the toric action
At each fixed point the (virtual) tangent space of M2dD

ADHM
<latexit sha1_base64="L3fvdMg6SF27j69H4BGVflVjnXw="></latexit>

Localization = sum over the fixed points



Topological partition function

12

Z
top

(qi; q) :=
⌦
P.E.[�⇡(qi)]

↵
= P.E.[F (qi; q)]

<latexit sha1_base64="av0vHQdd99oSctDhuxY8ERpJB1k="></latexit>

⌦
P.E.[�⇡(qi)]

↵
=

X

⇡

q|⇡|P.E.[�⇡(qi)]
<latexit sha1_base64="dC0GE/B4rkTI7iN/UHdf/uzbWa4="></latexit>
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Nekrasov (2008),  Okounkov (2015)

M theoretic !

The coupling const is on an equal footing with qi
<latexit sha1_base64="10G468h5mGW8UGv+8jisNtwj2O8="></latexit>

q4 := ~� 1
2 q, q5 := ~� 1

2 q�1
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q1q2q3q4q5 = 1
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Awata-H.K. (2009)

Nekrasov (2017)
M(k)

4
<latexit sha1_base64="HPPBXWSPYukF12oTkoZzjD60ZAQ="></latexit>

It is NOT  M(4)
3
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but which appears

It does NOT depend on the Coulomb moduli (a1, · · · , an)
<latexit sha1_base64="BVq2Pu7dLJsI4CbfX80AILrumQg="></latexit>
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Exchange relation of VOA

VEV of vertex operators, screening operators  
—> Infinite product 

X
q|⇡|(Infinite Product) = Infinite Product
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“Super-Integrability” ?

Ding-Iohara-Miki algebra
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g(z, w) = (z � qw)(z � t�1w)(z � tq�1w)
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E.g.
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Is there any VOA acting on the space of solid partitions? 

In a particular limit   
Nekrasov-Okounkov (2014)
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is proposed for computing

M theory vertex V (�, µ, ⌫) =
X

⇡!(�,µ,⌫)
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q1, q3 ! 0, (|q1| << |q3|); q2 ! 1; ~ = fixed
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V�,µ,⌫
<latexit sha1_base64="H/bt/NI8pwPvE9fSRJQf+KzCpxQ="></latexit>

reduces to the refined TV (intertwiner of DIM)
Awata-Feigin-Shiraishi (2012)

Is there any underlying VOA for M theory vertex?


