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Chapter I: Prologue

The framework: Operational Probabilistic Theories
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Operational Language

• Properties of composition rules:


• Associativity


• Unit 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that the identity test IA is a singleton: IA = {IA}, and
IBT = T IA for every event T 2 [[A ! B]]. Sim-
ilarly, for SAB = {SAB} and S⇤AB = {S ⇤

AB} we have
S ⇤

BASAB = SBAS ⇤
AB = IAB. The collection of events

of an operational theory ⇥ will be denoted by Ev(⇥).
The above requirements make the collections Test(⇥) and
Ev(⇥) the families of morphisms of two braided monoidal
categories with the same objects—system types Sys(⇥).

An operational theory is an OPT if the tests hhI ! Iii
are probability distributions: 1 � Ti = pi � 0, so thatP

i2X pi = 1, and given two tests SX,TY 2 hhI ! Iii with
Si = pi and Ti = qi, the following identities hold

Si ⌦ Tj = SiTj := piqj ,

TXj
:=

X

i2Xj

pi,

meaning that events in the same test are mutually ex-
clusive and events in di↵erent tests of system I are inde-
pendent. While it is immediate that 1 2 [[I ! I]]—since
{1}⇤ = {II} is the only singleton test—we will assume
that 0 2 [[I ! I]]. This means that we can consider
e.g. tests of the form {1, 0, 0}.

Events in [[A ! B]] are called transformations. As a
consequence of the above definitions, every set [[A]] :=
[[I ! A]] can be viewed as a set of functionals on [[Ā]]. As
such, it can be viewed as a spanning subset of the real
vector space [[A]]R of linear funcitonals on [[Ā]]. On the
other hand [[Ā]] := [[A ! I]] is a separating set of positive
linear functionals on [[A]], which then spans the dual space
[[A]]⇤R =: [[Ā]]R. The dimension DA of [[A]]R (which is the
same as that of [[Ā]]R) is called size of system A. One can
easily prove that in any OPT ⇥, I is the unique system
with unit size DI = 1. Using the properties of paral-
lel composition, one can also prove that DAB � DADB.
Events in [[A]] are called states, and denoted by lower-case
greek letters, e.g. ⇢, while events in [[Ā]] are called e↵ects,
and denoted by lower-case latin letters, e.g. a. When it
is appropriate, we will use the symbol |⇢) to denote a
state, and (a| to denote an e↵ect. We will also use the
circuit notation, where we denote states, transformations
and e↵ects by the symbols

⇢ A , A
A

B , A a ,

respectively. Sequential composition of A 2 [[A ! B]]
and B 2 [[B ! C]] is denoted by the diagram

A
BA

C = A
A

B
B

C .

For composite systems we use diagrams with multiple
wires, e.g.

A

A
B

C D
.

The identity will be omitted: A
I

A = A . The

swap SAB and its inverse will be denoted as follows

A

S
B

B A
=

B

B

A

A

A

S ⇤
B

B A
=

B

B

A

A

In the present paper we will always assume that the the-
ory under consideration is symmetric, however all the
results can be straightforwardly generalised to the non-
trivially braided case. We will consequently draw the
swap SAB as

A

S
B

B A
=

A

S ⇤
B

B A
=

B

B

A

A

An OPT ⇥ is specified by the collections of systems
and tests, along with the parallel composition rule ⌦

⇥ ⌘ (Test(⇥), Sys(⇥),⌦).

III. DEFINING CAUSAL INFLUENCE

Let us consider a channel C 2 [[AB ! A0B0]]. The kind
of question we would like to address here is under what
conditions are we allowed to say that, through the evolu-
tion given by C , interventions on system A can influence
system B0. In the first place, we remark that the ques-
tion is meaningful without further discussion only within
theories where no information is allowed to flow from the
“future” towards the “past”. As proved in Ref. [18], the
latter requirement is equivalent to uniqueness of the de-
terministic e↵ect eA for every system A of the theory.
This property will then be assumed in the reaminder.
Typically, the answer to this kind of question comes in

the first place by stating when there is no influence from
A to B0, and then defining causal influence by negat-
ing the above condition. The no-influence relation nor-
mally boils down to the impossibility of using the chan-
nel C to send a message from A to B0—the so-called
no-signalling condition. Considering the question in the
quantum realm allowed various authors to highlight some
aspects that warn us about the possible answers. In the
first place, when C is not reversible, one cannot trust
conditions for no-influence. Indeed, considering that in
quantum theory every channel can be viewed as the ef-
fective description of a reversible channel on an extended
system, once we neglect the “environment”, no-influence
might be an accident due to the preparation of a special
initial state of the environment rather than a structural
feature of the channel C itself. The above issue is strictly
connected, in the quantum case, with a further one: it
may happen that A has no influence on A0 and on B0

individually, but has influence on the composite system



Reversible events and swap

Reversible event: U �1

<latexit sha1_base64="3e/8m57T2TNF1CaJLxfsSpbt/UU="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

U �1

<latexit sha1_base64="3e/8m57T2TNF1CaJLxfsSpbt/UU="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

Swap (symmetric theories):

3

that the identity test IA is a singleton: IA = {IA}, and
IBT = T IA for every event T 2 [[A ! B]]. Sim-
ilarly, for SAB = {SAB} and S⇤AB = {S ⇤

AB} we have
S ⇤

BASAB = SBAS ⇤
AB = IAB. The collection of events

of an operational theory ⇥ will be denoted by Ev(⇥).
The above requirements make the collections Test(⇥) and
Ev(⇥) the families of morphisms of two braided monoidal
categories with the same objects—system types Sys(⇥).

An operational theory is an OPT if the tests hhI ! Iii
are probability distributions: 1 � Ti = pi � 0, so thatP

i2X pi = 1, and given two tests SX,TY 2 hhI ! Iii with
Si = pi and Ti = qi, the following identities hold

Si ⌦ Tj = SiTj := piqj ,

TXj
:=

X

i2Xj

pi,

meaning that events in the same test are mutually ex-
clusive and events in di↵erent tests of system I are inde-
pendent. While it is immediate that 1 2 [[I ! I]]—since
{1}⇤ = {II} is the only singleton test—we will assume
that 0 2 [[I ! I]]. This means that we can consider
e.g. tests of the form {1, 0, 0}.

Events in [[A ! B]] are called transformations. As a
consequence of the above definitions, every set [[A]] :=
[[I ! A]] can be viewed as a set of functionals on [[Ā]]. As
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and denoted by lower-case latin letters, e.g. a. When it
is appropriate, we will use the symbol |⇢) to denote a
state, and (a| to denote an e↵ect. We will also use the
circuit notation, where we denote states, transformations
and e↵ects by the symbols

⇢ A , A
A

B , A a ,

respectively. Sequential composition of A 2 [[A ! B]]
and B 2 [[B ! C]] is denoted by the diagram

A
BA

C = A
A

B
B

C .

For composite systems we use diagrams with multiple
wires, e.g.

A

A
B

C D
.

The identity will be omitted: A
I

A = A . The

swap SAB and its inverse will be denoted as follows

A

S
B

B A
=

B

B

A

A

A

S ⇤
B

B A
=

B

B

A

A

In the present paper we will always assume that the the-
ory under consideration is symmetric, however all the
results can be straightforwardly generalised to the non-
trivially braided case. We will consequently draw the
swap SAB as

A

S
B

B A
=

A

S ⇤
B

B A
=

B

B

A

A

An OPT ⇥ is specified by the collections of systems
and tests, along with the parallel composition rule ⌦

⇥ ⌘ (Test(⇥), Sys(⇥),⌦).

III. DEFINING CAUSAL INFLUENCE

Let us consider a channel C 2 [[AB ! A0B0]]. The kind
of question we would like to address here is under what
conditions are we allowed to say that, through the evolu-
tion given by C , interventions on system A can influence
system B0. In the first place, we remark that the ques-
tion is meaningful without further discussion only within
theories where no information is allowed to flow from the
“future” towards the “past”. As proved in Ref. [18], the
latter requirement is equivalent to uniqueness of the de-
terministic e↵ect eA for every system A of the theory.
This property will then be assumed in the reaminder.
Typically, the answer to this kind of question comes in

the first place by stating when there is no influence from
A to B0, and then defining causal influence by negat-
ing the above condition. The no-influence relation nor-
mally boils down to the impossibility of using the chan-
nel C to send a message from A to B0—the so-called
no-signalling condition. Considering the question in the
quantum realm allowed various authors to highlight some
aspects that warn us about the possible answers. In the
first place, when C is not reversible, one cannot trust
conditions for no-influence. Indeed, considering that in
quantum theory every channel can be viewed as the ef-
fective description of a reversible channel on an extended
system, once we neglect the “environment”, no-influence
might be an accident due to the preparation of a special
initial state of the environment rather than a structural
feature of the channel C itself. The above issue is strictly
connected, in the quantum case, with a further one: it
may happen that A has no influence on A0 and on B0

individually, but has influence on the composite system

3

that the identity test IA is a singleton: IA = {IA}, and
IBT = T IA for every event T 2 [[A ! B]]. Sim-
ilarly, for SAB = {SAB} and S⇤AB = {S ⇤

AB} we have
S ⇤

BASAB = SBAS ⇤
AB = IAB. The collection of events

of an operational theory ⇥ will be denoted by Ev(⇥).
The above requirements make the collections Test(⇥) and
Ev(⇥) the families of morphisms of two braided monoidal
categories with the same objects—system types Sys(⇥).

An operational theory is an OPT if the tests hhI ! Iii
are probability distributions: 1 � Ti = pi � 0, so thatP

i2X pi = 1, and given two tests SX,TY 2 hhI ! Iii with
Si = pi and Ti = qi, the following identities hold

Si ⌦ Tj = SiTj := piqj ,

TXj
:=

X

i2Xj

pi,

meaning that events in the same test are mutually ex-
clusive and events in di↵erent tests of system I are inde-
pendent. While it is immediate that 1 2 [[I ! I]]—since
{1}⇤ = {II} is the only singleton test—we will assume
that 0 2 [[I ! I]]. This means that we can consider
e.g. tests of the form {1, 0, 0}.

Events in [[A ! B]] are called transformations. As a
consequence of the above definitions, every set [[A]] :=
[[I ! A]] can be viewed as a set of functionals on [[Ā]]. As
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and denoted by lower-case latin letters, e.g. a. When it
is appropriate, we will use the symbol |⇢) to denote a
state, and (a| to denote an e↵ect. We will also use the
circuit notation, where we denote states, transformations
and e↵ects by the symbols

⇢ A , A
A

B , A a ,

respectively. Sequential composition of A 2 [[A ! B]]
and B 2 [[B ! C]] is denoted by the diagram

A
BA

C = A
A

B
B

C .

For composite systems we use diagrams with multiple
wires, e.g.

A

A
B

C D
.

The identity will be omitted: A
I

A = A . The

swap SAB and its inverse will be denoted as follows

A

S
B

B A
=

B

B

A

A

A

S ⇤
B

B A
=

B

B

A

A

In the present paper we will always assume that the the-
ory under consideration is symmetric, however all the
results can be straightforwardly generalised to the non-
trivially braided case. We will consequently draw the
swap SAB as

A

S
B

B A
=

A

S ⇤
B

B A
=

B

B

A

A

An OPT ⇥ is specified by the collections of systems
and tests, along with the parallel composition rule ⌦

⇥ ⌘ (Test(⇥), Sys(⇥),⌦).

III. DEFINING CAUSAL INFLUENCE

Let us consider a channel C 2 [[AB ! A0B0]]. The kind
of question we would like to address here is under what
conditions are we allowed to say that, through the evolu-
tion given by C , interventions on system A can influence
system B0. In the first place, we remark that the ques-
tion is meaningful without further discussion only within
theories where no information is allowed to flow from the
“future” towards the “past”. As proved in Ref. [18], the
latter requirement is equivalent to uniqueness of the de-
terministic e↵ect eA for every system A of the theory.
This property will then be assumed in the reaminder.
Typically, the answer to this kind of question comes in

the first place by stating when there is no influence from
A to B0, and then defining causal influence by negat-
ing the above condition. The no-influence relation nor-
mally boils down to the impossibility of using the chan-
nel C to send a message from A to B0—the so-called
no-signalling condition. Considering the question in the
quantum realm allowed various authors to highlight some
aspects that warn us about the possible answers. In the
first place, when C is not reversible, one cannot trust
conditions for no-influence. Indeed, considering that in
quantum theory every channel can be viewed as the ef-
fective description of a reversible channel on an extended
system, once we neglect the “environment”, no-influence
might be an accident due to the preparation of a special
initial state of the environment rather than a structural
feature of the channel C itself. The above issue is strictly
connected, in the quantum case, with a further one: it
may happen that A has no influence on A0 and on B0

individually, but has influence on the composite system

=
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• Most important rule: =
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• Consequence:
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Probabilistic theories

⇢i aj = Pr(aj , �i)

States are functionals on effects and vice-versa

Real vector spaces

Every test of type I→I is a probability distribution

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Transformations

A transformation induces a family of linear maps:T 2 Transf(A ! B)
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Transformations

E.g.: transpose map in real quantum theory

Indeed, it is not sufficient to know the linear map induced by       on St(A)R
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Causal theories

• Possibility of arbitrary conditional tests 
 
 
 
 

• Causality implies no “backward” signalling
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Circuits and causal chains
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G. M. D’Ariano, G. Chiribella, and PP, Quantum Theory from first principles. An informational approach. (CUP 2017)
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Circuits and causal chains
Logical space-time
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Can we make the causal order relation sharper?
G. M. D’Ariano, G. Chiribella, and PP, Quantum Theory from first principles. An informational approach. (CUP 2017)



Chapter II: The main characters

Signalling vs causal influence
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Non-signalling channels
The usual approach
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The raw idea

• The definition is inspired by the notion of neighbourhood in QCAs


• It holds for reversible transformations
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Propagation of interventions
The raw idea

• The definition is inspired by the notion of neighbourhood in QCAs


• It holds for reversible transformations
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Defining (no) causal influence in OPTs
The precise notion

• Without local discriminability (local tomography/tomographic locality) we need 
to take into account interventions involving ancillary systems
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Explanation of the definition

Suppose that under U
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Chapter III: The story

Results



Signalling: sufficient for causal influence



Signalling: sufficient for causal influence

But not necessary!



Necessary and sufficient condition

• Definition:
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Then, Eq. (6) becomes

A e

B
C

B0 =

A

U

A0
e

B B0 , (7)

where

B
C

B0
:=

⇢ A

U

A0
e

B B0 . (8)

The question one may ask now is whether the two con-
ditions A 6!U B0 and A 6 U B0 are equivalent. The
answer is negative, and surprisingly the counterexample
comes from the simplest theory we have: classical theory.
In classical theory system types are in correspondence
with natural numbers n representing the number of dis-
tinct pure states of the system, e.g. for a bit pure states
are  0 and  1, thus n = 2. Parallel composition is simply
given by the product rule: if A = m and B = n, then
AB = mn. It will turn useful to introduce the symbols
n := {0, 1, . . . , n � 1}. For the sake of simplicity, given
x 2 n, we will write x to denote  x 2 [[n]]. Channels
C 2 [[n ! m]] are convex combinations of maps of the
form

m
C

n =
X

x2m

m x f(x) n , (9)

where f : n ! m is any function. In other words, atomic
transformations A 2 [[m ! n]] are of the form

m Ai,j
n = m i j n ,

with i 2 m and j 2 n. Now, let us consider the C-
not reversible map acting on a pair of bits, defined by
the function f(a, b) = (a, a � b), with � denoting sum
modulo 2. Notice that K 2 = I . One has

A

K

A0

B B0
e

=
1X

x,y,z=0

A x x A0

B y y � x B0
z

=
1X

x,y=0

A x x A0

B y

=
A A0

B e
, (10)

thus B 6 K A0. On the other hand, considering C 2
[[2 ! 2]]1 defined by the constant function f(x) = 0, one
has

A0

K

A

K

A0

B0 B
C

A B0 =

A

C 0
A0

B B0 ,

(11)

where C 0 2 [[4 ! 4]]1 is defined by the function g(x, y) =
(x, x). It is then clear that condition (2) is violated, and
thus B !K A0. Indeed, in classical theory it is possible
to copy information without disturbing, and thus it is
also possible to interact with a system without disturb-
ing. The C-not map K perfectly illustrates this situa-
tion: it is possible to extract information from A and leak
it to B0 without a↵ecting the state of system A (this is
indeed the meaning of the no-signalling condition). How-
ever, our definition of causal influence also accounts for
the presence of a non-disturbing interaction. Looking at
condition (4), the interpretation of the causal influence
relation is clear: negating Eq. (4) amounts to state that
in order to replicate the e↵ect of an intervention at A
after the evolution through U one has to interact with
system B0. The di↵erence between no-signalling and no
causal influence is thus hidden, as far as we understand
it from the example of classical theory, in the possibility
of interacting without disturbing. We will come back on
this observation in section VI, and show that this intu-
ition can be partially turned into a general theorem.

IV. CONDITIONS FOR NO CAUSAL
INFLUENCE

In the present section prove a relevant equivalent con-
dition for A 6!U B0, and then discuss some necessary
conditions. For our purposes it is useful to introduce the
following definition

Definition 3. Let U 2 [[AB ! A0B0]]1 be a re-

versible transformation. We define the reversible channel

T̃A(U ) 2 [[A1A0B0 ! A1A0B0]], where A1 ' A, as follows

A1

T̃A(U )

A1

A0 A0

B0 B0

:=
U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

(12)

We state now a very useful and powerful lemma in-
volving the above defined transformation T̃A(U ).

Lemma 1. Let U 2 [[AB ! A0B0]], and A 2 [[EA !
EA]]. Then the following identity holds

E

A

E

A1

T̃A(U )

A1 A1

T̃A(U )

A1

A0 A0 A0

B0 B0 B0

=

U �1

A1

A

B

A1

A0

B0

A1

A0

B0

EE

U

A

EE

A
, (13)



Necessary and sufficient condition

• Definition: 
 

• Condition:

A 6! B0
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Õ. On the other hand, considering C œ
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where C Õ œ [[4 æ 4]]1 is defined by the function
g(x, y) = (y, y). It is then clear that condition (2)
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Õ. Indeed, in classical
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system without disturbing. The C-not map K per-
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Õ without a↵ecting
the state of system B (this is indeed the meaning of
the no-signalling condition). However, our definition
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the interpretation of the causal influence relation is
clear: negating Eq. (4) amounts to state that in or-
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tem B
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causal influence is thus hidden, as far as we under-
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come back on this observation in section 6, and show
that this intuition can be partially turned into a gen-
eral theorem.

4 Conditions for no causal influence

In the present section we prove a relevant equivalent
condition for A ”æU B

Õ, and then discuss some nec-
essary conditions. For our purposes it is useful to
introduce the following definition

Definition 3. Let U œ [[AB æ A
Õ
B

Õ
]]1 be a reversible

transformation. We define the reversible channel
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B
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B
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We state now a very useful and powerful lemma
involving the above defined transformation T̃A(U ).

Lemma 1. Let U œ [[AB æ A
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B

Õ
]], and A œ [[EA æ

EA]]. Then the following identity holds
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The proof of the above result is provided in Ap-
pendix A. The implications of Eq. (13) reach far be-
yond the results of the present paper. Here we exploit
it to prove the following key result.

Theorem 1. Let U œ [[AB æ A
Õ
B

Õ
]]1 be a reversible

transformation. Then A ”æU B
Õ

if and only if T̃A(U )

factors as

A1

T̃A(U )

A1

AÕ AÕ

BÕ BÕ

=

A1

TA(U )

A1

AÕ AÕ

BÕ BÕ

, (14)

where TA(U ) œ [[A
Õ
1A

Õ æ A
Õ
1A

Õ
]]1.

Proof. The condition in Eq. (14) is clearly necessary,

as it follows from Eq. (2) for the special case where

E = A1 ƒ A and A = S is the swap channel for

systems A1 and A. Let us now prove that the con-

dition is su�cient. Consider the result of lemma 1,

i.e. Eq. (13). Now, if condition (14) holds, the above
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ditions A 6!U B0 and A 6 U B0 are equivalent. The
answer is negative, and surprisingly the counterexample
comes from the simplest theory we have: classical theory.
In classical theory system types are in correspondence
with natural numbers n representing the number of dis-
tinct pure states of the system, e.g. for a bit pure states
are  0 and  1, thus n = 2. Parallel composition is simply
given by the product rule: if A = m and B = n, then
AB = mn. It will turn useful to introduce the symbols
n := {0, 1, . . . , n � 1}. For the sake of simplicity, given
x 2 n, we will write x to denote  x 2 [[n]]. Channels
C 2 [[n ! m]] are convex combinations of maps of the
form

m
C

n =
X

x2m

m x f(x) n , (9)

where f : n ! m is any function. In other words, atomic
transformations A 2 [[m ! n]] are of the form

m Ai,j
n = m i j n ,

with i 2 m and j 2 n. Now, let us consider the C-
not reversible map acting on a pair of bits, defined by
the function f(a, b) = (a, a � b), with � denoting sum
modulo 2. Notice that K 2 = I . One has

A

K

A0

B B0
e

=
1X

x,y,z=0

A x x A0

B y y � x B0
z

=
1X

x,y=0

A x x A0

B y

=
A A0

B e
, (10)

thus B 6 K A0. On the other hand, considering C 2
[[2 ! 2]]1 defined by the constant function f(x) = 0, one
has

A0

K

A

K

A0

B0 B
C

A B0 =

A

C 0
A0

B B0 ,

(11)

where C 0 2 [[4 ! 4]]1 is defined by the function g(x, y) =
(x, x). It is then clear that condition (2) is violated, and
thus B !K A0. Indeed, in classical theory it is possible
to copy information without disturbing, and thus it is
also possible to interact with a system without disturb-
ing. The C-not map K perfectly illustrates this situa-
tion: it is possible to extract information from A and leak
it to B0 without a↵ecting the state of system A (this is
indeed the meaning of the no-signalling condition). How-
ever, our definition of causal influence also accounts for
the presence of a non-disturbing interaction. Looking at
condition (4), the interpretation of the causal influence
relation is clear: negating Eq. (4) amounts to state that
in order to replicate the e↵ect of an intervention at A
after the evolution through U one has to interact with
system B0. The di↵erence between no-signalling and no
causal influence is thus hidden, as far as we understand
it from the example of classical theory, in the possibility
of interacting without disturbing. We will come back on
this observation in section VI, and show that this intu-
ition can be partially turned into a general theorem.

IV. CONDITIONS FOR NO CAUSAL
INFLUENCE

In the present section prove a relevant equivalent con-
dition for A 6!U B0, and then discuss some necessary
conditions. For our purposes it is useful to introduce the
following definition

Definition 3. Let U 2 [[AB ! A0B0]]1 be a re-

versible transformation. We define the reversible channel

T̃A(U ) 2 [[A1A0B0 ! A1A0B0]], where A1 ' A, as follows

A1

T̃A(U )

A1

A0 A0

B0 B0

:=
U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

(12)

We state now a very useful and powerful lemma in-
volving the above defined transformation T̃A(U ).

Lemma 1. Let U 2 [[AB ! A0B0]], and A 2 [[EA !
EA]]. Then the following identity holds

E

A

E

A1

T̃A(U )

A1 A1

T̃A(U )

A1

A0 A0 A0

B0 B0 B0

=

U �1

A1

A

B

A1

A0

B0

A1

A0

B0

EE

U

A

EE

A
, (13)
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus

A

U

A0

B B0 =
X

x2m,y2n

A x f(x, y) A0

B y g0(y)
B0

,
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where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
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Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus

A

U

A0

B B0 =
X

x2m,y2n

A x f(x, y) A0

B y g0(y)
B0

,

A
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We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible
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where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
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Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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U

A0

B B0 =
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x2m,y2n

A x f(x, y) A0

B y g0(y)
B0

,
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In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
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, then
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
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=
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This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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We already proved that no causal influence implies no-
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Proof. Let us consider the equivalent condition (12) for
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Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0
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A. Necessary conditions

We already proved that no causal influence implies no-
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A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
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=
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B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,
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A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If
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, then
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. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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z

B y h(x, y) B0
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p(g)
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B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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We already proved that no causal influence implies no-
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Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.
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.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,
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In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.
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, then
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
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Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
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In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
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, then
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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=
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B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows
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U

A0

B B0 =
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A0
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B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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A =
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A
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. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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,

and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =
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E
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(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.
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, then
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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B y h(x, y) B0

=
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B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows
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, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C
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=
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B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A
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A0

B B0 =

A

W
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E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then
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B B0 =
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E
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. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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B y h(x, y) B0

=
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p(g)
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This implies that, for every x, y, p(g) = �g,g0 and
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =
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W
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V
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, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A
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A1
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A =
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S 0
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. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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,

and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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=
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B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.
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(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If
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, then
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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=
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This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible
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as follows
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where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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=
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.
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+
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(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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This implies that, for every x, y, p(g) = �g,g0 and
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows
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, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
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, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,
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In the following sections, we will analyse cases where the
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III. CLASSICAL THEORY

We discussed some general aspects of the notion of
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defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible
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where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.
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+
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B B0 =
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E

B
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(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A
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A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus

A

U

A0

B B0 =
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x2m,y2n

A x f(x, y) A0

B y g0(y)
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.
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holds. Then
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<latexit sha1_base64="dllY5txRRXp0JVBo/AfB6NtRvlk="></latexit>

A 6 B0

<latexit sha1_base64="e0GfL+5DiamDiJiP5cSkC220cpA="></latexit>

T. Eggeling, D. Schlingemann, and R.F. Werner, Europhys. Lett. 57, pp. 782–788 (2002)
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and it is now easy to verify that condition (14) is satisfied
with
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As a consequence, while condition (14) is equivalent to
A 6 U B0, there are reversible transformations U such
that the same condition is satisfied while A !U B0.

IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
nition of a faithful state for convenience of the reader.

Definition 4. Let A 2 Sys(⇥), and  2 [[AA0]]1 a pure

state. We say that  is faithful for A if the following

mapping is injective

A
A

C 7!  

A
A

C

A0
, (18)

is injective.

Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and

with a pure faithful state for every system A.

1. Let C be a channel C 2 [[A ! C]]1. Then there exist

systems B,D, a reversible channel U 2 [[AB !
CD]]1, and a pure state ⌘ 2 [[B]]1, such that

A
C

C =

A

U

C

⌘ B D e
. (19)

We call the quadruple (B,D, ⌘,U ) a reversible di-
lation of C .

2. Let in addition ⇥ satisfy perfect discriminability,

and let T = {Ai}i2X be a test T 2 hhA ! Cii. Then

there exist U 2 [[AB ! CD]]1 reversible, ⌘ 2 [[B]]1
pure, a = {ai}i2X 2 hhD ! Iii, such that 8i 2 X

A Ai
C =

A

U

C

⌘ B D ai
. (20)

We call the 5-tuple (B,D, ⌘,U , a) a reversible dila-
tion of T.

One can prove further results about uniqueness of re-
versible dilations modulo reversible transformations on D
(see Ref. [8]), however we will consider here only the fol-
lowing lemma that will turn useful in the following, and
that highlights the main di↵erence between CT discussed
above on one hand, and QT and FT on the other hand
(as well as other theories satisfying the hypotheses).

Theorem 5 (No interaction without disturbance). Let a

theory ⇥ satisfy the same hypotheses as lemma 1, item 1.

1. If a transformation C 2 [[AB ! CB]]1 satisfies

A

C

C e

B B
=

A e
B

, (21)

there must exist a channel D 2 [[A ! C]]1 such that

A

C

C

B B
=

A
D

C

B
. (22)

2. Under the hypotheses of lemma 1, item 2, let T =
{Ti}i2X 2 hhAB ! CBii be a test such that

X

i2X

A

Ti

C e

B B
=

A e
B

. (23)

Then there must exist a test B = {Bi}i2X 2 hhA !
Cii such that

A

Ti

C

B B
=

A Bi
C

B
. (24)

Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that

A

C

C

B B
=

⌘ E

U

F e

A C

B B

.
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As a consequence, while condition (14) is equivalent to
A 6 U B0, there are reversible transformations U such
that the same condition is satisfied while A !U B0.
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In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
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Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and
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We call the 5-tuple (B,D, ⌘,U , a) a reversible dila-
tion of T.

One can prove further results about uniqueness of re-
versible dilations modulo reversible transformations on D
(see Ref. [8]), however we will consider here only the fol-
lowing lemma that will turn useful in the following, and
that highlights the main di↵erence between CT discussed
above on one hand, and QT and FT on the other hand
(as well as other theories satisfying the hypotheses).

Theorem 5 (No interaction without disturbance). Let a
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1. If a transformation C 2 [[AB ! CB]]1 satisfies
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Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that
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that the same condition is satisfied while A !U B0.

IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
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has been proved with various techniques in the litera-
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Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
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Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and
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Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that
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implies A 6!U B0, which is the only missing link to close
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mapping is injective

A
A

C 7!  

A
A

C

A0
, (18)

is injective.

Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and

with a pure faithful state for every system A.

1. Let C be a channel C 2 [[A ! C]]1. Then there exist
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We call the quadruple (B,D, ⌘,U ) a reversible di-
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Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that
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IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
nition of a faithful state for convenience of the reader.

Definition 4. Let A 2 Sys(⇥), and  2 [[AA0]]1 a pure

state. We say that  is faithful for A if the following

mapping is injective

A
A

C 7!  

A
A

C

A0
, (18)

is injective.

Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and

with a pure faithful state for every system A.

1. Let C be a channel C 2 [[A ! C]]1. Then there exist

systems B,D, a reversible channel U 2 [[AB !
CD]]1, and a pure state ⌘ 2 [[B]]1, such that

A
C

C =

A

U

C

⌘ B D e
. (19)

We call the quadruple (B,D, ⌘,U ) a reversible di-
lation of C .

2. Let in addition ⇥ satisfy perfect discriminability,

and let T = {Ai}i2X be a test T 2 hhA ! Cii. Then

there exist U 2 [[AB ! CD]]1 reversible, ⌘ 2 [[B]]1
pure, a = {ai}i2X 2 hhD ! Iii, such that 8i 2 X

A Ai
C =

A

U

C

⌘ B D ai
. (20)

We call the 5-tuple (B,D, ⌘,U , a) a reversible dila-
tion of T.

One can prove further results about uniqueness of re-
versible dilations modulo reversible transformations on D
(see Ref. [8]), however we will consider here only the fol-
lowing lemma that will turn useful in the following, and
that highlights the main di↵erence between CT discussed
above on one hand, and QT and FT on the other hand
(as well as other theories satisfying the hypotheses).

Theorem 5 (No interaction without disturbance). Let a

theory ⇥ satisfy the same hypotheses as lemma 1, item 1.

1. If a transformation C 2 [[AB ! CB]]1 satisfies

A

C

C e

B B
=

A e
B

, (21)

there must exist a channel D 2 [[A ! C]]1 such that

A

C

C

B B
=

A
D

C

B
. (22)

2. Under the hypotheses of lemma 1, item 2, let T =
{Ti}i2X 2 hhAB ! CBii be a test such that

X

i2X

A

Ti

C e

B B
=

A e
B

. (23)

Then there must exist a test B = {Bi}i2X 2 hhA !
Cii such that

A

Ti

C

B B
=

A Bi
C

B
. (24)

Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that

A

C

C

B B
=

⌘ E

U

F e

A C

B B

.
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus

A

U

A0

B B0 =
X

x2m,y2n

A x f(x, y) A0

B y g0(y)
B0

,

A 6! B0
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
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where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
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Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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Causal influence



Action equals reaction

• In CT: accidental consequence of translation invariance of physical laws


• It is universal in QT or in theories with no interaction without disturbance



• Proposal: (no) causal influence


• Relation with comb structure and 
(no) signalling


• Classical and Quantum theory


• No interaction without 
disturbance


• Cellular automata and causal 
relations

Conclusion


