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Why general relativety (GR) in 
higher dimensitonal spacetimes?

●String theory

●AdS/CFT

●Better understanding of general relativity.

●Brane world extra
dimension

CFT

AdS



Plan of this talk

●What is the black string?

●Gregory-Laflamme instability

●Superradiance and superradiant instability

●Superradiant instability of rotating black strings

Review 
part



What is black string?



Schwarzshild black hole 
in (3+1)-d
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Rµ⌫ � 1

2
gµ⌫R = 0

Spherically symmetric static black hole in (3+1)-d.
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µ, ⌫ = 0, 1, 2, 3

Schwarzshild black hole

Solution of Einstein equation

r=rh : event horizon

In this talk, we only consider spacetime 
with cosmological constant = 0.



Schwarzchild black string in 5d 
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ds2 = ds2Sch + dz2

z

z-constant slice of black string 
= Sch black hole
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Rµ⌫ � 1

2
gµ⌫R = 0
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µ, ⌫ = 0, 1, 2, 3, 4

Exact solution of 
the Einstein equation in 5-d.
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Gregory-Laflamme instability



Stability analysis
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ds2 = ds2Sch + dz2 + hµ⌫dx
µdx⌫

Perturbation

Spherically symmetric perturbation
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Rµ⌫ � 1

2
gµ⌫R = 0

Taking the first order in h 

Perturbation equation
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Perturbation equations reduce 
to "Schrodinger equation”
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All other components of         are determined from the 
single  master variable        .  
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(rh = 1)

ω^2 = Energy eigenvalue 
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Gregory–Laflamme instability
Gregory&Laflamme 93
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“Negative energy” 
eigen state

“Negative energy”

ω is pure imaginary.

Instability
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Growth rate

Taken from arXiv:1107.5821 
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Figure 1.3 A plot of the eigenvalues (m,Ω), scaled by r+, for which an
instability is present.

m to check if a solution exists. Fig. 1.3 shows a plot of the frequency pairs
(m,Ω) for which a regular solution, and hence an instability, exists, and Fig.
1.4 shows the behaviour of the perturbation.
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Figure 1.4 A plot of the metric perturbation.

Having found an unstable solution to the perturbation equations, the final
step of the argument is to demonstrate that this is a physical instability of
the black string, and not just some odd gauge mode. In fact, this is easy
to demonstrate by looking at (1.18). Since both the perturbation and the
Riemann tensor vanish in the extra dimension (hza = 0 = Rzabc), the five
dimensional Lichnerowicz operator reduces to the four dimensional Lich-
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Long wavelength instability

Unstable for
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k =
2⇡

L
n (n = 0,±1,±2, · · · )

When z is 
compactified 
with scale L
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z ⇠ z + L
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k rh < 0.88
Thin black string is unstable.

Black string is unstable for

identify
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Entropic argument

S(  ) <  S(  )

Compactified 
with L

Black string Black hole in 5d
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rh . Lfor 

Phase transition from       to          . Gregory-Laflamme 
instability
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Superradiance and
Superradiant instability



Rotating black holes

This paper is organised as follows. In Section II, we elucidate that the CM energy of

two colliding particles on the equatorial plane of a Kerr black hole can be arbitrarily high

and discuss why this is possible in contrast to the case of a Schwarzschild black hole. In

Section III, we review critical comments and basic questions on this scenario and respond

to them from a physical point of view. In Section IV, we discuss the possibility of particle

acceleration in astrophysical black holes. In Section V, we briefly review the generalisations

of the particle acceleration scenario. Section VI is devoted to conclusion. In the following,

we use the unit where G = c = 1 unless explicitly noticed.

II. KERR BLACK HOLES AS PARTICLE ACCELERATORS

A. Kerr black holes and geodesic particles

In general relativity, a stationary rotating vacuum black hole is uniquely described by a

Kerr spacetime. The line element ds2 = gµνdxµdxν in the Kerr spacetime is written in the

Boyer-Lindquist coordinates in the following form [3, 4]:

ds2 = −
(

1−
2Mr

ρ2

)

dt2 −
4Mar sin2 θ

ρ2
dφdt+

ρ2

∆
dr2 + ρ2dθ2

+

(

r2 + a2 +
2Mra2 sin2 θ

ρ2

)

sin2 θdφ2, (2.1)

where ρ2 = ρ2(r, θ) = r2 + a2 cos2 θ and ∆ = ∆(r) = r2 + a2 − 2Mr. Kerr black holes

are parametrised by mass M and spin a, which must satisfy 0 ≤ |a| ≤ M [5]. The spin

parameter a is related to the angular momentum with respect to the rotational axis of the

black hole as J = Ma. Black holes with the maximum value of the spin parameter are called

maximally rotating black holes. We assume a ≥ 0 without loss of generality. For later use,

we define the non-dimensional spin parameter a∗ = a/M .

The Kerr spacetime is stationary and axisymmetric with corresponding Killing vectors

∂/∂t and ∂/∂φ. The event horizon is located at r = rH = M +
√
M2 − a2, where ∆(r)

vanishes, and is rotating with the angular velocity ΩH = a/(r2H +a2). Note that the horizon

is called extremal when r = rH is a double root of ∆(r), i.e., a = M 1. The region given

by rH < r < rE(θ) = M +
√
M2 − a2 cos2 θ, where the Killing vector ∂/∂t of stationarity is

spacelike, is called an ergoregion.

1 For a general stationary black hole, an extremal horizon is defined as a horizon on which the surface

gravity is zero [5].
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M : Mass
J : Angular momentum

Kerr black hole (4-dim)

1.2 Spinning Black Holes 5

momenta J
yixi . In four dimensions, these parameters would completely fix

the black hole solution but, as we will see in section 1.2.8 and in subsequent
chapters, these parameters alone will not fix a unique black hole metric in
higher dimensions.

1.2.1 MP Black Hole Metrics

As can be anticipated from eqs. (1.4) and (1.8), the form of the metrics
di↵ers slightly for odd and even dimensions. Hence let us begin with the
metric describing a spinning black hole in an even number of spacetime
dimensions, i.e., d = 2n+ 2 with d � 4,

ds
2 = �dt

2 +
µr

⇧F

 
dt+

nX

i=1

ai µ
2

i d�i

!2

+
⇧F

⇧� µr
dr

2
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nX
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2

i )
�
dµ

2

i + µ
2

i d�i
2
�
+ r

2
d↵

2 (1.11)

where

F = 1�
nX

i=1

a
2

i µ
2

i

r2 + a 2

i

(1.12)

⇧ =
nY

i=1

(r2 + a
2

i ) . (1.13)

With n = 1, we have d = 4 and the above metric reduces to the well known
Kerr solution, discussed in Chapter 1.3 For d = 2n+1 with d � 5, the metric
becomes

ds
2 = �dt

2 +
µr

2

⇧F

 
dt+

nX

i=1

ai µ
2

i d�i

!2

+
⇧F
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(r2 + a
2

i )
�
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2

i + µ
2

i d�i
2
�

(1.14)

with F and ⇧ again given by eqs. (1.12) and (1.13). Examining the asymp-
totic structure of these metrics — see eq. (1.65) — one finds that the n+1
free parameters, µ and ai, determine the mass and angular momentum of
the black hole with

M =
(d� 2)⌦d�2

16⇡G
µ (1.15)

3
To make the connection more explicit, we would set a1 = a, µ1 = sin ✓ and ↵ = cos ✓.
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M : Mass
J1, J2, …, Jn : Angular momenta

Myers-Perry black hole (D-dim)
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Wave in Kerr
⇤� = 0 in Kerr spacetime.
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Superradiance
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Wronskian is conserved
Estimate at horizon:
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Black hole bomb 
(ブラックホール爆弾) 

If you have a Kerr black hole,  
you can make a bomb.

Superradiance

Superradiance

Box

Instability caused by the repetition of superradiance
= Black hole bomb or Superradiant instability

Press&Teukolsky 72, Cardoso, Dias, Lemos &Yoshida 04



Massive field in Kerr spacetime
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FIG. 7: Growth rates of the maximally co-rotating modes: l = m = 1, l = m = 2 and l = m = 3.

The (positive) imaginary part of the frequency is shown as a function of gravitational coupling.

The fastest growth occurs for the l = m = 1 state at Mµ ≈ 0.42, with a = 0.999. The maximum

growth rate is approximately τ−1 = MIm(ω) ≈ 1.5×10−7(GM/c3)−1, where τ is the e-folding time.

The dotted line shows Zouros and Eardley’s [51] approximation, Im(ω/µ) ≈ 10−7e−1.84Mµ/(Mµ),

valid when Mµ # 1.

further details, it is difficult to explain this large discrepancy.

Before concluding, it is worth attempting to assess the observable consequences of the

instability, if any. That is, does the massive boson instability actually manifest itself in

any physical system? For astrophysical systems, the short answer appears to be: almost

certainly not! This is because, for any known massive boson coupled to an astrophysical

black hole (M ! M"), the gravitational coupling would be very large, Mµ # 1. Hence by

(4) the instability is negligible. Nevertheless, this prospect cannot be entirely discounted.

If apparently massless bosons turn out to have a small but non-zero rest mass, then the

instability could play a role in slowing the rotation of large black holes. For example, for a

supermassive black hole (M ∼ 1010M"), the instability would be significant if there exists a

20
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Mμ

The mass gives 
an effective potential barrier at infinity.

Superradiant instability Detweiler, 80

 1e-11

 1e-10

 1e-09

 1e-08

 1e-07

 1e-06

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

Im
(ω

 / 
µ

)

M µ

l = 1, m = 1

l = 2, m = 2

l = 3, m = 3

a = 0.999
a = 0.99
a = 0.95

a = 0.9
a = 0.8
a = 0.7

FIG. 7: Growth rates of the maximally co-rotating modes: l = m = 1, l = m = 2 and l = m = 3.

The (positive) imaginary part of the frequency is shown as a function of gravitational coupling.

The fastest growth occurs for the l = m = 1 state at Mµ ≈ 0.42, with a = 0.999. The maximum

growth rate is approximately τ−1 = MIm(ω) ≈ 1.5×10−7(GM/c3)−1, where τ is the e-folding time.

The dotted line shows Zouros and Eardley’s [51] approximation, Im(ω/µ) ≈ 10−7e−1.84Mµ/(Mµ),

valid when Mµ # 1.

further details, it is difficult to explain this large discrepancy.

Before concluding, it is worth attempting to assess the observable consequences of the

instability, if any. That is, does the massive boson instability actually manifest itself in

any physical system? For astrophysical systems, the short answer appears to be: almost

certainly not! This is because, for any known massive boson coupled to an astrophysical

black hole (M ! M"), the gravitational coupling would be very large, Mµ # 1. Hence by

(4) the instability is negligible. Nevertheless, this prospect cannot be entirely discounted.

If apparently massless bosons turn out to have a small but non-zero rest mass, then the

instability could play a role in slowing the rotation of large black holes. For example, for a

supermassive black hole (M ∼ 1010M"), the instability would be significant if there exists a

20

M: Mass of Kerr



Perturbation of  rotating black 
strings



Rotating black string
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ds2 = ds2Kerr + dz2
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ds2 = ds2Myers-Perry + dz2
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For (3+1+1)-d

For (d+1+1)-d

<latexit sha1_base64="XxTOu1YTBK4RiHNBQ9GKQKLzMMM="></latexit>

Rµ⌫ � 1

2
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Superradiant instability of 
rotating black string
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ds2 = ds2Myers-Perry + dz2

Massive field in                           from KK-mode. 
<latexit sha1_base64="qqXSB4rCIMwA5TIIK/KAMSpAOxU="></latexit>

ds2Myers-Perry

Superradinat instability?

Perturbation in this geometry



Scalar field perturbation

Cardoso, Lemos 05,  Cardoso, Yoshida 05
See also Marolf Palmer 04.

For the scalar field perturbation,

4d Kerr + 1d:   Unstable

Myers-Perry + 1d:   No evidence of instability
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1

r2
Centrifugal force potential  

Gravitational potential
<latexit sha1_base64="GBKmih4hXykllw6DBMMVGE9kbX4="></latexit>

� 1

rD�3

There were no study of gravitational and Maxwell 
superradiant instability of rotating black string. 



Gravitational perturbation of 
Myers-Perry black string

“Gregory-Laflamme encounters Superradiance”  arxiv:2211.02672 
“Gregory-Laflamme and Superradiance encounter Black Resonator Strings” arxiv:2212.01400 
“Superradiance and black resonator strings encounter helical black strings” arxiv:2301.????



Myers-Perry-string with equal 
angular momenta in 6D

Cohmogeneity-1 NUBS

1 Perturbation of MP-string

We consider the Myers-Perry string

ds2 = −f(r)dt2 +
dr2

g(r)
+

r2

4
{σ2

1 + σ2
2 + β(r)(σ3 + 2Ω(r)dτ)2}+ dz2 , (1.1)

where

σ1 = − sinχdθ + cosχ sin θdφ ,

σ2 = cosχdθ + sinχ sin θdφ ,

σ3 = dχ+ cos θdφ .

(1.2)

and

g(r) = 1− 2µ

r2
+

2a2µ

r4
, β(r) = 1 +

2a2µ

r4
,

Ω(r) = ΩH − 2µa

r4 + 2a2µ
, f(r) =

g(r)

β(r)
.

(1.3)

Regularity condition is a ≤ 2µ. The horizon r = rh is located at g(r = rh) = 0. We

chose the constant ΩH so that h(rh) = 0 is satisfied:

ΩH =
2µa

r4h + 2a2µ
. (1.4)

This corresponds to the angular velocity of the horizon. This satisfies Ω ≤ Ωext =

1/(
√
2rh).

Let us define

σ± =
1

2
(σ1 ∓ iσ2) =

1

2
e∓iχ(∓idθ + sin θdφ) . (1.5)

These 1-forms satisfy

Li∂χσ± = ±σ±, (1.6)

Now, we consider a special gravitational perturnation:

hµνdx
µdxν = e−iωt+ikzr2δα(r)σ2

+ . (1.7)

The perturbation equation for δα is given by

δα′′ +

{
(fgβ)′

2fgβ
+

3

r

}
δα′

+

{
(fgβ)′

rfgβ
+

4

r2

(
1 +

β

g
− 4

gβ

)
+

(ω − 4Ω)2 − fk2

fg

}
δα = 0 . (1.8)
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ds2Myers-Perry =

<latexit sha1_base64="bv8uY0sSyfH3JFYGho4UuldyDWE="></latexit>

ds2 = ds2Myers-Perry + dz2

Symmetry of this spacetime:

χ-translation z-translation

Invariant 1-forms of SU(2)

<latexit sha1_base64="S8jmUhX8BdT+gAVhFVlRRoM8qsQ="></latexit>

SU(2)⇥ U(1)⇥Rz ⇥Rt

<latexit sha1_base64="JWToLCrb6svWhIhrJ8Liv2Iebek="></latexit>

�f(r)d⌧2 +
dr2

g(r)
+

r2

4
{�2

1 + �2
2 + �(r)(�3 + 2⌦(r)d⌧)2}

Stability analysis is simpler than that of Kerr-black string.



Decoupled 
gravitational perturbation
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where
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This perturbation is decoupled from other perturbations 
thanks to SU(2) and U(1) isometry.
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Master equation
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Single ODE



Unstable region
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6B;m`2 9X PMb2i +m`p2b 7Q` m = 2, 3, 4 bmT2``�/B�Mi BMbi�#BHBiv �M/ i?2 :`2;Q`v@G�~�KK2 BMbi�@
#BHBivX ("q, _2H�#2H �t2b- `2KQp2 K�`F2`b �M/ H�#2Hb- 2t+2Ti TQbbB#Hv i?2 BMi2`b2+iBQMb
↵ �M/ �X AM+Hm/2 ?B;?2` KǶb BM i?2 `B;?i THQiX AMb2i b?QmH/ T`Q#�#Hv xQQK BM Km+?
+HQb2` iQ 2ti`2K�HBivH)

b2+iBQM jX q2 b22 i?�i i?2`2 �`2 `2;BQMb Q7 T�`�K2i2` bT�+2 r?2`2 2Bi?2`- MQM2- Q` #Qi?
ivT2b Q7 BMbi�#BHBiB2b �`2 T`2b2MiX (hA, AKTQ`i 2tTH�M�iBQM 7Q` i?2 BMbi�#BHBiv `2;BQMb
7`QK T�T2` k };m`2 RX 1tTH�BM TQBMib A,B,↵- 2i+X) S2`im`#�iBQMb rBi? �/D�+2Mi mǶb
�HbQ Qp2`H�T BM bQK2 `2;BQMb Q7 T�`�K2i2` bT�+2- i?Qm;? i?2b2 Qp2`H�T `2;BQMb �`2 bK�HH
�M/ p2`v +HQb2 iQ 2ti`2K�HBivX

6`QK i?Bb THQi �M/ U9XRRV- r2 +�M BM72` i?�i �b m ! 1- i?2 mMbi�#H2 `2;BQM #2+QK2b
+HQb2` �M/ +HQb2` iQ 2ti`2K�HBiv- #2+QKBM; K2�bm`2 x2`Q BM i?2 HBKBiX

q2 +�M �HbQ /BbTH�v i?2b2 QMb2i +m`p2b rBi? `2bT2+i iQ i?2B` +QMb2`p2/ [m�MiBiB2b- r?B+?
rBHH #2 KQ`2 mb27mH 7Q` /Bb+mbbBM; iBK2 2pQHmiBQMX AM i?Bb +QMi2ti- Bi K�F2b b2Mb2 iQ mb2
i?2 /BK2MbBQMH2bb [m�MiBiB2b E ⌘ GNE/L

3 �M/ J ⌘ GNJ/L
4X 6Q` i?2 Jv2`b@S2``v #H�+F

bi`BM;- r2 Q#i�BM

E =
3⇡

8eL2

1

1� ea2 =
3ek2

8⇡(4� e⌦2
H
)
, J =

⇡

8eL3

ea
1� ea2 =

ek3e⌦H

32⇡2(4� e⌦2
H
)
. U9XRkV

�i 2ti`2K�HBiv- r2 ?�p2

Eext =
3⇡1/3

21/3
J 2/3

. U9XRjV

q2 MQr THQi i?2 QMb2i +m`p2b BM E@J BM 6B;X 8X 6Q` pBbB#BHBiv- r2 b?Qr i?2 2M2`;v rBi?
`2bT2+i iQ i?�i Q7 i?2 2ti`2K�H Jv2`b@S2``v #H�+F bi`BM;, E � EextX h?2b2 THQib +QMi�BM MQ
M2r BM7Q`K�iBQM- #mi �`2 KQ`2 +QMp2MB2Mi 7Q` /Bb+mbbBM; � 7mHH T?�b2 /B�;`�K Q7 bQHmiBQMbX

("q, A +�H+mH�i2/ i?2 HQr2` QMb2i +m`p2b �M/ ;2i i?�i E Bb � +QMbi�Mi i?�i
/2T2M/b QM mX h?Bb /Bb�;`22b rBi? 6B;X 8 r?2`2 i?Bb +m`p2 Bb � p2`iB+�H HBM2X
SH2�b2 +?2+FX) (hA, A Q#i�BM2/ i?2 p2`iB+�H HBM2b UMQi 2t�+iHv bi`�B;?i �M/ p2`v
bHB;?iHv +m`p2/V)

6BM�HHv- r2 b?Qr i?2 `2�H �M/ BK�;BM�`v T�`ib Q7 i?2 7`2[m2M+v 7Q` m = 3 �M/ m = 4

bmT2``�/B�Mi BMbi�#BHBiB2b BM 6B;bX e �M/ dX q2 }M/ i?�i- ivTB+�HHv- BM+`2�bBM; i?2 `Qi�iBQM

Ĝ Rk Ĝ

Gregory-Laflamme 
instability

Superradiant
instability

W
av

e 
nu

m
be

r k

Horizon angular velocity Ω



Results of higher modes
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q2 +�M �HbQ /BbTH�v i?2b2 QMb2i +m`p2b rBi? `2bT2+i iQ i?2B` +QMb2`p2/ [m�MiBiB2b- r?B+?
rBHH #2 KQ`2 mb27mH 7Q` /Bb+mbbBM; iBK2 2pQHmiBQMX AM i?Bb +QMi2ti- Bi K�F2b b2Mb2 iQ mb2
i?2 /BK2MbBQMH2bb [m�MiBiB2b E ⌘ GNE/L

3 �M/ J ⌘ GNJ/L
4X 6Q` i?2 Jv2`b@S2``v #H�+F

bi`BM;- r2 Q#i�BM

E =
3⇡

8eL2

1

1� ea2 =
3ek2

8⇡(4� e⌦2
H
)
, J =

⇡

8eL3

ea
1� ea2 =

ek3e⌦H

32⇡2(4� e⌦2
H
)
. U9XRkV

�i 2ti`2K�HBiv- r2 ?�p2

Eext =
3⇡1/3

21/3
J 2/3

. U9XRjV

q2 MQr THQi i?2 QMb2i +m`p2b BM E@J BM 6B;X 8X 6Q` pBbB#BHBiv- r2 b?Qr i?2 2M2`;v rBi?
`2bT2+i iQ i?�i Q7 i?2 2ti`2K�H Jv2`b@S2``v #H�+F bi`BM;, E � EextX h?2b2 THQib +QMi�BM MQ
M2r BM7Q`K�iBQM- #mi �`2 KQ`2 +QMp2MB2Mi 7Q` /Bb+mbbBM; � 7mHH T?�b2 /B�;`�K Q7 bQHmiBQMbX

("q, A +�H+mH�i2/ i?2 HQr2` QMb2i +m`p2b �M/ ;2i i?�i E Bb � +QMbi�Mi i?�i
/2T2M/b QM mX h?Bb /Bb�;`22b rBi? 6B;X 8 r?2`2 i?Bb +m`p2 Bb � p2`iB+�H HBM2X
SH2�b2 +?2+FX) (hA, A Q#i�BM2/ i?2 p2`iB+�H HBM2b UMQi 2t�+iHv bi`�B;?i �M/ p2`v
bHB;?iHv +m`p2/V)

6BM�HHv- r2 b?Qr i?2 `2�H �M/ BK�;BM�`v T�`ib Q7 i?2 7`2[m2M+v 7Q` m = 3 �M/ m = 4

bmT2``�/B�Mi BMbi�#BHBiB2b BM 6B;bX e �M/ dX q2 }M/ i?�i- ivTB+�HHv- BM+`2�bBM; i?2 `Qi�iBQM

Ĝ Rk Ĝ

U(1)-charge m=+3

U(1)-charge m=+4

U(1)-charge m=+2

<latexit sha1_base64="0QJgGU713dodlxf7A7T+WCcB0Ag="></latexit>

hµ⌫ ⇠ eim�



Final fate of instability?
We can extend nonlinear 
solution from the onset of 
the superradiant instability. 
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6B;m`2 9X PMb2i +m`p2b 7Q` m = 2, 3, 4 bmT2``�/B�Mi BMbi�#BHBiv �M/ i?2 :`2;Q`v@G�~�KK2 BMbi�@
#BHBivX ("q, _2H�#2H �t2b- `2KQp2 K�`F2`b �M/ H�#2Hb- 2t+2Ti TQbbB#Hv i?2 BMi2`b2+iBQMb
↵ �M/ �X AM+Hm/2 ?B;?2` KǶb BM i?2 `B;?i THQiX AMb2i b?QmH/ T`Q#�#Hv xQQK BM Km+?
+HQb2` iQ 2ti`2K�HBivH)

b2+iBQM jX q2 b22 i?�i i?2`2 �`2 `2;BQMb Q7 T�`�K2i2` bT�+2 r?2`2 2Bi?2`- MQM2- Q` #Qi?
ivT2b Q7 BMbi�#BHBiB2b �`2 T`2b2MiX (hA, AKTQ`i 2tTH�M�iBQM 7Q` i?2 BMbi�#BHBiv `2;BQMb
7`QK T�T2` k };m`2 RX 1tTH�BM TQBMib A,B,↵- 2i+X) S2`im`#�iBQMb rBi? �/D�+2Mi mǶb
�HbQ Qp2`H�T BM bQK2 `2;BQMb Q7 T�`�K2i2` bT�+2- i?Qm;? i?2b2 Qp2`H�T `2;BQMb �`2 bK�HH
�M/ p2`v +HQb2 iQ 2ti`2K�HBivX

6`QK i?Bb THQi �M/ U9XRRV- r2 +�M BM72` i?�i �b m ! 1- i?2 mMbi�#H2 `2;BQM #2+QK2b
+HQb2` �M/ +HQb2` iQ 2ti`2K�HBiv- #2+QKBM; K2�bm`2 x2`Q BM i?2 HBKBiX

q2 +�M �HbQ /BbTH�v i?2b2 QMb2i +m`p2b rBi? `2bT2+i iQ i?2B` +QMb2`p2/ [m�MiBiB2b- r?B+?
rBHH #2 KQ`2 mb27mH 7Q` /Bb+mbbBM; iBK2 2pQHmiBQMX AM i?Bb +QMi2ti- Bi K�F2b b2Mb2 iQ mb2
i?2 /BK2MbBQMH2bb [m�MiBiB2b E ⌘ GNE/L

3 �M/ J ⌘ GNJ/L
4X 6Q` i?2 Jv2`b@S2``v #H�+F

bi`BM;- r2 Q#i�BM

E =
3⇡

8eL2

1

1� ea2 =
3ek2

8⇡(4� e⌦2
H
)
, J =

⇡

8eL3

ea
1� ea2 =

ek3e⌦H

32⇡2(4� e⌦2
H
)
. U9XRkV

�i 2ti`2K�HBiv- r2 ?�p2

Eext =
3⇡1/3

21/3
J 2/3

. U9XRjV

q2 MQr THQi i?2 QMb2i +m`p2b BM E@J BM 6B;X 8X 6Q` pBbB#BHBiv- r2 b?Qr i?2 2M2`;v rBi?
`2bT2+i iQ i?�i Q7 i?2 2ti`2K�H Jv2`b@S2``v #H�+F bi`BM;, E � EextX h?2b2 THQib +QMi�BM MQ
M2r BM7Q`K�iBQM- #mi �`2 KQ`2 +QMp2MB2Mi 7Q` /Bb+mbbBM; � 7mHH T?�b2 /B�;`�K Q7 bQHmiBQMbX

("q, A +�H+mH�i2/ i?2 HQr2` QMb2i +m`p2b �M/ ;2i i?�i E Bb � +QMbi�Mi i?�i
/2T2M/b QM mX h?Bb /Bb�;`22b rBi? 6B;X 8 r?2`2 i?Bb +m`p2 Bb � p2`iB+�H HBM2X
SH2�b2 +?2+FX) (hA, A Q#i�BM2/ i?2 p2`iB+�H HBM2b UMQi 2t�+iHv bi`�B;?i �M/ p2`v
bHB;?iHv +m`p2/V)

6BM�HHv- r2 b?Qr i?2 `2�H �M/ BK�;BM�`v T�`ib Q7 i?2 7`2[m2M+v 7Q` m = 3 �M/ m = 4

bmT2``�/B�Mi BMbi�#BHBiB2b BM 6B;bX e �M/ dX q2 }M/ i?�i- ivTB+�HHv- BM+`2�bBM; i?2 `Qi�iBQM

Ĝ Rk Ĝ

“Gregory-Laflamme and Superradiance encounter Black Resonator Strings” arxiv:2212.01400 
“Superradiance and black resonator strings encounter helical black strings” arxiv:2301.????
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Figure 5. Comparison between nonlinear solutions and the perturbative results of section 4. The
solid black line is the perturbative expansion, whereas the green disks are the full nonlinear results.
Both curves were generated with e⌦H = 0.66 (though recall that ��H is the di↵erence with respect
to the Myers-Perry black string at the same E and J , so the reference Myers-Perry black string
may have a di↵erent e⌦H). The Myers-Perry superradiant onset is the blue disk with ��H = 0.
The fact that ��H � 0 indicates that black resonators are the dominant configuration.

7 Phase diagram of black resonator strings

In this section we discuss the phase space of solutions among black resonator strings,

Kaluza-Klein geons, and Myers-Perry black strings. We find that whenever solutions co-

exist with the same E and J , the black resonator strings have the highest entropy. In

Fig. 5, we show the entropy di↵erence between a black resonator string and a Myers-Perry

black string (at the same E and J as in (4.14)), for black resonator strings at constant
e⌦H = 0.66. The black solid line shows the perturbative result of (4.14)-(4.15) constructed

in section 4, whereas the green disks give the fully nonlinear numerical data. The agreement

between the two methods near the onset is reassuring.

We now proceed to show the full phase space of solutions in Fig. 6. For presentation,

we show solutions parametrised by (E ,�J ), where �J gives the di↵erence in angular

momentum between a given solution and the corresponding extremal Myers-Perry black

string with the same energy E , i.e. �J = J � Jext MP.

Black resonator strings also have their own extremal limit, which we estimate to be

the magenta line in Fig. 6. To illustrate this, we show in Fig. 7 the temperature ⌧H as

a function of E of four lines of black resonator strings. The arrows in the lines of Fig. 7

indicate the direction of decreasing values of �J . By approaching as close as possible to

zero temperature across many such curves, we obtain the set of magenta points displayed

in Fig. 6.

The black disks in Fig. 6 are the lowest-energy black resonator strings we have managed

to construct. Black resonator strings do not exist too far to the left of this curve because

– 25 –

Higher entropy than the 
MP black string.



Summary

Superradiant instability of Myers-Perry black string was studied.
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6B;m`2 9X PMb2i +m`p2b 7Q` m = 2, 3, 4 bmT2``�/B�Mi BMbi�#BHBiv �M/ i?2 :`2;Q`v@G�~�KK2 BMbi�@
#BHBivX ("q, _2H�#2H �t2b- `2KQp2 K�`F2`b �M/ H�#2Hb- 2t+2Ti TQbbB#Hv i?2 BMi2`b2+iBQMb
↵ �M/ �X AM+Hm/2 ?B;?2` KǶb BM i?2 `B;?i THQiX AMb2i b?QmH/ T`Q#�#Hv xQQK BM Km+?
+HQb2` iQ 2ti`2K�HBivH)

b2+iBQM jX q2 b22 i?�i i?2`2 �`2 `2;BQMb Q7 T�`�K2i2` bT�+2 r?2`2 2Bi?2`- MQM2- Q` #Qi?
ivT2b Q7 BMbi�#BHBiB2b �`2 T`2b2MiX (hA, AKTQ`i 2tTH�M�iBQM 7Q` i?2 BMbi�#BHBiv `2;BQMb
7`QK T�T2` k };m`2 RX 1tTH�BM TQBMib A,B,↵- 2i+X) S2`im`#�iBQMb rBi? �/D�+2Mi mǶb
�HbQ Qp2`H�T BM bQK2 `2;BQMb Q7 T�`�K2i2` bT�+2- i?Qm;? i?2b2 Qp2`H�T `2;BQMb �`2 bK�HH
�M/ p2`v +HQb2 iQ 2ti`2K�HBivX

6`QK i?Bb THQi �M/ U9XRRV- r2 +�M BM72` i?�i �b m ! 1- i?2 mMbi�#H2 `2;BQM #2+QK2b
+HQb2` �M/ +HQb2` iQ 2ti`2K�HBiv- #2+QKBM; K2�bm`2 x2`Q BM i?2 HBKBiX

q2 +�M �HbQ /BbTH�v i?2b2 QMb2i +m`p2b rBi? `2bT2+i iQ i?2B` +QMb2`p2/ [m�MiBiB2b- r?B+?
rBHH #2 KQ`2 mb27mH 7Q` /Bb+mbbBM; iBK2 2pQHmiBQMX AM i?Bb +QMi2ti- Bi K�F2b b2Mb2 iQ mb2
i?2 /BK2MbBQMH2bb [m�MiBiB2b E ⌘ GNE/L

3 �M/ J ⌘ GNJ/L
4X 6Q` i?2 Jv2`b@S2``v #H�+F

bi`BM;- r2 Q#i�BM

E =
3⇡

8eL2

1

1� ea2 =
3ek2

8⇡(4� e⌦2
H
)
, J =

⇡

8eL3

ea
1� ea2 =

ek3e⌦H

32⇡2(4� e⌦2
H
)
. U9XRkV

�i 2ti`2K�HBiv- r2 ?�p2

Eext =
3⇡1/3

21/3
J 2/3

. U9XRjV

q2 MQr THQi i?2 QMb2i +m`p2b BM E@J BM 6B;X 8X 6Q` pBbB#BHBiv- r2 b?Qr i?2 2M2`;v rBi?
`2bT2+i iQ i?�i Q7 i?2 2ti`2K�H Jv2`b@S2``v #H�+F bi`BM;, E � EextX h?2b2 THQib +QMi�BM MQ
M2r BM7Q`K�iBQM- #mi �`2 KQ`2 +QMp2MB2Mi 7Q` /Bb+mbbBM; � 7mHH T?�b2 /B�;`�K Q7 bQHmiBQMbX

("q, A +�H+mH�i2/ i?2 HQr2` QMb2i +m`p2b �M/ ;2i i?�i E Bb � +QMbi�Mi i?�i
/2T2M/b QM mX h?Bb /Bb�;`22b rBi? 6B;X 8 r?2`2 i?Bb +m`p2 Bb � p2`iB+�H HBM2X
SH2�b2 +?2+FX) (hA, A Q#i�BM2/ i?2 p2`iB+�H HBM2b UMQi 2t�+iHv bi`�B;?i �M/ p2`v
bHB;?iHv +m`p2/V)

6BM�HHv- r2 b?Qr i?2 `2�H �M/ BK�;BM�`v T�`ib Q7 i?2 7`2[m2M+v 7Q` m = 3 �M/ m = 4

bmT2``�/B�Mi BMbi�#BHBiB2b BM 6B;bX e �M/ dX q2 }M/ i?�i- ivTB+�HHv- BM+`2�bBM; i?2 `Qi�iBQM

Ĝ Rk Ĝ

In a wider region in the 
parameter space, 
the black string becomes 
unstable.



Collaboration with other 
research area?

Transition from uniform to localized 
distribution of the eigen value of X^1.

GL-instability is described by 
1d SYM (or 2d SYM by T-duality).

Aharony et al 04

GL-instability

Dual picture of the 
superradiant instability?





Superradinat instability of 
rotating black string is subtle.

Scalar                                   unstable stable?       stable?
Maxwell                                unstable* stable?        stable?
Gravitational perturbation     unstable* unstable stable?

D=5                 D=6            D>=7

MP+1d4d Kerr+1d

* : No proof.



This instability is subtle.

No evidence of superradiant instability.D>=6
●Scalar field perturbation
●Maxwell field perturbation
●Gravitational perturbation

D=6 (5d Myers-Perry + 1d)
●Scalar field perturbation
●Maxwell field perturbation

D=5 (4d Kerr + 1d)
●Scalar field perturbation
●Maxwell field perturbation
●Gravitational perturbation

D=6 (5d Myers-Perry + 1d)
●Gravitational perturbation

Unstable to superradiance



Possible end point?
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6B;m`2 9X PMb2i +m`p2b 7Q` m = 2, 3, 4 bmT2``�/B�Mi BMbi�#BHBiv �M/ i?2 :`2;Q`v@G�~�KK2 BMbi�@
#BHBivX ("q, _2H�#2H �t2b- `2KQp2 K�`F2`b �M/ H�#2Hb- 2t+2Ti TQbbB#Hv i?2 BMi2`b2+iBQMb
↵ �M/ �X AM+Hm/2 ?B;?2` KǶb BM i?2 `B;?i THQiX AMb2i b?QmH/ T`Q#�#Hv xQQK BM Km+?
+HQb2` iQ 2ti`2K�HBivH)

b2+iBQM jX q2 b22 i?�i i?2`2 �`2 `2;BQMb Q7 T�`�K2i2` bT�+2 r?2`2 2Bi?2`- MQM2- Q` #Qi?
ivT2b Q7 BMbi�#BHBiB2b �`2 T`2b2MiX (hA, AKTQ`i 2tTH�M�iBQM 7Q` i?2 BMbi�#BHBiv `2;BQMb
7`QK T�T2` k };m`2 RX 1tTH�BM TQBMib A,B,↵- 2i+X) S2`im`#�iBQMb rBi? �/D�+2Mi mǶb
�HbQ Qp2`H�T BM bQK2 `2;BQMb Q7 T�`�K2i2` bT�+2- i?Qm;? i?2b2 Qp2`H�T `2;BQMb �`2 bK�HH
�M/ p2`v +HQb2 iQ 2ti`2K�HBivX

6`QK i?Bb THQi �M/ U9XRRV- r2 +�M BM72` i?�i �b m ! 1- i?2 mMbi�#H2 `2;BQM #2+QK2b
+HQb2` �M/ +HQb2` iQ 2ti`2K�HBiv- #2+QKBM; K2�bm`2 x2`Q BM i?2 HBKBiX

q2 +�M �HbQ /BbTH�v i?2b2 QMb2i +m`p2b rBi? `2bT2+i iQ i?2B` +QMb2`p2/ [m�MiBiB2b- r?B+?
rBHH #2 KQ`2 mb27mH 7Q` /Bb+mbbBM; iBK2 2pQHmiBQMX AM i?Bb +QMi2ti- Bi K�F2b b2Mb2 iQ mb2
i?2 /BK2MbBQMH2bb [m�MiBiB2b E ⌘ GNE/L

3 �M/ J ⌘ GNJ/L
4X 6Q` i?2 Jv2`b@S2``v #H�+F

bi`BM;- r2 Q#i�BM

E =
3⇡

8eL2

1

1� ea2 =
3ek2

8⇡(4� e⌦2
H
)
, J =

⇡

8eL3

ea
1� ea2 =

ek3e⌦H

32⇡2(4� e⌦2
H
)
. U9XRkV

�i 2ti`2K�HBiv- r2 ?�p2

Eext =
3⇡1/3

21/3
J 2/3

. U9XRjV

q2 MQr THQi i?2 QMb2i +m`p2b BM E@J BM 6B;X 8X 6Q` pBbB#BHBiv- r2 b?Qr i?2 2M2`;v rBi?
`2bT2+i iQ i?�i Q7 i?2 2ti`2K�H Jv2`b@S2``v #H�+F bi`BM;, E � EextX h?2b2 THQib +QMi�BM MQ
M2r BM7Q`K�iBQM- #mi �`2 KQ`2 +QMp2MB2Mi 7Q` /Bb+mbbBM; � 7mHH T?�b2 /B�;`�K Q7 bQHmiBQMbX

("q, A +�H+mH�i2/ i?2 HQr2` QMb2i +m`p2b �M/ ;2i i?�i E Bb � +QMbi�Mi i?�i
/2T2M/b QM mX h?Bb /Bb�;`22b rBi? 6B;X 8 r?2`2 i?Bb +m`p2 Bb � p2`iB+�H HBM2X
SH2�b2 +?2+FX) (hA, A Q#i�BM2/ i?2 p2`iB+�H HBM2b UMQi 2t�+iHv bi`�B;?i �M/ p2`v
bHB;?iHv +m`p2/V)

6BM�HHv- r2 b?Qr i?2 `2�H �M/ BK�;BM�`v T�`ib Q7 i?2 7`2[m2M+v 7Q` m = 3 �M/ m = 4

bmT2``�/B�Mi BMbi�#BHBiB2b BM 6B;bX e �M/ dX q2 }M/ i?�i- ivTB+�HHv- BM+`2�bBM; i?2 `Qi�iBQM

Ĝ Rk Ĝ

Helical black string?
(Both of U(1) and R_z broken.)

Ishii’s Talk

”Localized” BH? Taken from 
Lehner & Pretorius 
PRL 105, 101102 (2010)

“Helical” localized BH?
(Localized BH with broken U(1).)
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6B;m`2 RX lMbi�#H2 `2;BQM UH27iV �M/ ;`Qri? `�i2 U`B;?iV Q7 i?2 :`2;Q`v@G�~�KK2 BMbi�#BHBivX 6Q`
`272`2M+2- +`BiB+�H r�p2MmK#2`b �`2 ek(GL)

c ' 1.268916 �i e⌦H = 0 �M/ ek(GL)
c ⇠ 3.783 7Q` i?2 +HQb2bi

+QKTmi2/ bQHmiBQM iQ 2ti`2K�HBivX �HH KQ/2b ?�p2 Tm`2Hv BK�;BM�`v 7`2[m2M+v- Re! = 0X ("q,
*?�M;2 H27i THQi iQ � `2;BQM THQi Q7 kr+ pb ⌦H/⌦ext

H
rBi? i?2 `2;BQM H�#2H2/ ǳmMbi�#H2ǴX

_2KQp2 i?2 /�b?2/ HBM2 �M/ +?�M;2 QT2M b[m�`2b iQ bQHB/ /QibX aBKBH�`Hv `2H�#2H
`B;?i THQiX �/Dmbi pB2rBM; �M;H2 Q7 `B;?i THQi bHB;?iHv bQ i?�i HQr2` �tBb Bb T2`72+iHv
?Q`BxQMi�HX)

jXk :`2;Q`v@G�~�KK2 mMbi�#H2 `2;BQM �M/ ;`Qri? `�i2b
q2 +�M MQr T`2b2Mi Qm` `2bmHib 7Q` i?2 :`2;Q`v@G�~�KK2 BMbi�#BHBivX h?2 mMbi�#H2 `2;BQM
�M/ ;`Qri? `�i2b �`2 b?QrM BM 6B;X RX h?Bb +`BiB+�H r�p2MmK#2` 2tBbib 7Q` �HH p�Hm2b Q7
i?2 `Qi�iBQM mT iQ 2ti`2K�HBiv 0  e⌦H 

p
2X 6Q` x2`Q `Qi�iBQM- i?2 mMbi�#H2 `2;BQM

Bb 0 < ek . 1.268916- r?B+? �;`22b rBi? i?2 BMbi�#BHBiv Q7 i?2 a+?r�`xb+?BH/@h�M;?2`HBMB
#H�+F bi`BM;X �b `Qi�iBQM Bb BM+`2�b2/ iQr�`/b 2ti`2K�HBiv- i?2 mMbi�#H2 `2;BQM ;`Qrb iQ
0 < ek . 3.783 �M/ i?2 ;`Qri? `�i2b �HbQ ;2M2`�HHv BM+`2�b2X AM i?Bb b2Mb2- i?2 :`2;Q`v@
G�~�KK2 BMbi�#BHBiv i2M/b iQ ;2i bi`QM;2` rBi? �//2/ `Qi�iBQMX Pm` `2bmHib �`2 +QMbBbi2Mi
rBi? T`2pBQmb `2bmHib 7QmM/ BM (*Ah1)X

9 h?2 bmT2``�/B�Mi BMbi�#BHBiv Q7 Jv2`b@S2``v #H�+F bi`BM;b

AM i?Bb b2+iBQM- r2 rBHH b?Qr i?�i i?2 Jv2`b@S2``v #H�+F bi`BM; Bb mMbi�#H2 iQ ;`�pBi�iBQM�H
bmT2``�/B�M+2 �M/ +QKT�`2 i?2 mMbi�#H2 `2;BQMb �M/ ;`Qri? `�i2b iQ i?Qb2 Q7 i?2 :`2;Q`v@
G�~�KK2 BMbi�#BHBivX

amT2``�/B�Mi BMbi�#BHBiB2b `2[mB`2 irQ T`BK�`v BM;`2/B2MibX h?2 }`bi Bb �M �KTHB}+�@
iBQM K2+?�MBbK 7Q` bmT2``�/B�Mi b+�ii2`BM;- r?B+? BM i?2 Jv2`b@S2``v #H�+F bi`BM; rBHH #2
T`QpB/2/ #v �M 2`;Q`2;BQMX h?2 b2+QM/ Bb � +QM}MBM; K2+?�MBbK r?2`2 i?2 �KTHB}2/ r�p2b
+�M +QMiBMm2 iQ 2ti`�+i 2M2`;v mMiBH i?2v +�``v 2MQm;? 2M2`;v iQ #�+F`2�+i QM i?2 bT�+2@
iBK2 ;2QK2i`vX �i i?2 Qmib2i- Bi Bb mM+H2�` r?2i?2` i?2 Jv2`b@S2``v #H�+F bi`BM; b�iBb}2b
i?Bb b2+QM/ +`Bi2`BQMX

>2m`BbiB+�HHv- MQM@i`BpB�H E�Hmx�@EH2BM KQ/2b /2+�v �bvKTiQiB+�HHv �b e�
p
k2�!2 r- rBi?

i?2 KQK2MimK �HQM; i?2 bi`BM; /B`2+iBQM T`QpB/BM; �M 2z2+iBp2 K�bbX h?Bb 2z2+iBp2 K�bb
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SR m=2

6B;m`2 kX lMbi�#H2 `2;BQM UH27iV �M/ ;`Qri? `�i2 U`B;?iV Q7 i?2 m = 2 bmT2``�/B�Mi BMbi�#BHBivX
h?2 mMbi�#H2 `2;BQM Bb #QmM/2/ #v irQ QMb2i +m`p2b ek(2)± X 6Q` `272`2M+2- i?2 QMb2i +m`p2b M2�`
2ti`2K�HBiv HB2 �i kr+ = 3.805857 �M/ kr+ = 3

p
2/2- �M/ i?2 BMi2`b2+iBQM Q7 i?2 QMb2i +m`p2b

Q++m`b �i ⌦H/⌦ext
H

= 3
p
2/5 �M/ kr+ = 12/5X("q, *QMp2`i H27i THQi iQ � `2;BQM THQi- `2H�#2H

�t2b iQ kr+ �M/ ⌦H/⌦ext
H

- `2KQp2 `2/ �M/ v2HHQr /�b?2/ HBM2bX G�#2H QMb2i +m`p2b ek(2)± X
aBKBH�`Hv `2H�#2H `B;?i THQiX Ab i?2`2 � `2�bQM r?v i?2 `B;?i THQi Bb mMb?�/2/ BM bQK2
T�`ib\) (hA, >Qr /B/ r2 Q#i�BM kr+ = 3.805857\ Uq?�i ⌦H/⌦ext

H
\V Jv �M�HviB+�H ;m2bb

Bb kr+ =
p
15 ⇠ 3.873 BM i?2 2ti`2K2 HBKBiX LmK2`B+�HHv- ?Qr +HQb2 +�M r2 �TT`Q�+?

2ti`2K�HBiv\)

bmT2``�/B�Mi BMbi�#BHBiv- r?B+? b�iBb}2b ! = m⌦H X 6Q` bm+? KQ/2b- i?2 bvbi2K `2/m+2b iQ
� [m�/`�iB+ 2B;2Mp�Hm2 T`Q#H2K BM

q
ek2 �m2e⌦2

H
("q, SH2�b2 +?2+F hA, /Q vQm K2�M

[m�/`�iB+ BM k\)- r?B+? r2 +�M bQHp2 QM � ;Bp2M #�+F;`QmM/ Jv2`b@S2``v #H�+F bi`BM;
UBX2X 7Q` � ;Bp2M ea Q` e⌦HVX A7 i?2 #�+F;`QmM/ vB2H/b � bQHmiBQM +Q``2bTQM/BM; iQ � TQbBiBp2-
`2�H ek- i?2M i?Bb rQmH/ #2 � +`BiB+�H r�p2MmK#2` ek = ekSRc X

6`QK i?2`2- F22TBM; m �M/ i?2 #�+F;`QmM/ }t2/- r2 �HHQr 7Q` ! 6= m⌦H �M/ p�`v
ek �r�v 7`QK ekSRc - bQHpBM; 7Q` !- r?B+? �TT2�`b �b � MQMHBM2�` 2B;2Mp�Hm2 ("q, SH2�b2
+?2+F)X A7 ! ?�b � TQbBiBp2 BK�;BM�`v T�`i i?2M i?2 #�+F;`QmM/ Bb mMbi�#H2 iQ bmT2``�/B@
�M+2X

LmK2`B+�HHv- r2 �;�BM `2Hv QM Tb2m/QbT2+i`�H K2i?Q/b rBi? � *?2#vb?2p ;`B/ �M/ mb2
� L2riQM@_�T?bQM K2i?Q/ iQ i`�+F KQ/2b �b r2 p�`v T�`�K2i2`bX ("q, LQ`K�HBx�iBQM
+QM/BiBQM\)

9Xk amT2``�/B�Mi mMbi�#H2 `2;BQMb �M/ ;`Qri? `�i2b

6Q` m = 2 bmT2``�/B�Mi T2`im`#�iBQMb- r2 b?Qr i?2 mMbi�#H2 `2;BQM �M/ ;`Qri? `�i2b BM
6B;X kX 6Q` +QKTH2i2M2bb- i?2 `2�H T�`i Q7 i?2 7`2[m2M+v Bb b?QrM BM 6B;X jX q2 b22 i?�i
i?2 mMbi�#H2 `2;BQM Bb #QmM/2/ #v 2ti`2K�HBiv �M/ irQ QMb2i +m`p2b ek(m)

±
Ur2 rBHH b22 H�i2`

i?�i i?2 b�K2 irQ +m`p2b 2tBbi 7Q` ?B;?2` m �b r2HHVX h?2 mTT2` +m`p2 ek(m)
+ Bb Q#i�BM2/ #v

b2�`+?BM; /B`2+iHv 7Q` QMb2i KQ/2b #v b2iiBM; ! = m⌦H X JQ/2b �#Qp2 i?Bb +m`p2 �`2 MQi
�KTHB}2/ #v bmT2``�/B�M+2- �M/ ?2M+2 MQi mMbi�#H2 iQ i?Bb T2`im`#�iBQMX h?2 HQr2` +m`p2
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#BHBivX ("q,*?�M;2 �E iQ E �Eext _2KQp2 H�#2HbX AM+Hm/2 ?B;?2` mǶ QM i?2 `B;?iX >�p2
i?2 BMb2i xQQK BM +HQb2` iQ 2ti2K�HBivX)
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6B;m`2 dX AK�;BM�`v UH27iV �M/ `2�H U`B;?iV T�`ib Q7 i?2 7`2[m2M+v 7Q` i?2 m = 4 bmT2``�/B�Mi
BMbi�#BHBivX ("q,PM2 Q7 i?2 QMb2i +m`p2b QM i?2 H27i THQi Bb +mi QzX)

T`2b2`pBM; Bi �`2 2tT2+i2/ iQ TQT mT MQMHBM2�`HvX G2bb Q#pBQmb �`2 Qi?2` BbQK2i`B2b KBt2/
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T2`im`#�iBQM- r?2`2 r2 7Q+mb QM i?2 +�b2 m = 2X h?2 R@7Q`Kb �̄± U9XRV �`2 ;Bp2M #v

�̄± =
1

2
e
⌥i (⌥id✓ + sin ✓d�) . U9XR9V

�i i?2 QMb2i Q7 i?2 BMbi�#BHBiv ! = 2⌦H - i?Bb KQiBp�i2b mb iQ +?�M;2 +QQ`/BM�i2b 7`QK
(t, z, ) iQ M2r QM2b (T,Z, ) �b

T = t , Z = z ,  =  � ⌦Ht+
k

2
z . U9XR8V

(hA, h?2 +m``2Mi �bbB;MK2Mi (t, z, ) 7Q` `Qi�iBM; 7`�K2 �M/ (T, Z, ) 7Q` MQM@
`Qi�iBM; 7`�K2 Bb +QM7mbBM;X q2 b?QmH/ +?�M;2 MQi�iBQMbX)
h?2B` /m�H p2+iQ`b �`2

@T = @t + ⌦H@ , @Z = @z �
k

2
@ , @ = @ . U9XReV

AM i?2b2 +QQ`/BM�i2b- i?2 BbQK2i`v ;`QmT Q7 i?2 Jv2`b@S2``v #H�+F bi`BM; +�M #2 BMi2`T`2i2/
iQ #2 `2�``�M;2/ BMiQ RT ⇥SU(2)⇥U(1) ⇥U(1)Z X G2i �ı /2MQi2 i?2 BMp�`B�Mi R@7Q`Kb 7Q`
(✓,�, )- BX2X  BM �̄ı Bb `2TH�+2/ rBi?  X h?2M- �i i?2 QMb2i Q7 BMbi�#BHBiv- i?2 T2`im`#�iBQM
U9XeV i�F2b i?2 7Q`K BM/2T2M/2Mi Q7 (T, Z)-

hMNdxMdxN
��
m=2,!=2⌦H

= r
2
Q(r)�2� , U9XRdV

h?Bb #`2�Fb U(1) #2+�mb2 Q7 �2�X "v �HbQ BM+Hm/BM; i?2 +QKTH2t +QMDm;�i2 iQ K�F2 i?2
T2`im`#�iBQM `2�H- i?2 MQ`K�H KQ/2 T2`im`#�iBQM 7Q` i?2 QMb2i Q7 BMbi�#BHBiv +�M #2 ;Bp2M
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Superradiance
Wave amplification by the rotating black hole.
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“Wave version of the Penrose process”



Decoupled 
gravitational perturbation

Cohmogeneity-1 NUBS

1 Perturbation of MP-string

We consider the Myers-Perry string

ds2 = −f(r)dt2 +
dr2

g(r)
+

r2

4
{σ2

1 + σ2
2 + β(r)(σ3 + 2Ω(r)dτ)2}+ dz2 , (1.1)

where

σ1 = − sinχdθ + cosχ sin θdφ ,

σ2 = cosχdθ + sinχ sin θdφ ,

σ3 = dχ+ cos θdφ .

(1.2)

and

g(r) = 1− 2µ

r2
+

2a2µ

r4
, β(r) = 1 +

2a2µ

r4
,

Ω(r) = ΩH − 2µa

r4 + 2a2µ
, f(r) =

g(r)

β(r)
.

(1.3)

Regularity condition is a ≤ 2µ. The horizon r = rh is located at g(r = rh) = 0. We

chose the constant ΩH so that h(rh) = 0 is satisfied:

ΩH =
2µa

r4h + 2a2µ
. (1.4)

This corresponds to the angular velocity of the horizon. This satisfies Ω ≤ Ωext =

1/(
√
2rh).

Let us define

σ± =
1

2
(σ1 ∓ iσ2) =

1

2
e∓iχ(∓idθ + sin θdφ) . (1.5)

These 1-forms satisfy

Li∂χσ± = ±σ±, (1.6)

Now, we consider a special gravitational perturnation:

hµνdx
µdxν = e−iωt+ikzr2δα(r)σ2

+ . (1.7)

The perturbation equation for δα is given by

δα′′ +

{
(fgβ)′

2fgβ
+

3

r

}
δα′

+

{
(fgβ)′

rfgβ
+

4

r2

(
1 +

β

g
− 4

gβ

)
+

(ω − 4Ω)2 − fk2

fg

}
δα = 0 . (1.8)
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Under χ-translation,
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Above is unique perturbation 
which is SU(2)-symmetric and has U(1)-charge m=+2. 

Decouple 
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