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Various applications

Quantum many-body physics in 
condensed matter physics 2

https://www.chemistryworld.com/news/room-temperature-superconductivity-
finally-claimed-by-mystery-material/4012591.article

Superconductor

From Wikipedia

Solar cell

https://www.acs.org/education/resources/highschool/chemmatt
ers/past-issues/archive-2013-2014/how-a-solar-cell-works.html

Artificial photosynthesis

Nature Food 3, 461–471 (2022).

Spintronics
Nature Electronics 2, 274–283 (2019).

Quantum computer

https://www.forbes.com/sites/moorinsights/2019/09/16/quantum-computer-battle-royale-upstart-ions-versus-old-guard-
superconductors/?sh=2fcebae32cb8



Quantum Lattice Model 3

• Quantum spin systems（XXZ model）

• Hubbard model (Fermion/Boson)

• Kitaev model under the magnetic field

𝐻𝐻 = ∑ 𝑖𝑖,𝑗𝑗 𝐽𝐽𝑥𝑥𝑥𝑥 𝑠𝑠𝑖𝑖𝑥𝑥𝑠𝑠𝑗𝑗𝑥𝑥 + 𝑠𝑠𝑖𝑖
𝑥𝑥𝑠𝑠𝑗𝑗

𝑥𝑥 + 𝐽𝐽𝑧𝑧𝑠𝑠𝑖𝑖𝑧𝑧𝑠𝑠𝑗𝑗𝑧𝑧

𝐻𝐻 = −𝑡𝑡 ∑𝜎𝜎 𝑖𝑖,𝑗𝑗 𝑐𝑐𝑖𝑖𝜎𝜎
† 𝑐𝑐𝑗𝑗𝜎𝜎 + 𝑈𝑈∑𝑖𝑖 𝑛𝑛𝑖𝑖↑𝑛𝑛𝑖𝑖↓

𝐻𝐻 = −∑𝛾𝛾∑ 𝑖𝑖,𝑗𝑗 𝛾𝛾
𝐽𝐽𝛾𝛾𝑠𝑠𝑖𝑖

𝛾𝛾𝑠𝑠𝑗𝑗
𝛾𝛾 − 𝒉𝒉 ⋅ ∑𝑖𝑖 𝒔𝒔𝑖𝑖

Honeycomb Lattice

Square Lattice

Pyrochlore Lattice

(Time independent) Schrödinger equation 𝐻𝐻 Ψ = 𝐸𝐸Ψ Ψ

Etc…



Ultimate Goal of Quantum Solver (QS) 4

𝐸𝐸g
𝑁𝑁

= −1.401484 …

Ground-state
energy

Correlation 
functions

Magnetization 
curve

Energy
dispersion

Real-time 
evolution

Dynamical correlation functions / structure factor 

Hamiltonian of
𝑆𝑆 = 1 Heisenberg

spin chain
Refs.：PRB 48, 3844 (1993); PRB 48, 10345 (1993); PRB 64, 224422 (2001); PRB 85, 100408(R) (2012); PRB 86, 245107 (2012).



Limitations of Exact solver 5

• Numerical diagonalization
~50 spin-1/2 systems @ Sekirei (ISSP)

30 spin-1 systems @ Fugaku (RIKEN)

• State vector simulation
48-qubit simulation @ K (RIKEN)

Intel Quantum simulator

mpiQulacs for Fugaku

H De Raedt, Comput. Phys. Commun. 237, 47 (2019).

Numerical cost: 𝒪𝒪 exp 𝑁𝑁

A. Wietek and A. M. Läuchli, Phys. Rev. E 98, 033309 (2018).

H. Nakano, et al., J. Phys. Soc. of Jpn. 91, 074701 (2022).

S. Imamura, et al.: arXiv:2203.16044.

G. G. Guerreschi, et al.: Quantum Sci. Technol. 5, 034007 (2020).Fugaku (RIKEN)



Typical numerical approach 6

• Quantum Monte Carlo (QMC) • Variational method
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https://aics.riken.jp/aicssite/wp-content/uploads/2016/01/3harada.pdf

Quantum 
𝐷𝐷-dim.

Classical 
𝐷𝐷 + 1 -dim.

Sampling simulation

Solving problem “exactly” within stat. error

Sign problem: Frustrated system
Fermion system

Design of wave-function ansatz

• Variational Monte Carlo (VMC)

𝜓𝜓 = 𝒫𝒫𝒫 𝜙𝜙Pf
Pair-product part of the WF 
Quantum-number projectors
Correlations (Gutzwiller, Jastrow, …)

T. Misawa et al., Comput. Phys. Commun. 235, 447 (2019).

• Tensor network (TN)



Design guidelines for TN 7

A quantum state on an 𝑁𝑁-site system: 

Q. How can we store a 𝑑𝑑𝑁𝑁-dim. vector approximately in phys. mem. space < 𝑑𝑑𝑁𝑁 ?

http://maru.bonyari.jp/texclip/texclip.php?s=%5Cbegin%7balign*%7d%5CPsi%5Cend%7balign*%7d


Design guidelines for TN 8

A

B

C E

D Z

Y

A quantum state on an 𝑁𝑁-site system: 

A. Introducing tensor decompositions where each tensor can store in the computer.



A. Introducing tensor decompositions where each tensor can store in the computer.

Design guidelines for TN 9

A

B

C E

D Z

Y

Q. How to determine TN structures?

A. Depends on the Hamiltonian!
Key: Entanglement
TN structure
⇔ Limitation of Ent. in variational states.

A quantum state on an 𝑁𝑁-site system: 
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A quantum state on an 𝑁𝑁-site system: 



Design guidelines for TN 11
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A quantum state on an 𝑁𝑁-site system: 

Maximum Ent. Ent. ＝ log( Schmidt rank of the matrix Ψ𝑎𝑎𝑎𝑎 )
 log(Direct prod. dim. of tensor leg across A and B）

Example of this slide: max EE = log[max(b2c1)]

Sufficiently large 
area A and B



Design guidelines for TN 12
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A quantum state on an 𝑁𝑁-site system: 

Maximum Ent. Ent. ＝ log( Schmidt rank of the matrix Ψ𝑎𝑎𝑎𝑎 )
 log(Direct prod. dim. of tensor leg across A and B）

Example of this slide: max EE = log[max(b2c1)]

Sufficiently large 
area A and B

Key: Entropic area law
EE of G.S. in 𝑑𝑑-dimensional
Quantum systems: 

SA = O(ℓ𝒅𝒅−𝟏𝟏)
* Logarithmic corrections can 

appear in critical systems

Review: Eisert, Cramer, and Plenio: 
Rev. Mod. Phys. 82 (2010) 277.



Established TNs 13

Ψ

𝑑𝑑 dim.

𝜒𝜒 dim.

2D Square
OBC

MPS

TPS/PEPS MERA

Total Hilbert space: 𝑑𝑑𝑁𝑁

𝑁𝑁-site systems
MPS

𝜒𝜒 = 2

𝜒𝜒 = 10
𝜒𝜒 = 100

TPS/PEPS

MERA

Good 
TN

Good approximation of target
quantum states with small 𝜒𝜒

How can we design TNs in 
inhomogeneous systems?

Review: R. Orus, Ann.Phys. 349, 117 (2014).



A definition of “Optimal” TN 14

Today’s target: Tree TN (TTN) : Physical 𝑑𝑑 degrees of freedom

: Isometry

=

Subsystem A Subsystem B

Ψ = ∑𝑖𝑖𝑗𝑗 Ψ𝑖𝑖𝑗𝑗 𝑖𝑖 A 𝑗𝑗 B

= ∑𝑖𝑖𝑗𝑗𝛼𝛼 𝑈𝑈𝑖𝑖𝛼𝛼Λ𝛼𝛼𝑉𝑉𝑗𝑗𝛼𝛼∗ 𝑖𝑖 A 𝑗𝑗 B

= ∑𝛼𝛼 Λ𝛼𝛼 𝛼𝛼 A 𝛼𝛼 B

: Schmidt coefficient (≥ 0)

= 1

Schmidt decomposition

SVD



A definition of “Optimal” TN 15

Today’s target: Tree TN (TTN)

Subsystem A Subsystem B

𝑆𝑆EE(𝐴𝐴) = −∑𝛼𝛼 Λ𝑎𝑎2 logΛ𝛼𝛼2
Entanglement entropy (EE)

“Optimal” decomposition of 1st step

Min. # of 𝜒𝜒 ~ 𝑒𝑒𝑆𝑆EE

A ∈ argminA′ 𝑆𝑆EE(A′)

Total # of bipartite patterns: 𝑂𝑂(2𝑁𝑁)

Total # of TTN patterns: 2𝑁𝑁 − 5 ‼

Ex)   216 = 65536
27‼ = 213458046676875

Too large!!



A definition of “Optimal” TTN 16

“Optimal” TTN: Recursive “optimal” decomposition
K. Okunishi, HU, T. Nishino, arXiv:2210.11741.

Top-down approach (𝑵𝑵 is up to 16.)

“Optimal” decomposition for 𝑛𝑛 + 1 generation

MMI: minimization of mutual information

MMX: minimization of the maximum loss

Q𝑛𝑛A ∈ argminA′ 𝑓𝑓MMX/I(Q𝑛𝑛A′)

Const. in TTN

Total # of bipartite patterns: 𝑂𝑂(2𝑁𝑁𝑄𝑄𝑛𝑛)



A definition of “Optimal” TTN 17

“Optimal” TTN: Recursive “optimal” decomposition
K. Okunishi, HU, T. Nishino, arXiv:2210.11741.

Top-down & deterministic approach (𝑵𝑵 is up to 16.)

Isometry

Schmidt 
coefficient



Results and Variational Optimization 18

𝑆𝑆 = 1/2 antiferromagnetic Heisenberg (AFHB) chain w/ OBC

𝜒𝜒 = 8

Perfect-binary TTN (1D) [Typical TN]

Uniform MPS [Typical TN]

Using 𝑓𝑓MMI/X

𝜒𝜒 dim.
Consistent w/ our bottom-up approach
T. Hikihara, HU, K. Okunishi, K. Harada, 
T. Nishino, arXiv:2209.03196.



minimizing the maximum loss 
of the EE due to the truncation

Results and Variational Optimization 19

𝜒𝜒 = 8

Using  𝑓𝑓MMX

Perfect-binary TTN (2D)
[Typical TN]

Snake MPS
[Typical TN]

Good guiding principle

𝜒𝜒 dim.

𝑆𝑆 = 1/2 AFHB model on the square lattice w/ OBC



TTN structure prediction 20

64-site systems

E(Snake MPS w/ 𝜒𝜒 = 64) ≃ E(ext. TTN w/ 𝜒𝜒 = 20)

Mem. Cost  (Single-site): 𝑑𝑑𝜒𝜒2 = 8192 𝜒𝜒3 = 8000

Calc. Cost (Single-site): 𝑑𝑑𝜒𝜒3~5.2 × 105 𝜒𝜒4~1.6 × 105

≃

>



Automatic optimization of TN structure 21

Target: large-scale TN structure
Up-date scheme: Finite-size DMRG & Local reconnection 

Typical update process:

𝑎𝑎
𝑎𝑎

𝑐𝑐
𝑑𝑑 (a) Prepare an initial wave function Ψ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

(b) Diag. effective Ham. �𝐻𝐻𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎,𝑎𝑎′𝑎𝑎′𝑎𝑎′𝑎𝑎′

G.S. of �𝐻𝐻 : �Ψ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
(c) SVD: �Ψ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = ∑𝑒𝑒 𝑈𝑈𝑎𝑎𝑎𝑎,𝑒𝑒Λ𝑒𝑒𝑉𝑉𝑎𝑎𝑎𝑎,𝑒𝑒

∗

T. Hikihara, HU, K. Okunishi, K. Harada, T. Nishino, 
arXiv:2209.03196, to appear in Phys. Rev. Research.



Automatic optimization of TN structure 22

Target: large-scale TN structure
Up-date scheme: Finite-size DMRG & Local reconnection

𝑎𝑎
𝑎𝑎

𝑐𝑐
𝑑𝑑

Bottom-up & deterministic approach

Select the decomposition 
of the least-EE

Sweep the entire TTN by repeating reconnections
(guide to the eyes)



Numerical Results 23

Hierarchical AFHB chain

𝑁𝑁 = 2 𝑁𝑁 = 4

𝑁𝑁 = 16

Connect two 2𝑛𝑛-site units via exchange
𝛼𝛼𝑛𝑛𝐽𝐽 to form 2𝑛𝑛+1-site unit.

The recursive RG procedure yields the pbTTN
as long as the alpha is sufficiently small.

https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%20%20%5Cmathcal%7BH%7D%20%3D%20%5Csum_i%20J_i%20%7B%5Cbm%20S%7D_i%20%5Ccdot%20%7B%5Cbm%20S%7D_%7Bi%2B1%7D%0A%5Cend%7Balign*%7D


Numerical Results 24

Initial: MPN

After 1st sweep

After 2nd sweep

𝛼𝛼 = 0.5, 𝑁𝑁 = 64, 𝜒𝜒max = 26

Consistent with the TN w/ the recursive RG

Max. EE 
in MPN

Max. EE 
in optimal
TTN



Summary 25

Search for TTN matching the entanglement structure of quantum many-body states

• TN: pattern of tensor decomposition

Entanglement
• Accuracy of numerical simulation of quantum many-body systems

Geometric structure of TN

• Searching algorithm for “optimal” TTN
Top-down Minimizing the maximum loss of the EE (MMX) due to the truncation

K. Okunishi, HU, T. Nishino, arXiv:2210.11741.

Bottom-up DMRG + Local reconnection of TN according to the MMX principle
T. Hikihara, HU, K. Okunishi, K. Harada, T. Nishino, 
arXiv:2209.03196, to appear in Phys. Rev. Research.

http://maru.bonyari.jp/texclip/texclip.php?s=%5Cbegin%7balign*%7d%0a%5CPsi%0a%5Cend%7balign*%7d


• Variational optimization problem for non-uniform systems

Possibilities for new collaborative 
research between different disciplines 26

Random spin 
systemsFrom Wikip

edia

Quantum 
chemistryNature Reviews Chemistry 4, 490 (2020).

Real-time 
evolution

• Efficient quantum circuit encoding (QCE) of a given quantum state

Quantum computer

Ψi

QCE 0
0
0
0

TNE

Classical computer

• Network geometry of a discrete system Geometry in the corresponding 
continuous system

“Optimal” TN ??? Ex) Gauge-gravity 
correspondence

T. Shirakawa, HU, S. Yunoki, 
arXiv:2112.14524.



Supplement: Kitaev materials 27



Supplement: TPS/PEPS results 28

F. Verstraete, J. I. Cirac, arXiv:cond-mat/0407066

Ref.) Opt TTN / pbTTN with 𝜒𝜒 = 8:  1 − 9.05/9.19~0.015
⇔ TPS/PEPS 𝐷𝐷~2



Supplement: Intermediate structures 29

T. Hikihara, HU, K. Okunishi, K. Harada, T. Nishino, arXiv:2209.03196, to appear in Phys. Rev. Research.
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