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Quantum many-body physics in

condensed matter

Various applications
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Nature Electronics 2, 274-283 (2019).
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Quantum computer




Quantum Lattice Model

(Time independent) Schrodinger equation H|W¥) = Ey|W¥)

» Quantum spin systems (XXZ model)

H =X []xy (Sixij + Siysjy) +]ZSiZS]-Z]
ERSEERE
L IJEY |

« Hubbard model (Fermion/Boson)
H=—t) cl Cig + U Xininyy

lo

- Kitaev model under the magnetic field >auare Lattice
H=—%yEup,Jysis) —h Lis

Etc Pyrochlore Lattice



Ultimate Goal of Quantum Solver (QS)
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Refs. : PRB 48, 3844 (1993); PRB 48, 10345 (1993); PRB 64, 224422 (2001); PRB 85, 100408(R) (2012); PRB 86, 245107 (2012).



Limitations of Exact solver

Numerical cost: O(exp(N))

« Numerical diagonalization
~50 spin-1/2 systems @ Sekirei (ISSP)

A. Wietek and A. M. Lauchli, Phys. Rev. E 98, 033309 (2018).

30 spin-1 systems @ Fugaku (RIKEN)

H. Nakano, et al., J. Phys. Soc. of Jpn. 91, 074701 (2022).

7 ‘ W - State vector simulation
/
& 48-qubit simulation @ K (RIKEN)

H De Raedt, Comput. Phys. Commun. 237, 47 (2019).

Intel Quantum simulator

G. G. Guerreschi, et al.: Quantum Sci. Technol. 5, 034007 (2020).

mpiQulacs for Fugaku

S. Imamura, et al.: arXiv:2203.16044.

/

,

Fugaku (RIKEN)



Typical numerical approach

« Quantum Monte Carlo (QMC)

: LLy,
Quantum L }
D'dim. qé - -:r__'l; L AT

|_
| >
O
Classical %
(D + 1)-dim. ‘HE"

Sampling simulation

Y

https://aics.riken.jp/aicssite/wp-content/uploads/2016/01/3harada.pdf
Solving problem “exactly” within stat. error

Sign problem: Frustrated system
Fermion system

 Variational method

Design of wave-function ansatz

« Tensor network (TN)

TPS/PEPS

Tensor network (TN)

« Variational Monte Carlo (VMCQC)

[Y) = PL|pps)
N — Pair-product part of the WF
@"i Quantum-number projectors
> Correlations (Gutzwiller, Jastrow, )
VU

T. Misawa et al., Comput. Phys. Commun. 235, 447 (2019).



Design guidelines for TN

A quantum state on an N-site system: V) =3 .. VYo, oxlor---0N) oi=1,-- .d

(Ul .. .UN|\IJ> —

Jilidd-l ]

01 02 03 04 O Og O7 08 +--+-ON—30N—20N—_-10N

Q. How can we store a dV-dim. vector approximately in phys. mem. space < dV ?


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cbegin%7balign*%7d%5CPsi%5Cend%7balign*%7d

Design guidelines for TN

A quantum state on an N-site system: V) =3 .. VYo, oxlor---0N) oi=1,-- .d
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A. Introducing tensor decompositions where each tensor can store in the computer.



Design guidelines for TN

A quantum state on an N-site system: V) =3 .. VYo, oxlor---0N) oi=1,-- .d

Zﬂ,lblbg"'l‘gyl AC’1520185304U55152 Cﬂ-151C1D520607d1EC1€1€2 T Y’Ulwli‘-lyl ZTleUN—:—;JN—zC’N—lUN

(Ul”'UN|‘P>= eee

Q. How to determine TN structures?

A. Depends on the Hamiltonian! <L
Key: Entanglement O

TN structure
& Limitation of Ent. in variational states.

A. Introducing tensor decompositions where each tensor can store in the computer.

20N—-10N




Design guidelines for TN

A quantum state on an N-site system: V) =3 .. VYo, oxlor---0N) oi=1,-- .d
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Design guidelines for TN

A quantum state on an N-site system: V) =3 .. VYo, oxlor---0N) oi=1,-- .d
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L)

Maximum Ent. Ent. = log( Schmidt rank of the matrix ¥, )

Sufficiently large
area A and B

<01 .. .UN|\IJ> —

> log(Direct prod. dim. of tensor leg across A and B)

Example of this slide: max EE = log[max(b,c,)]




Design guidelines for TN

A quantum state on an N-site system: V) =3 .. VYo, oxlor---0N) oi=1,-- .d

N

Zﬂ,lblbg"'l‘gyl AC’1520185304U55152 Cﬂ-151C1D520607d1EC1€1€2 T Y’Ulwli‘-lyl ZTleUN—:—;JN—zC’N—lUN

A —4dA p
' —‘f;e_y: Entropic area law

EE of G.S. in d-dimensional
4~ Quantum systems:

_— d-1
S, = O(¢#4-1)
/ * Logarithmic corrections can

/ appear in critical systems
|~ Review: Eisert, Cramer, and Plenio:

Rev. Mod. Phys. 82 (2010) 277.

Maximum Ent. Ent. = log( Schmidt rank of the matrix lPabL)/

Sufficiently large - :
~rea A and B > log(Direct prod. dim. of tensor leg across A and B)

<01 .. .UN|\IJ> —

Example of this slide: max EE = log[max(b,c,)]




Established TNs

d dim. N
C’fl‘/
2D Square
OBC

TPS/PEPS

Total Hilbert space: dV
TPS/PEPS

¥ =10 \ N-site systems MERA

¥ =100

13

Review: R. Orus, Ann.Phys. 349, 117 (2014).

MERA

Good , . Good approximation of target
TN quantum states with small y

How can we design TNs in

inhomogeneous systems?



A definition of “Optimal” TN

Today's target: Tree TN (TTN) O : Physical d degrees of freedom

b—) . Isometry
~ A

- 9
- \ On® o -@-: Schmidt coefficient (= 0)
," “‘ \\\ @
I, . , . . — 1
'l \“ ! . @ T
- () e e ® 9 ® . .
R W O Schmidt decomposition
0 O S L
- O—>( ) ® O W) = 2 Wijlidalids
. . . ‘\\ . Sﬂ) U A V* p .
\ @ A = Zija ialla jall)Al])B

Subsystem A Subsystem B = DaAgla)ala)p



A definition of “Optimal” TN

Today’s target: Tree TN (TTN)

Subsystem A

Subsystem B

Entanglement entropy (EE)
See(A) = — X4 A log A,
Min. # of y ~ e°EE

Total # of TTN patterns: (2N —5) !!

Ex) 216 = 65536

2711 = 213458046676875
Too large!!

“Optimal” decomposition of 1st step
A € argmin,s Sgg(A")

Total # of bipartite patterns: 0(2")



A definition of “Optimal” TTN

“Optimal” TTN: Recursive “optimal” decomposition
K. Okunishi, HU, T. Nishino, arXiv:2210.11741.

|
23415 78 “Optimal” d ition f 1 ti
' GA/ - \G]% ptima e;:omp05| 10N TOr n + 1 generation
(152 3 4) 5637 8) Q,=AB---A
|
GAA/ \GAB GBA/ ' \GBB fux = max(S(Gq, 4),5(Gq,B))
1 i 1 R .
I MMX: minimization of the maximum loss
iz » Gie @O Const.in TTN
¥ \, ¥ 2R’ fur = S(Gq,a) + S(Gq,B) —[S(Gq,a UGq,s)]
MMI: minimization of mutual information
(6) (8 -
@ ,E-\ ©© O © QnA € argminy fumx/1(QrA’)
I ' . Ng,
Total # of bipartite patterns: 0(2"2x»)

Top-down approach (N is up to 16.)




A definition of “Optimal” TTN

|II

“Optimal” TTN: Recursive “optimal” decomposition

K. Okunishi, HU, T. Nishino, arXiv:2210.11741.

(l Schmidt
coefficient 8

2 3 4
Ga / \ Gg ,——— Isometry
; ' L Taa

(152 3 4) G 617 8)

Gasg ' \Cas Guaf ' \Con

Ty
()
(@)
~
(020)
N/

O @38 6o
2L
.

Top-down & deterministic approach (N is up to 16.)



Results and Variational Optimization

S = 1/2 antiferromagnetic Heisenberg (AFHB) chain w/ OBC

VAR
0.4204 0.4204 f F‘[ ;: i ;: j: i \
‘K 12 3 -
e .

123 - w14 15 16 0.5306 0.6724  0.6931 0.6931 Uniform MPS [Typical TN]
. TS
dimer MPS 15 16
0. 5783 07339 o0 6931 0. 6931
Consistent w/ our bottom-up approach /.‘ K
T Nishine i 320005186 9% 059230758 oue oo «— x dim.
) 2 N T
05783 0.7548  0.6931 0. 6931 /[\ )\ /\ )\
/,’ +\‘ \. r T T 1T T T T T T T T T T T T
eaode e o cent 10 Perfect-binary TTN (1D) [Typical TN]
y 4 I #
0.4204 0.6724 0693106931 . FE AF
/?’ Using fumi/x Exact| -6.911737146- -- —
0.6931 0.6931  0.6931 0.6931 dimer MPS| -6.911614696 0.00122

uniform MPS| -6.911558558 0.00179 y =8

4 s R
2 3 Entanglement bipartitioning pbTTN| -6.891960394 0.01977

M/




Results and Variational Optimization

S =1/2 AFHB model on the square lattice w/ OBC

Using fumx |\

/\ ‘16 Jo
/ \ 15 .
/ \ 2 \

11 0.6
/’/\R. 0.4 .
10
/Z Q f\ﬁ; 0.2 Snake MPS Perfect-binary TTN (2D)
\ PR [Typical TN] [Typical TN]
/\. > A ’ ) 1 — 0.0 \ M \ \
I 2 3 4 \\/\Jf f)/u
E AE . .

Factl 9189207 - — Good guiding principle

MMX| -9.052564 0.136643 minimizing the maximum loss
MMI| -8.980623 0.208584 , _ g of the EE due to the truncation
pbTTN|[ -9.052564 0.136643

snake MPS -8.760211 0.428996




TTN structure prediction

. -48.5 I I | |
64-site systems ]
-49.0 - -
495 u —
-50.0 |- = .
&3 PN snake MPS
-50.5 ° u -
L 2 [ |
[}
S1o0k ) 'prTN . B
]
15k S s $ PN .
' extended network ]
-52.0 | ] | ] | ]
0 10 20 30 40 50 60 X 70

E(Snake MPS w/ y = 64) =~ E(ext. TTN w/ y = 20)
Mem. Cost (Single-site): dy* = 8192 ~  ¥3=8000

Calc. Cost (Single-site): dy3~5.2 x 10> >  y*~1.6 x 10°



Automatic optimization of TN structure 21

T. Hikihara, HU, K. Okunishi, K. Harada, T. Nishino,

Ta rget: |arge—Sca|e TN structure arXiv:2209.03196, to appear in Phys. Rev. Research.
Up-date scheme: Finite-size DMRG & Local reconnection

Q Typical update process:
()

o—0 . O RS O g
~ 9, Q o b ’
. () () bh--- () C) M) €

- \\ .

e '@ G © ¢ N\d

1 / @ >
@ C 5() ()

()7 .- A J ® ® (a) Prepare an initial wave function ¥ ;.4
() o O—() ~ o 0) (b) Diag. effective Ham. Hypeq o' c’a’
C () O ® ® () G.S. of H . qjabcd
O

(C) SVD: (pabcd — Ze Uab,eAch*d,e



Automatic optimization of TN structure 22

Target: large-scale TN structure
Up-date scheme: Finite-size DMRG & Local reconnection

Sweep the entire TTN by repeating reconnections

.
8 de to th
Q. / (quide to the eyes
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Bottom-up & deterministic approach




Numerical Results

Hierarchical AFHB chain

H= Z JiSi - Sit1

4
N =2 omo N =4 oxgéno
J J J

al o al & aJ o4 alJ
N = 16 comomCmO om0 OmOm=CmaOn » ComOmeCmmO

J J J J J J J J

Connect two 2™-site units via exchange The recursive RG procedure yields the pbTTN
a™] to form 2™+ 1-site unit. as long as the alpha is sufficiently small.


https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%20%20%5Cmathcal%7BH%7D%20%3D%20%5Csum_i%20J_i%20%7B%5Cbm%20S%7D_i%20%5Ccdot%20%7B%5Cbm%20S%7D_%7Bi%2B1%7D%0A%5Cend%7Balign*%7D

Numerical Results

100k ' ' : 1 Max. EE
Initial: MPN - =
It ; | €= in MPN
BB TUTOTTOTOE000; < /7% 55
; g in optimal
;@&@&@8}@&5%@%@%@%; TTN
After 1st sweep A B A A ad A Ay ‘
S L ol Lo AP Aon ]
) 3 o0 ¢ ® oo ;
& [ _4 O l
10 — —
. . . . 0 100
3 : 2 3 5 4 : L Type Maximun Average
F N N N N L N L N L N L N N L N L NP NP NP L Q. S optimized TTN (N = 64) 0.1110  0.0640
optimized TTN (N = 128) 0.1110  0.0625
After 2nd sweep MPN (N = 64) 0.6935  0.3697
MPN (N = 128) 0.6935  0.3719

Consistent with the TN w/ the recursive RG



Summary

Search for TTN matching the entanglement structure of quantum many-body states

* TN: pattern of tensor decomposition M » a

 Accuracy of numerical simulation of quantum many-body systems

H
t Entanglement
Geometric structure of TN W %

» Searching algorithm for “optimal” TTN
Minimizing the maximum loss of the EE (MMX) due to the truncation

K. Okunishi, HU, T. Nishino, arXiv:2210.11741.

DMRG + Local reconnection of TN according to the MMX principle

T. Hikihara, HU, K. Okunishi, K. Harada, T. Nishino,
arXiv:2209.03196, to appear in Phys. Rev. Research.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cbegin%7balign*%7d%0a%5CPsi%0a%5Cend%7balign*%7d

Possibilities for new collaborative

research between different disciplines

» Variational optimization problem for non-uniform systems sl e
R TR . RS A ol '
..,i.l L5 £l
? N | @
, ~~ Random spin o1 ] _
?}‘ FromW|k|'J systems v V) Quantum oz | Real-time
g J\l'ature RevidwsChe |stry4 490 (2020). chemistry ool evolution
« Efficient quantum circuit encoding (QCE) of a given quantum state
TNE ; QCE 10)
» - -
0)
Classical computer T Jhirokawa, H 5. Yunok, Quantum computer

Geometry in the corresponding

« Network geometry of a discrete system “ continuous system

y _ . Ex) Gauge-gravity
Optimal” TN 4mmp  ??? correspondence



Supplement: Kitaev materials

Physics Reports 950 (2022) 1-37

Contents lists available at ScienceDirect

PHYSICS REPORTS

Physics Reports

FI SEVIER journal homepage: www.elsevier.com/locate/physrep

Kitaev materials )

s % o2 . Check for
Simon Trebst ", Ciaran Hickey C
Institute for Theoretical Physics, University of Cologne, 50937 Cologne, Germany
ARTICLE INFO ABSTRACT
Article history: In transition-metal compounds with partially filled 4d and 5d shells spin-orbit en-
Received 3 March 2021 tanglement, electronic correlations, and crystal-field effects conspire to give rise to a
Received in revised form 2 November 2021 variety of novel forms of topological quantum matter. This includes Kitaev materials

Accepted 7 November 2021
Available online 3 January 2022
Editor: P. van Loosdrecht

— a family of spin-orbit assisted Mott insulators, in which local, spin-orbit entangled
j = 1/2 moments form that are subject to dominant bond-directional Ising exchange
interactions. On a conceptual level, Kitaev materials attract much interest for their

Keywords: potential for unconventional forms of magnetism, such as spin liquid physics in two-
Spin-orbit entangled Mott insulators and three-dimensional lattice geometries or the formation of non-trivial spin textures.
Kitacv model Experimentally, a number of Kitaev materials have been synthesized, which includes the
Spin liquids honeycomb materials NaIrO;, a-Li;IrO3, H;Lilr;Og, and, most prominently, -RuCly, the

triangular materials Ba,lr,Ti; ,Oq, as well as the three-dimensional hyper-honeycomb

and stripy-honeycomb materials f-Li;IrOs and y-LizIrOs. We provide a short review

of the current status of the theoretical and experimental exploration of these Kitaev

materials.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.orgflicenses/by/4.0/).




Supplement: TPS/PEPS results

F. Verstraete, J. I. Cirac, arXiv:cond-mat/0407066

7 R A AN AN I3 .—“‘I
‘\"Q?j .‘99?’; l‘?ﬂ?’l “909: .\?Q"‘ LIE Al OrILIIIL IS POLYHIOIAL 11 4V all 1/,
We have first considered a 4 x 4 lattice on which the
imaginary time evolution can be determined exactly. In
P & o 2 N Fig. 2, we plottied 1l;he exact_ evo]ution. versus the_ one
L oY N \?09 % E:.: 3‘\'39),‘ where the evolution is approximated variationally within
] the PEPS with bonds of dimension D = 2.3 (D = 4 can-
not be distinguished from the exact result). We used the
same Trotter approximation for the exact and variational
{‘?_je\: ,"'d(”_:: ;."'{j‘\: !‘ 'd‘\: ::"'o‘\I simulations with dt = —3i/100. It is remarkable that
N 24 3 ¥ X% even for D = 3 we obtain a very good approximations,
both regarding time evolution and ground state energy.
The algorithm clearly converges to the ground state, and
& & A B & the difference between the exact ground state energy and
‘.ng;} N l.:?o'z_-':.: NG Qo./ the one obtained with our scalable algorithm rapidly de-
creases with D[17]; more specifically, 1 — Eyqr/Eegact is
given by .35,.02;.004;0.0008 for D = 1,2;3:4 (note that
the trivial situation D = 1 corresponds to the Néel state).
oE E oo o &
Lo, ]

Ref.) Opt TTN / pbTTN with y = 8: 1 —9.05/9.19~0.015
& TPS/PEPS D~2



Supplement: Intermediate structures

T. Hikihara, HU, K. Okunishi, K. Harada, T. Nishino, arXiv:2209.03196, to appear in Phys. Rev. Research.

9999999999999 99 %
(a)

FIG. 10. Optimal structures for (a) o = 1.00, (b) a = 0.80,
and (c) a = 0.75. The system size is N = 64. Only the left
half of the T'TN is presented while the right half is symmetric
with respect to the center of the system.
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