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Haldane conjecture  
valence-bond picture 

SPT phases  
and all that 

in quantum spin chains

dedicated to the memory of Ian Affleck (1952 - 2024)



quantum mechanics is surprising, in all directions

“quantum phases of matter”
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ground states of two-spin systems
classical spin
ferromagnetic interaction

infinitely many g.s.

antiferromagnetic interaction

infinitely many g.s.
quantum spin (operators)

infinitely many g.s.

ferromagnetic interaction

spin triplet

antiferromagnetic interaction

spin singlet
unique rotationally 
invariant ground state
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quantum antiferromagnetic Heisenberg chain
one of the most standard and realistic models of 
quantum many-body systems

the only parameter is the spin
what are the ground state and low energy excitations?
Haldane’s discovery

integer S

half-odd integer S

Haldane 1981, 1983, 1983

unique gapless ground state

unique gapped ground state
O(1/L)

�E = O(1)

Bethe ansatz for S = 1
2
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unique ground state accompanied by a nonzero 
energy gap above the g.s. energy



 quantum spin chainsS = 1
single spin
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<latexit sha1_base64="jBHrn0WVNzrllPdecT29NUOBqPM="></latexit>

|�GS
tr i =

N
j |0ij

spin chain
<latexit sha1_base64="O9k6lM9Ms0gNjJv2P2YHBawyTu4=">AAACFXicbVC7TsMwFL0pr9LyCCCxsEQUJKYqYSiMFSyMRdCH1FaV4zitwYkj26kURf0JFr6AX0AsDDzEisTGh8CM+xig5ViWjs+5V9f3uBGjUtn2p5GZm19YXMou5/Irq2vr5sZmTfJYYFLFnHHRcJEkjIakqqhipBEJggKXkbp7fTr0630iJOXhpUoi0g5QN6Q+xUhpiZvbcAc9QKAg1cwFDgw8kJBAMHmlcAEDfTpw1TELdtEewZolzoQUyntf9y/9/HelY360PI7jgIQKMyRl07Ej1U6RUBQzMsi1YkkihK9RlzQ1DVFAZDsdbTWw9rXiWT4X+obKGqm/O1IUSJkErq4MkOrJaW8o/uc1Y+Uft1MaRrEiIR4P8mNmKW4NI7I8KghWLNEEYUH1Xy3cQwJhpYPM6RCc6ZVnSe2w6JSKpXOnUD6BMbKwA7twAA4cQRnOoAJVwHADD/AEz8at8Wi8Gm/j0owx6dmCPzDefwBMTZx4</latexit>

Ŝj
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j 2 Zcopy of     on

acts on
standard basis

expected to have a unique gapped g.s.
trivial model with a unique gapped g.s.
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interpolating model: a phase transition

trivial model unique gapped g.s.
<latexit sha1_base64="sUs67MKnlNhMIVkKHds/qj6Hsjo=">AAACF3icbZC7SgNBFIbPxluMt1ULC5vFIFjFXYtoIwRtLCOYCyRLmJ1MkjGzM8vMrBDW1L6AjZ2NL2EjqIjYaefbOLkUmnhgmJ/vP4eZ8wcRo0q77reVmpmdm19IL2aWlldW1+z1jbISscSkhAUTshogRRjlpKSpZqQaSYLCgJFK0D0d+JUrIhUV/EL3IuKHqM1pi2KkDRL2FjxAABTaIECbOwQCChpwCdfgGk8CAm5cZrihDTvr5txhOdPCG4tsYf/5/uajeVxs2F/1psBxSLjGDClV89xI+wmSmmJG+pl6rEiEcBe1Sc1IjkKi/GS4V9/ZNaTptIQ0h2tnSH9PJChUqhcGpjNEuqMmvQH8z6vFunXkJ5RHsSYcjx5qxczRwhmE5DSpJFiznhEIS2r+6uAOkghrE2XGhOBNrjwtygc5L5/Ln3vZwgmMKg3bsAN74MEhFOAMilACDLfwCC/wat1ZT9ab9T5qTVnjmU34U9bnD+Dom/8=</latexit>N

j |0ij
interpolating model

is there a phase transition between the two models?
plot by Emil Aagaard

Haldane 
gap

gapless point?trivial 
gap

energy gap

AF Heisenberg chain unique gapped g.s.
<latexit sha1_base64="3bttmoTapS/2kvvjwZLknosXAaM="></latexit>

ĤHeis =
P

j Ŝj · Ŝj+1

<latexit sha1_base64="8LEYqnieAe7nE14ViN/kTqbE6c4=">AAAB+XicbVDLSsNAFL2pr1pfVZduhhZBUErioroMunFZwT4gDWUynbRDJ5MwMymE0L9w6caFIm79E3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZ357TKVisXjSWUL9CA8ECxnB2kgMFLwBAwEe2HAFDvi9ctWu2XOgdeIsSdWtdC+fp27W6JW/u/2YpBEVmnCslOfYifZzLDUjnE5K3VTRBJMRHlDPUIEjqvx8fvkEnRulj8JYmhIazdXfEzmOlMqiwHRGWA/VqjcT//O8VIe3fs5EkmoqyGJRmHKkYzSLAfWZpETzzBBMJDO3IjLEEhNtwiqZEJzVl9dJ67rm1Gv1R6fq3sECRTiDClyYIG/AhQdoQBMIjOHFxPxu5dar9WF9LloL1nLmFP7A+voBx+OTgA==</latexit>

s 2 [0, 1]

<latexit sha1_base64="6oAjv9xGwK+8B71ldRJdOK7l8o0="></latexit>

Ĥ
(s) =

P
j{s Ŝj · Ŝj+1 + (1� s)(Ŝz

j )
2}

but there are no broken symmetries!!??

<latexit sha1_base64="1g9kVLvbDwvvXod8YXo0LiIEOyw="></latexit>

Ĥtr =
P

j(Ŝ
z
j )

2



Haldane phase?

gapless (critical) point?

unique gapped g.s. unique gapped g.s.<latexit sha1_base64="h+aNUI7Gw33Te3qpCkvF9GJn7eY=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNbdbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJyUvHKpXPOKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AdyCj/0=</latexit>

0
<latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

<latexit sha1_base64="flJqh3zIAXf1CWWaHy/6TEggDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdUtFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNE5KXrlUrnnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fQh2QQA==</latexit>s

cannot be distinguished by an order parameter

“trivial phase” “Haldane phase”

<latexit sha1_base64="8LEYqnieAe7nE14ViN/kTqbE6c4=">AAAB+XicbVDLSsNAFL2pr1pfVZduhhZBUErioroMunFZwT4gDWUynbRDJ5MwMymE0L9w6caFIm79E3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZ357TKVisXjSWUL9CA8ECxnB2kgMFLwBAwEe2HAFDvi9ctWu2XOgdeIsSdWtdC+fp27W6JW/u/2YpBEVmnCslOfYifZzLDUjnE5K3VTRBJMRHlDPUIEjqvx8fvkEnRulj8JYmhIazdXfEzmOlMqiwHRGWA/VqjcT//O8VIe3fs5EkmoqyGJRmHKkYzSLAfWZpETzzBBMJDO3IjLEEhNtwiqZEJzVl9dJ67rm1Gv1R6fq3sECRTiDClyYIG/AhQdoQBMIjOHFxPxu5dar9WF9LloL1nLmFP7A+voBx+OTgA==</latexit>

s 2 [0, 1]
<latexit sha1_base64="6oAjv9xGwK+8B71ldRJdOK7l8o0="></latexit>

Ĥ
(s) =

P
j{s Ŝj · Ŝj+1 + (1� s)(Ŝz

j )
2}

no symmetry breaking no symmetry breaking



valence-bond picture

a spin with S = 1/2

g.s. of  resembles the VBS (valence-bond solid) stateĤHeis

symmetrization of two S = 1/2’s (S = 1)

<latexit sha1_base64="b24hJeLGAw9Hk25TupmRC8aRXyo="></latexit>

= 1p
2

�
|"i|#i � |#i|"i

 

<latexit sha1_base64="QkkrdACCIWVbvCH258hEtjXdC2A="></latexit>

|�i|�0i ! 1
2

�
|�i|�0i+ |�0i|�i

 
<latexit sha1_base64="K0loqMGw/f93dBqxHYvYIYCQVr8="></latexit>

�,�0 =", #

Affleck, Kennedy, Lieb, Tasaki 1987

spin singlet

spin triplet

<latexit sha1_base64="7XgQtuUgH3rgOiLOt/9OzUGokFE=">AAADNXicjVLNShtRGD2OtqaxtqMFN26CIghCmHRhXQa76dKiiUIMMj83yZA7P8zcVEL0JUpfIc/Qbtu3cOFO3HbtznPvjFIbSr3DzD3fmfP98nmpDHPlOFdz1vzCi5eLlVfVpdfLb97aK6vtPBllvmj5iUyyE8/NhQxj0VKhkuIkzYQbeVIce8OP+v/xF5HlYRIfqXEqupHbj8Ne6LuKVGKv4QJTHGCAEGeYEGeIUEMb+zjEpb FdxOhDQpzZm07dMac2Cxol2GxunO58u2qODxL7DqcIkMDHiGEFAyliyZA5nw4acJCS6zK1y1SKZej/gqmr9B1RJahwyQ757dPqlGxMW8fMjbfPLJJvRs8atkpNQNwzbHHr/LU/tP/KMTGxdY1j3l4ZMyKrOKr8v34Pyuf66Z4UK9wzvYSsMzWM7tJ/0lGPt6StWL/+jqkURAG9MiKfnCRbMDpHxruYq+58YObsGp0g0jVNmUXg3MwlMtXG9NbL4Jkl0Ghgeig4Pb3gcTbamhidfqpcksbfKzEL2u/rjd367mduyz6KU8E6NrDNnfiAJj5xKVus6Ct+4Cd+Wd+ta+vGui2k1lzp8w5PjvX7HrU6rLg=</latexit>

|�VBSi is the unique gapped g.s. of the artificial Hamiltonian

exponential decaying correlation function

<latexit sha1_base64="sE/dwC0smlVwb8JTDi2+JJcj/Hs="></latexit>

|�VBSi /

entanglement

frustration free

<latexit sha1_base64="eEo0TzcD/nmkyvaUZnf80rm93XU="></latexit>

ĤAKLT =
P

j

�
Ŝj · Ŝj+1 +

1
3 (Ŝj · Ŝj+1)2

 

a prototypical example of a matrix product state (MPS)

<latexit sha1_base64="zglwkS2317iiwg1TsUnW1LzT110="></latexit>

h�VBS|Ŝj · Ŝj0 |�VBSi / (�3)�|j�j0|



exotic properties of the VBS model 

hidden antiferromagnetic order

emergent  gapless modes at the edgesS = 1/2
four-fold degenerate ground states

expansion in the standard basis
<latexit sha1_base64="sE/dwC0smlVwb8JTDi2+JJcj/Hs="></latexit>

|�VBSi /
<latexit sha1_base64="dd2LbA/cuQeEUj6Vd6beWlGRF4g="></latexit>

=
P

|· · ·+0�+0�+�0+0�+0�00+�+0�+0�· · · i
alternating  and + −

<latexit sha1_base64="gL3pd5NY12Qw3nx5KYgEEaYnGTc="></latexit>

Ostring = � limj0�j"1h�VBS|Ŝz
j e

i⇡
Pj0�1

k=j+1 Ŝz
k Ŝz

j0 |�VBSi > 0
den Nijs, Rommelse 1989

non-local string order paramter

ground states on the open chain
<latexit sha1_base64="RYe+XXAPwQ9ZO8O5ArpP0COBIl8="></latexit>

ĤAKLT =
PL�1

j=�L

�
Ŝj · Ŝj+1 +

1
3 (Ŝj · Ŝj+1)2

 



Haldane phase

gapless (critical) point?

unique gapped g.s. unique gapped g.s.<latexit sha1_base64="h+aNUI7Gw33Te3qpCkvF9GJn7eY=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNbdbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJyUvHKpXPOKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AdyCj/0=</latexit>

0
<latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

<latexit sha1_base64="flJqh3zIAXf1CWWaHy/6TEggDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdUtFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNE5KXrlUrnnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fQh2QQA==</latexit>s

cannot be distinguished by an order parameter

“trivial phase” “Haldane phase”

<latexit sha1_base64="8LEYqnieAe7nE14ViN/kTqbE6c4=">AAAB+XicbVDLSsNAFL2pr1pfVZduhhZBUErioroMunFZwT4gDWUynbRDJ5MwMymE0L9w6caFIm79E3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZ357TKVisXjSWUL9CA8ECxnB2kgMFLwBAwEe2HAFDvi9ctWu2XOgdeIsSdWtdC+fp27W6JW/u/2YpBEVmnCslOfYifZzLDUjnE5K3VTRBJMRHlDPUIEjqvx8fvkEnRulj8JYmhIazdXfEzmOlMqiwHRGWA/VqjcT//O8VIe3fs5EkmoqyGJRmHKkYzSLAfWZpETzzBBMJDO3IjLEEhNtwiqZEJzVl9dJ67rm1Gv1R6fq3sECRTiDClyYIG/AhQdoQBMIjOHFxPxu5dar9WF9LloL1nLmFP7A+voBx+OTgA==</latexit>

s 2 [0, 1]
<latexit sha1_base64="6oAjv9xGwK+8B71ldRJdOK7l8o0="></latexit>

Ĥ
(s) =

P
j{s Ŝj · Ŝj+1 + (1� s)(Ŝz

j )
2}

no symmetry breaking no symmetry breaking

hidden antiferromagnetic order
emergent  at edgesS = 1/2

den Nijs, Rommelse 1989

Kennedy 1990
Hagiwara, Katsumata, Affleck, Halperin, Renard 1990

nothing weird

“exotic” properties of the VBS model turned out to be 
universal features that characterize the “Haldane phase”



duality transformation
Kennedy, Tasaki 1992, Oshikawa 1992

<latexit sha1_base64="pWr3jMoZLv7jPbLLQ+rMhjveKLs="></latexit>

Ĥ
(s) = s

PL�1
j=�L Ŝj · Ŝj+1 + (1� s)

PL
j=�L(Ŝ

z
j )

2

<latexit sha1_base64="/zbwzbHmnrn/ruKgpcJKkahV3Cw="></latexit>

ÛKT =
Q

j<k exp[i⇡Ŝ
z
j Ŝ

x
k ]

antiferromagnetic model with continuous  symmetryU(1)
<latexit sha1_base64="AwlXtO3vPS1FIwqI+pb+IK9q5J0="></latexit>

s 2 [0, 1]

unique gapped g.s. unique gapped g.s.<latexit sha1_base64="h+aNUI7Gw33Te3qpCkvF9GJn7eY=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNbdbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJyUvHKpXPOKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AdyCj/0=</latexit>

0
<latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

no symmetry breaking no symmetry breaking

unique gapped g.s. four degenerate g.s.<latexit sha1_base64="h+aNUI7Gw33Te3qpCkvF9GJn7eY=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNbdbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJyUvHKpXPOKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AdyCj/0=</latexit>

0
<latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

no symmetry breaking full symmetry breaking

<latexit sha1_base64="+F0eb/Ecu/9/wmkcUBue2pvMAGg="></latexit>

ÛKTĤ
(s)

ÛKT = s
PL�1

j=�L{�Ŝ
x
j Ŝ

x
j+1 + Ŝ

y
j e

i⇡(Ŝz
j+Ŝx

j+1)Ŝ
y
j+1 � Ŝ

z
j Ŝ

z
j+1}

<latexit sha1_base64="nXIdykVqwL4QPX5t8fufM2dZ1Zk="></latexit>

+(1� s)
PL

j=�L(Ŝ
z
j )

2

ferromagnetic model with discrete  symmetryℤ2 × ℤ2

<latexit sha1_base64="FjxC95TUGo3z2f7jYIubqEGw7e0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseiF8FLhaYtNCFstpt26e4m7G4KJeSfePGgiFf/iTf/jds2B219MPB4b4aZeVHKqNKO821VNja3tnequ7W9/YPDI/v4pKuSTGLi4YQlsh8hRRgVxNNUM9JPJUE8YqQXTe7nfm9KpKKJ6OhZSgKORoLGFCNtpNC2/THSuVeEuS85fOwUoV13Gs4CcJ24JamDEu3Q/vKHCc44ERozpNTAdVId5Ehqihkpan6mSIrwBI3IwFCBOFFBvri8gBdGGcI4kaaEhgv190SOuFIzHplOjvRYrXpz8T9vkOn4NsipSDNNBF4uijMGdQLnMcAhlQRrNjMEYUnNrRCPkURYm7BqJgR39eV10r1quM1G8+m63ror46iCM3AOLoELbkALPIA28AAGU/AMXsGblVsv1rv1sWytWOXMKfgD6/MHciOTjQ==</latexit>

ÛKT



duality and hidden symmetry breaking

Haldane phase
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still, the existence of a phase transition even in the model

could NOT be proved…
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spontaneous breakdown of the 
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ÛKT

the picture of the hidden  symmetry breaking 
explains all the “exotic” properties of the Haldane phase

ℤ2 × ℤ2

the existence of a gap
the hidden antiferromagnetic order
four-fold (near) degeneracy in open chains

Kennedy, Tasaki 1992, Oshikawa 1992
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•  symmetry 
   (  rotation about  axis + site-centered inversion)
ℤ2 × ℤ2

π z

symmetry protected topological (SPT) phases

there is always a phase transition if the interpolating 
Hamiltonians have one of the following symmetries

Fuji, Pollmann, Oshikawa  2015

• time-reversal symmetry
•  symmetry (  rotations about  axes)ℤ2 × ℤ2 π x, y, z

• bond-centered inversion symmetry

gapless (critical) point
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•  symmetry 
   (  rotation about  axis + site-centered inversion)
ℤ2 × ℤ2

π z

symmetry protected topological (SPT) phases

there is always a phase transition if the interpolating 
Hamiltonians have one of the following symmetries

Fuji, Pollmann, Oshikawa  2015

• time-reversal symmetry
•  symmetry (  rotations about  axes)ℤ2 × ℤ2 π x, y, z

• bond-centered inversion symmetry

gapless (critical) point
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no symmetry breaking no symmetry breaking

Pollmann, Turner, Berg, Oshikawa 2010, 2012 

distinct SPT phases Gu,Wen 2009

gapless 
models

symmetric 
models

general models
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Ĥ
(1)

<latexit sha1_base64="9kdTeDQ2X8lbcbmac6iXXg/ldIE="></latexit>

Ĥ
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“topological” index is defined for a unique gapped ground 
state on the infinite chain, and is invariant under a 
smooth modification of the model with symmetry G

topological indices

<latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

Pollmann, Turner, Berg, Oshikawa 2010, 2012

the two phases should be distinguished by a “topological 
index”  (  is the symmetry group)Ind ∈ H2(G, U(1)) G

matrix product states

general unique gapped ground states Ogata 2020

gapless (critical) point
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 invariant unique gapped ground statesU(1) Tasaki 2018

<latexit sha1_base64="XCJFYCq+85JjWPikZBaQER1u2ro=">AAACEXicbVA9SwNBEN3z2/h1ammzGISkCXci0UYUbWIXwUQhF8PeZpMs2ds7dueEsNxfsPGv2FgoYmtn579x81Fo4oOBx3szzMwLE8E1eN63Mze/sLi0vLKaW1vf2Nxyt3fqOk4VZTUai1jdhUQzwSWrAQfB7hLFSBQKdhv2L4f+7QNTmsfyBgYJa0akK3mHUwJWarkFE6gIX8l2Vgh6BEwluzcFXcyKgQZC+4oJc5aZ08xvuXmv5I2AZ4k/IXk0QbXlfgXtmKYRk0AF0brhewk0DVHAqWBZLkg1S+wK0mUNSyWJmG6a0UcZPrBKG3diZUsCHqm/JwyJtB5Eoe2MCPT0tDcU//MaKXROmobLJAUm6XhRJxUYYjyMB7e5YhTEwBJCFbe3YtojilCwIeZsCP70y7Okfljyy6Xy9VH+/GISxwraQ/uogHx0jM5RBVVRDVH0iJ7RK3pznpwX5935GLfOOZOZXfQHzucPOkmdSg==</latexit>

Ind(Ĥ(s))
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summary of part 1: Haldane gap and SPT 
phases – before the summer of 2024

general picture of SPT phases
well-defined indices and index theorem
VBS model provides a rigorous example of the 

Haldane gap and topologically nontrivial ground state

nothing rigorous was proved about the 
antiferromagnetic Heisenberg chain!
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z
j )

2

the existence of a g.s. phase transition in the model

was rigorously established Tasaki 2018, Ogata 2020
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Part 2 
 antiferromagnetic 

Heisenberg chain is topologically 
nontrivial if gapped 
  elementary index theorem 
  main theorem

S = 1

Part 1 
Haldane gap, valence-bond 
picture, and SPT phases



the goal of part 2
two conjectures about the  antiferromagnetic 
Heisenberg chain

S = 1

(1) it has a unique gapped ground state
(2) it belongs to a nontrivial SPT phase

we assume (1) and rigorously justify (2) 
proof is elementary!

standard Lieb-Mattis-type technique
elementary index theorem by Tasaki

“Haldane conjecture” (probably very difficult)
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 system on a finite chain S = 1 {−L, …, L}
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L |ĤL| (↵)

L i � E
GS
L  C ↵

energy increase per bond ∝ α2

the length of the twisted range ∝ α−1

<latexit sha1_base64="/vUfeGmaUElzt/Ocgse0kWejMXY="></latexit>��h�GS
L | (↵)

L i
��2 � 1� C

�E↵

proof of the index theorem 1/3

<latexit sha1_base64="Zb5QsnQG7DHmL/+GO8T8XYdjERw="></latexit>

| (↵)
L i = Û (↵)
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siÛ
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L |Û (↵)

L |�GS
L i⇤

<latexit sha1_base64="Hjww5t9MhcsmoqEo87pfAIuBJSc="></latexit>
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j = e+i

PL
j=�L(2⇡�✓(↵)

�j )Ŝz
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proof of the index theorem 3/3
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Ind(Ĥ) = lim↵#0 limL"1h�GS
L |Û (↵)
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main theorem

AF Heisenberg model on the finite open chain {−L, ⋯, L}

assumption: there are constants  and  
such that  for any 

h > 0, ΔE > 0, L0
E1st

L − EGS
L ≥ ΔE L ≥ L0

 the ground state and the 1st excited energiesEGS
L , E1st

L
highly nontrivial and unproven

expected hold with  and ΔE ≃ 0.41 h ≳ 1
 is necessary to suppress gapless edge excitationsh ≳ 1

Theorem:  is well-defined and equals Ind(ĤHeis) −1
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�1
<latexit sha1_base64="Ob0/Csmucrxvg/IAWHRTTcWVksk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgY7gLEi0sAjaWUcwHJEfY28wlS/b2jt09IYT8AxsLRWz9R3b+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPppxgn5EB5KHnFFjpYeLSq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5pVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZvkz5XyIwYW0KZ4vZWwoZUUWZsOAUbgrf88ippVspetVy9vyzVbrI48nACp3AOHlxBDe6gDg1gEMIzvMKbM3JenHfnY9Gac7KZY/gD5/MH5yqM8g==</latexit>

�2
<latexit sha1_base64="CTZoyvLuTSNwT5OXTSX6tZzCBOU=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTiRYWARsLiyjmA5IQ9jZ7yZK9vWN3TghH/oGNhSK2/iM7/42b5ApNfDDweG+GmXl+LIVB1/12ciura+sb+c3C1vbO7l5x/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x/dTP3mE9dGROoRxzHvhnSgRCAYRSs9nN31iiW37M5AlomXkRJkqPWKX51+xJKQK2SSGtP23Bi7KdUomOSTQicxPKZsRAe8bamiITfddHbphJxYpU+CSNtSSGbq74mUhsaMQ992hhSHZtGbiv957QSDq24qVJwgV2y+KEgkwYhM3yZ9oTlDObaEMi3srYQNqaYMbTgFG4K3+PIyaZyXvUq5cn9Rql5nceThCI7hFDy4hCrcQg3qwCCAZ3iFN2fkvDjvzse8NedkM4fwB87nDw6hjQw=</latexit>

�L
<latexit sha1_base64="Nesb43eLSY/AIzKyL85Jm2/YsuU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMbCIgHzAckR9jZzyZq9vWN3Twghv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12cmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89odI8lg9mnKAf0YHkIWfUWKl+3yuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6JScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nXpM8VMiPGllCmuL2VsCFVlBmbTcGG4C2/vEqaF2WvUq7UL0vVmyyOPJzAKZyDB1dQhTuoQQMYIDzDK7w5j86L8+58LFpzTjZzDH/gfP4ApU2M1Q==</latexit>

L
<latexit sha1_base64="l7VcU+nygq5viS2FSlVDLBpVGo8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1PD6pbJbcecgq8TLSRly1Pulr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80On5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuiDcFbfnmVtC4rXrVSbVyVa7d5HAU4hTO4AA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0rjn5zAn8gfP5A3xhjLo=</latexit>

1
<latexit sha1_base64="zqbTmRDptXYJen4+cJHcx7FQOC0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRAuLgI1lAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5335CpXksH8wkQT+iQ8lDzqixUqPSL5bcsrsAWSdeRkqQod4vfvUGMUsjlIYJqnXXcxPjT6kynAmcFXqpxoSyMR1i11JJI9T+dHHojFxYZUDCWNmShizU3xNTGmk9iQLbGVEz0qveXPzP66YmvPGnXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVslctVxtXpdptFkcezuAcLsGDa6jBPdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwB95Yy7</latexit>

2

<latexit sha1_base64="yXp1W85s6dzd6x3ff8TL25ugBaE="></latexit>

Ĥ
Heis

L =
PL�1

j=�L Ŝj · Ŝj+1 � h(Ŝz

�L + Ŝ
z

L)



proof of the main theorem 1/2

Lemma:  has a unique ground state  
it satisfies 

ĤHeis
L |ΦGS

L ⟩
(∑L

j=−L
̂Sz
j ) |ΦGS

L ⟩ = |ΦGS
L ⟩

<latexit sha1_base64="euZxbWWS84T7EuYXnemd/cd+ajM=">AAAEnXiclVNNb9NAEJ24Bkr4CnDkgEVUiSIR2RwKF6QIhOBQoaKSplJbItvZJNv6S/aGKoQe+SkR/4V/gDjyK+DEm7FDU6oCteXd2bdvZt7OjoMs0oVx3a81a8m+cPHS8uX6lavXrt9o3Ly1VaTjPFSdMI3SfDvwCxXpRHWMNpHaznLlx0GkusHBc97vvld5odPkrZlkai/2h4ke6NA3gNLGF6rTjCLSFFOPprB9rDIaYZ5Rn1 I6pAR2jpdtl47gsQuOD3yIWWG1Ab6md/DfBS8mh17SJpg9WqePwDiawW4HGLPuAzvOs7rA/FukGZDjrE/PrUPJzlTi8J7GzgwaNMaCxlUF9hH5IfislHPOtW9W2ufeHyTuPsbz6j5bx5Hk9nqNptty5XFOG15lNNsrn5a875+/baSNH0jLlxXKMRSSGdhcnALvDnm4uAzYHtLyZRokC0VOeZ1jsBQYPtADjEOsdiqUr59jFuIdIkuEL4enQysVpw97IGg5c35ngXtWjqnEZo0TzEEVM5aSj4D+y2/O/F8/PpOBwidyFg2dmSB8yvDEiQaYI6wN9PM4AVPB6sMrhxUCi4CWCOfIMZd15ZOPpM6+8BSsQn60BPah1CUWtQm8uRECaZbpQrsxxtXr/64Nr8o25LeOJvH+bInTxtajlrfWWnvjNdvPqHyW6Q7dwy/o0WNq0yu0bofC2k/LsVatB/Zd+4W9br8uqVat8rlNJx67+wtBrPBZ</latexit>

lim↵#0h�GS
L |Û (↵)

L |�GS
L i = h�GS

L |ei⇡
PL

j=�L Ŝz
j |�GS

L i = ei⇡ = �1

<latexit sha1_base64="yXp1W85s6dzd6x3ff8TL25ugBaE="></latexit>

Ĥ
Heis

L =
PL�1

j=�L Ŝj · Ŝj+1 � h(Ŝz

�L + Ŝ
z

L)

proof: standard Perron-Frobenius argument as in the 
proof of the Lieb-Mattis theorem

<latexit sha1_base64="rwlikVRJV+4LhOjt/KprtM58Jcw="></latexit>

✓(↵)j =

8
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>:

0, j  �⇡
↵ ;

⇡ + ↵j, �⇡
↵  j  ⇡

↵ ;

2⇡, j � ⇡
↵ ,

<latexit sha1_base64="pZmsOj7rERB3VbBY2Tb1hjtK5yc="></latexit>

Û (↵)
L = e�i

PL
j=�L ✓(↵)

j Ŝz
j



proof of the main theorem 2/2

Lemma: invariance under site-centered inversion implies
<latexit sha1_base64="ZXVSeSulBYbnE6qH8au4jgJjjYw="></latexit>

h�GS
L |Û (↵)

L |�GS
L i 2 R

Lemma:  invariance + unique gapped g.s. impliesU(1)
<latexit sha1_base64="18L+Jir4lDGhHZMJpT+MVNcRMOM="></latexit>q
1� C

�E↵ 
��h�GS

L |Û (↵)
L |�GS

L i
��  1 for any L ≥ L0

<latexit sha1_base64="itXM9y1Vg0FGNMo+QRi3lxGLkRw="></latexit>

lim↵#0h�GS
L |Û (↵)

L |�GS
L i = �1

<latexit sha1_base64="glgLawr3HFNUl4M6/EzyKdBu9Ws="></latexit>

�1  h�GS
L |Û (↵)

L |�GS
L i  �

q
1� C

�E↵

for any  and α > 0 L ≥ L0

<latexit sha1_base64="N/ZFs0YMUjR6TmbAEx4GlSjzZ/g="></latexit>

Ind(ĤHeis) = lim↵#0 limL"1h�GS

L |Û (↵)
L |�GS

L i = �1

letting  with sufficiently small , we haveL ↑ ∞ α > 0



corollaries of the theorem

assumption:  has a unique gapped ground state 
with a gap uniform in 

ĤHeis
L

L ≥ L0

<latexit sha1_base64="yXp1W85s6dzd6x3ff8TL25ugBaE="></latexit>

Ĥ
Heis

L =
PL�1

j=�L Ŝj · Ŝj+1 � h(Ŝz

�L + Ŝ
z

L)

Theorem:  is well-defined and equals Ind(ĤHeis) −1
a gapless edge excitation in the half-infinite chain
the existence of a g.s. phase transition in the 

interpolating model

some singular point
<latexit sha1_base64="h+aNUI7Gw33Te3qpCkvF9GJn7eY=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNbdbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJyUvHKpXPOKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AdyCj/0=</latexit>

0 <latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

<latexit sha1_base64="flJqh3zIAXf1CWWaHy/6TEggDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdUtFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNE5KXrlUrnnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fQh2QQA==</latexit>s

<latexit sha1_base64="8LEYqnieAe7nE14ViN/kTqbE6c4=">AAAB+XicbVDLSsNAFL2pr1pfVZduhhZBUErioroMunFZwT4gDWUynbRDJ5MwMymE0L9w6caFIm79E3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZ357TKVisXjSWUL9CA8ECxnB2kgMFLwBAwEe2HAFDvi9ctWu2XOgdeIsSdWtdC+fp27W6JW/u/2YpBEVmnCslOfYifZzLDUjnE5K3VTRBJMRHlDPUIEjqvx8fvkEnRulj8JYmhIazdXfEzmOlMqiwHRGWA/VqjcT//O8VIe3fs5EkmoqyGJRmHKkYzSLAfWZpETzzBBMJDO3IjLEEhNtwiqZEJzVl9dJ67rm1Gv1R6fq3sECRTiDClyYIG/AhQdoQBMIjOHFxPxu5dar9WF9LloL1nLmFP7A+voBx+OTgA==</latexit>

s 2 [0, 1]
<latexit sha1_base64="6oAjv9xGwK+8B71ldRJdOK7l8o0="></latexit>

Ĥ
(s) =

P
j{s Ŝj · Ŝj+1 + (1� s)(Ŝz

j )
2}

trivial phase? Haldane phase?

<latexit sha1_base64="Sdnta5Jj+fpjSU957ufHFLlt8gU="></latexit>

Ind(ĤHeis) = �1
<latexit sha1_base64="eohRqEFDEVeefp/kjJS3NcY1Zvo=">AAADQ3icjVJNTxRBEH2MorCCLHokJhs2JhqSzQwH8EKykYveMLpAAoTMRy872Z6PzPRqNhv+hT+ACz9Fr3rlN3gjXDyY+KpnICAx0JOZqn79ql51TQW5jkvjumdTzoOH048ez8w2nszNP11oLj7bLrNREapemOms2A38Uuk4VT0TG61280L5SaDVTjDclPOdz6oo4yz9ZMa5Okj8ozTux6FvCGXNF5hgHwUStPAeKSIc4xWRAX wYnr3j/pD2tOYY2mO8xga8w2bb7bh2tW47Xu20u8v7K1/PuuOtrPmbiSNkCDFiMkU5Q19TquSzBw8ucmIHFPQpZBDbc0XJBmNHZCkyfKJDfo+426vRlHvJWdrokCqarxTbwsuaE9HvW7Syot+6xv2fxsTmlhrHtEGdM7EtGhC9K+6Sed84uZNhhW/sXWLWmVtEbhneuFGfVtvfktnvmExFL2JUQS8kpolWiGgUtFVf5eYD22ff8hQ9qemUKgpfbF8SW62MhYxAgI9UF+9yPAST7kVXvZHdxPLkaXBIvH9H4razvdrx1jprH7x29y2qNYMlLHMUPayjyzHcQo8VneA7fuCn88355Zw7FxXVmapjnuPGcv78BXqlrt8=</latexit>

Ind(Ĥtr) = 1



index theorem: mathematically precise form
Theorem: Let  with  where each 

 is short-ranged and  invariant 
if  and , there exists  
at which the g.s. undergoes a phase transition in the sense 
that either (i)  does not have a locally unique gapped 
g.s., (ii) the energy gap approaches zero as  , (iii) the 
g.s. of  has no site-inversion symmetry, or (iv) the g.s is 
discontinuous at 

Ĥ(s) = ∑j∈ℤ ĥ(s)
j s ∈ [0,1]

ĥ(s)
j U(1)
ind(Ĥ(0)) = 1 ind(Ĥ(1)) = − 1 s0 ∈ (0,1]

Ĥ(s0)

s → s0
Ĥ(s0)

s = s0

Definition: a state   is a g.s of  iff 
 for any  

a state   is a locally unique gapped g.s. iff there is  
s.t.  for any  with 

ω : 𝔄 → ℂ Ĥ
ω( ̂V†[Ĥ, ̂V]) ≥ 0 ̂V ∈ 𝔄loc

ω γ > 0
ω( ̂V†[Ĥ, ̂V]) ≥ γω( ̂V† ̂V) ̂V ∈ 𝔄loc

ω( ̂V) = 0



unconditional results

in case the assumption does NOT hold,  is singularĤHeis
there exists a phase transition (at least) at s = 1

valid without any unproven assumptions
the  AF Heisenberg chain may haveS = 1
 topologically trivial unique gapped ground state
 topologically nontrivial unique gapped ground state
 gapless or degenerate ground state(s)

 a phase transition in the interpolating model

some singular point
<latexit sha1_base64="h+aNUI7Gw33Te3qpCkvF9GJn7eY=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNbdbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJyUvHKpXPOKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AdyCj/0=</latexit>

0 <latexit sha1_base64="MdH0ceqimViboaLLvFg0HZM2auk=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmHXItqIQRvLCOYCyRJmJ2eTMbOzy8ysEEKewMZCsRV8GHsb8W2cXApN/GHg4//PYc45YSq4Np737eRWVtfWN/Kb7tb2zu5ewd2v6yRTDGssEYlqhlSj4BJrhhuBzVQhjUOBjXBwPckbD6g0T+SdGaYYxLQnecQZNda69TuFolfypiLL4M+hePnhXqTvX261U/hsdxOWxSgNE1Trlu+lJhhRZTgTOHbbmcaUsgHtYcuipDHqYDQddEyOrdMlUaLsk4ZM3d8dIxprPYxDWxlT09eL2cT8L2tlJjoPRlymmUHJZh9FmSAmIZOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewV9ceRnqpyW/XCoXK1cwUx4O4QhOwIczqMANVKEGDBAe4RlenHvnyXmdFeaceccB/JHz9gNnfI7X</latexit>

1

<latexit sha1_base64="flJqh3zIAXf1CWWaHy/6TEggDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdUtFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNE5KXrlUrnnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fQh2QQA==</latexit>s

<latexit sha1_base64="8LEYqnieAe7nE14ViN/kTqbE6c4=">AAAB+XicbVDLSsNAFL2pr1pfVZduhhZBUErioroMunFZwT4gDWUynbRDJ5MwMymE0L9w6caFIm79E3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZ357TKVisXjSWUL9CA8ECxnB2kgMFLwBAwEe2HAFDvi9ctWu2XOgdeIsSdWtdC+fp27W6JW/u/2YpBEVmnCslOfYifZzLDUjnE5K3VTRBJMRHlDPUIEjqvx8fvkEnRulj8JYmhIazdXfEzmOlMqiwHRGWA/VqjcT//O8VIe3fs5EkmoqyGJRmHKkYzSLAfWZpETzzBBMJDO3IjLEEhNtwiqZEJzVl9dJ67rm1Gv1R6fq3sECRTiDClyYIG/AhQdoQBMIjOHFxPxu5dar9WF9LloL1nLmFP7A+voBx+OTgA==</latexit>

s 2 [0, 1]
<latexit sha1_base64="6oAjv9xGwK+8B71ldRJdOK7l8o0="></latexit>

Ĥ
(s) =

P
j{s Ŝj · Ŝj+1 + (1� s)(Ŝz

j )
2}

trivial phase?

<latexit sha1_base64="eohRqEFDEVeefp/kjJS3NcY1Zvo=">AAADQ3icjVJNTxRBEH2MorCCLHokJhs2JhqSzQwH8EKykYveMLpAAoTMRy872Z6PzPRqNhv+hT+ACz9Fr3rlN3gjXDyY+KpnICAx0JOZqn79ql51TQW5jkvjumdTzoOH048ez8w2nszNP11oLj7bLrNREapemOms2A38Uuk4VT0TG61280L5SaDVTjDclPOdz6oo4yz9ZMa5Okj8ozTux6FvCGXNF5hgHwUStPAeKSIc4xWRAX wYnr3j/pD2tOYY2mO8xga8w2bb7bh2tW47Xu20u8v7K1/PuuOtrPmbiSNkCDFiMkU5Q19TquSzBw8ucmIHFPQpZBDbc0XJBmNHZCkyfKJDfo+426vRlHvJWdrokCqarxTbwsuaE9HvW7Syot+6xv2fxsTmlhrHtEGdM7EtGhC9K+6Sed84uZNhhW/sXWLWmVtEbhneuFGfVtvfktnvmExFL2JUQS8kpolWiGgUtFVf5eYD22ff8hQ9qemUKgpfbF8SW62MhYxAgI9UF+9yPAST7kVXvZHdxPLkaXBIvH9H4razvdrx1jprH7x29y2qNYMlLHMUPayjyzHcQo8VneA7fuCn88355Zw7FxXVmapjnuPGcv78BXqlrt8=</latexit>

Ind(Ĥtr) = 1



some technical remarks
the symmetry of the finite chain model

• time-reversal symmetry
•  symmetry (  rotations about  axes)ℤ2 × ℤ2 π x, y, z
• bond-centered inversion symmetry

Fuji, Pollmann, Oshikawa  2015•  symmetry 
   (  rotation about  axis + site-centered inversion)
ℤ2 × ℤ2

π z

<latexit sha1_base64="yXp1W85s6dzd6x3ff8TL25ugBaE="></latexit>

Ĥ
Heis

L =
PL�1

j=�L Ŝj · Ŝj+1 � h(Ŝz

�L + Ŝ
z

L)

other symmetries should be restored as L ↑ ∞
Ogata index
most general index, which works for any symmetry 
classes that can host SPT phases
defined in terms of projective representation of the 
symmetry group on  ground satesL ↑ ∞
we still do not know how to determine

<latexit sha1_base64="SKekg7CkAe6Ozm3k8wB5NWwKKfY="></latexit>

IndOgata(ĤHeis)



summary of part 2:  AF Heisenberg 
chain is topologically nontrivial if gapped

S = 1

we proved that the  AF Heisenberg chain has 
a nontrivial topological index, under the assumption 
that the model has a unique gapped ground state

S = 1

the first nontrivial rigorous results on topological 
properties of the (realistic) AF Heisenberg chain

we rigorously ruled out the possibility that the 
 AF Heisenberg chain has a unique gapped ground 

state that is topologically trivial
S = 1

we established the existence of a phase transition 
in the model that interpolates  and ĤHeis Ĥtr

all the results extend to models with odd S



remaining issues
clarify the relation of our index to projective 

representations and to the Ogata index

justify the assumption = “Haldane conjecture” by 
developing a new strategy 
computer-aided proof by a new finite-size criterion?

develop a similar elementary index theory for 
general symmetries without  (related problem: 
constructive proof of the generalized LSM theorem)

U(1)

prove similar conditional results on ``realistic’’ 
models that exhibit topological property



Haldane’s discovery led to the valence-bond picture, 
matrix product states, tensor networks, symmetry 
protected topological phases, and much more

still, our understanding of the Heisenberg chain is 
incomplete, and there still remains much more to 
learn

there must be more surprises to come!


