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WHAT IS ENTRORPY? FROM CLASSICAL TO QUANTUM INFORMATION

Entropy quantifies uncertainty or information content in a system

In classical information theory:

It measures the average information per message.
e It is crucial for data compression transmission and cryptography.

e Shannon entropy: H(X pr log(ps )

In quantum information theory:

e It accounts for quantum superposition and entanglement.
e It is central for quantum communication, computation and thermodynamics.

* Von Neumann entropy: S(p) := —Tr[plog(p)]

Why do we care?
e It sets limits on how efficiently we can store, transmit or hide information.

It helps us understand correlations, irreversibility and complexity in both classical and
quantum worlds.
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CLASSICAL ENTROPRIES

Shannon entropy:

e It is the foundational measure of uncertainty in a discrete random variable.

H(X):=—=> p.log(p.)

Some properties:

* Non-negativity: H(X) >0

1
e Maximum value: H(X) =log(n) when p; = - Ve=1,...,n

Shannon

e Minimum value: H(X)=0 for p,=1and p; =0 Vj #i

Some interpretations/applications:

* Average number of bits needed to encode outcomes of X
e Optimal rate for lossless compression

e Used in statistical mechanics, machine learning and cryptography
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CLASSICAL ENTROPRIES

Shannon entropy:

* It is the foundational measure of uncertainty in a discrete random variable. § &=

H(X) = — pr log(pz) Shannon Renyi

Other quantities

Renyi entropies: .
* A one-parameter family generalising the Shannon entropy. Ha(X) = 7 log( )

Kullback-Leibler divergence:

* It measures the difference between two distributions. KL(plq) =) po log =

X

Mutual information:
e It measures shared information between variables. I(X:Y)=H(X)+ H(Y)—- H(X,Y)
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WHAT IS ENTROPY? FROM CLASSICAL TO QUANTUM INFORMATION

Shannon entropy:

o It is the foundational measure of uncertainty in a discrete random variable. § (=%

H(X) = — pr log(pz) Shannon Renyi

Other quantities

Renyi entropies: .
* A one-parameter family generalising the Shannon entropy. Ha(X) = 7 log( )

Kullback-Leibler divergence:

* It measures the difference between two distributions. KL(plq) =) po log =

X

Mutual information:
e It measures shared information between variables. I(X:Y)=H(X)+ H(Y)—- H(X,Y)

Renyi divergences: . n o
log( P )

e It measures shared information between variables. Da(pllq) = o
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CLASSICAL INFORMATION

Shannon entropy

H(X):=—=> p.log(p.)

Renyi entropies

1 n
Ho(X) = ——log (Zpi‘)
r=1

QUANTUM INFORMATION

Von Neumann entropy

S(p) = —Tr[plog(p)]
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Quantum Renyi entropies
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HOW TO EXTEND THIS QUANTUMLY?

CLASSICAL INFORMATION

Shannon entropy

H(X):=—=> p.log(p.)

Renyi entropies

1 n
Ho(X) = ——log (Zpi‘)
r=1

Mutual information

I(X:Y)=HX)+HY)-HX,Y)

QUANTUM INFORMATION

Von Neumann entropy

S(p) = —Tr[plog(p)]

Quantum Renyi entropies

1
Salp) = 7—logTt|p”]

— (X

Mutual information

I,(A:B)=—S8(pap) + S(pa) + S(ps)




HOW TO EXTEND THIS QUANTUMLY?

CLASSICAL INFORMATION

Kullback-Leibler divergence

L(plq) = pr log—

Renyi divergences

QUANTUM INFORMATION

1 L pe
D (pllq) = - 110g( —

Many possibilities!!
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QUANTUM RELATIVE ENTROPIES

Kullback-L eibler divergence

H., IC finite dimensional , p,0 € S(H)

KL(pllg) = ) _pslog Z—:
UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
D(p|lo) = Tr|p(log p — logo)] D(pllo) = Tr[plog(p'/?c =1 p'/?)]

Relation: D(p]lo) < D(pllo)

Any more?

Geometric relative entropies and barycentric Rényi divergences

Idea: Interpolation between both.

Mildn Mosonyi,}»? 3 * Gergely Bunth,!»?:T and Péter Vrana''%:*
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RELATIVE ENTROPRIES AND DATA-PROCESSING INEQUALITY.

H, K finite dimensional , p,0 € S(H) , T : S(H) — S(/C) CPTP map (quantum channel) Kullback-L eibler divergence

A quantum channel is a linear map 7" : S(H) — S(K) such that

1. Trace preserving, i.e. Tr[T(p)] = Tr[p] Vp € S(H).

2. Positive: p > 0, then T(p) > 0.

3. Completely positive: For all n € Ny, 7 ® id,, is positive, with id,, the identity map on

B(C™).

i.e. a completely positive trace preserving (CPTP) map.
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inequality
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RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY

H, JC finite dimensional , p,0 € S(H) , T S(H) — S(/C) CPTP map (quantum channel)

UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)

Data-processing

D(pllo) = D(T(p)[|T (7))

inequality
D(plle) = D(T (p)||T (o))
Equality 0
conditions p=o2T*(T (o)~ YV2T (p)T (o)~ 1/2)o1/2
[Petz, ‘78] |

RO’
[Bluhm-C., ‘20] 7o T(P)

BELAVKIN-STASZEWSKI RELATIVE ENTROPRY

D(p|lo) = Tr[plog(p*/ 201 pt/?)]

D(T (p)||T (o))

[V

D(pllo)

D(pllo) = D(T(p)|IT())

i

p=0T*(T(0)"'T(p))
H

BT o T(p)




A PARTICULAR CASE

_ 14 A
e A W (5000000000000 0 0
T = tro Y
UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPRY

D(p|lo) = Tr|p(log p — log o)] D(pllo) = Tr[plog(p*/?c=p*/?)]



A PARTICULAR CASE

H , cS(H , O = — & A
e R NN 0 00000000000000

T = treo
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UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)=S,(AB)+ S,(BC) - S,(ABC) — S,(B)

= D(paBcl||la/da ® ppc) — D(pagllla/da ® pB)
= D(papcl|lpa ® pec) — D(pasllpa ® pB)




A PARTICULAR CASE

H , cS(H , O = — & A
e R NN 0 00000000000000

T = trc

A 3]

UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)=S,(AB)+ S,(BC) - S,(ABC) — S,(B)
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A PARTICULAR CASE

Hape, € S(Hasc), 0apc = —— @ ‘ A
e R NN 0 00000000000000

T = tro |

A B

UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)=S,(AB)+ S,(BC) - S,(ABC) — S,(B)

= D(papc||la/da ® pac) — D(pag|la/da @ pB) D(pllo) = D(T(p)||T (o))
= D(paBcllpa ® pac) — D(paBllpa ® pB) )
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I [Hayden et al., ‘03] R% o T(p)
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A PARTICULAR CASE

Hapc, pasc € S(Haso), “ABCZ%WBC 2000000000000 00 A
— k : ———
UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPRY
D(p|lo) = Tr[p(log p — log o)] D(pllo) = Tr[plog(p'/?c=1p'/?)]
D(plla) = D(T (p)|| T (o)) D(pllo) = D(T(p)||T (c))
Conditional mutual information BS conditional mutual information
I(A:C|B) I,(A:C|B)?
= D(papclla/da ® ppc) — D(paglla/da @ pp) > D(papclla/da® ppc) — D(papllla/da @ pp) = I3(A: C|B)
= D(paBc|lpa ® ppc) — D(paBl|lpa ® pB) > D(papcllpa ® ppc) — D(pag|pa @ pp) = IF(A: C|B)
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UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)
— D(ﬂABC
— D(PABC

la/da ® ppc) — D(pap||la/da ® pB)

A

N

/5]

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(p|lo) = Tr[plog(p*/ 201 pt/?)]
D(p|lo) — D(T (p)||T (o))

BS conditional mutual information

I,(A:C|B)?

» D(papcllta/da @ ppe) — D(paplla/da ® pp) =

pa @ ppc) — D(pasllpa ® pB)

I,(A:C|B)=0
0
1/2 —1/2 ~1/2 1/2

PABC = PpcPB PABPB PBc

> D(paBcllpa ® ppc) — D(paBllpa ® pp) =

I5%%(A: C|B) =0

0

PABC — PBCPBPAB
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A PARTICULAR CASE

Hape, € S(Hapc), 0apc = — @ ‘ A
e R NN 0 00000000000000

T = tre

A B

BELAVKIN-STASZEWSKI RELATIVE ENTROPRY

D(p|lo) = Tr[plog(p*/ 201 pt/?)]
D(p|lo) — D(T (p)||T (o))

BS conditional mutual information

I,(A:C|B)?
T(P)HT(U)) ﬁ(pABcHlA/dA & PBC) — E(PABulA/dA & PB) —

( (A : C|B)
) D(papclloa ® psc) — D(pasllpa ® ps) = (A : C|B)

Nc-') bo>

I5%%(A: C|B) =0

B3 o T (p) 0

PABC — PBCPBPAB



RELATIVE ENTRORIES AND RECOVERABILITY

Equality

conditions

[Petz, ‘78]
[Bluhm-C., ‘20]

UMEGAKI RELATIVE ENTROPY

D(pllo) = D(T(P)| (@)
!
p= VAT (T(0) 2T ()T (o)~ )0/

|
RT o T(p)

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(pllo) = D(T (p)|| T (o))

)

p=0T*(T(e)"'"T(p))
|

BT o T(p)




RELATIVE ENTROPIES AND APPROXIMATE RECOVERABILITY

Equality

conditions

[Petz, ‘78]
[Bluhm-C., ‘20]

Approximate

version

UMEGAKI RELATIVE ENTROPY

D(plla) = D(T(p)|T (o))

!
p= VAT (T(0) 2T ()T (o)~ )0/

|
RT o T(p)

D(pllo) = D(T(p)IIT(0)) < €

T 72
p~ R oT(p)

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(pllo) = D(T (p)|| T (o))

)

p=0T*(T(e)"'"T(p))
|

BT o T(p)




RELATIVE ENTROPRIES AND APPROXIMATE RECOVERABILITY

Approximate

UMEGAKI RELATIVE ENTROPY

D(plle) = D(T(p)[T(0)) <€

DPI

T 7
p~ R oT(p)

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(pllo) — D(T(p)||T (o)) <&

T ?
p = BFoT(p)




RELATIVE ENTROPIES AND STRENGTHENED DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPRY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
Approximate D(pllo) — D(T(p)||T (o)) < ¢ D(pllo) = D(T(p)| T (o)) < &
DPL b2 02
=R p BF o T(p)

[Fawzi-Renner, ‘15]

[Junge et al, ‘18] ™4 . o -
(<) 1~ I72IT () I3RS o (o) — ol
[Carlen- 3

Vershynina, ‘20] < D(p|llo) — D(T (p)||T (o))

[Gao-Wilde, '21]
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UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
Approximate D(pllo) = D(T(p)|T(0)) < e D(pllo) = D(T(p)|[T(0)) < &
DPI T2 & ?
p~R7oT(p) p~ BT oT(p)
[Fawzi-Renner, ‘15]

[Junge et al, ‘18] ™4, 4. e - 4 _ T T
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RELATIVE ENTROPIES AND APPROXIMATE DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY

Approximate D(pllo) = D(T(p)|[T(0)) <€

DPI '
p~ R oT(p)

[Fawzi-Renner, ‘15]

[Junge et al, ‘18] T™\N% . 4. _ 11— >
; () 1o 17207 (0) M2 IR © T (o) = ol
[Carlen-

Vershynina, “20] < D(p|la) — D(T (p)||T (o))

[Gao-Wilde, ‘21] <4
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D(pllo) — D(T(p)||T (o)) <&

T ?
p = BFoT(p)




RELATIVE ENTROPIES AND APPROXIMATE DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPRY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
Approximate D(pllo) — D(T(p)||T (o)) < ¢ D(pllo) = D(T(p)| T (o)) < &
DPL b2 02
=R p BF o T(p)

[Fawzi-Renner, ‘15]

[Junge et al, ‘18] T\t . 10— > m™\4% _ _ A0 11—
; () 1o 2T () PRS0 T(o) = pllt (%) o™ 200 2174~ | 72(BY 0 T(0) — ol

8 3
[Carlen- -~ ~
Vershynina, “20] < D(pllo) = D(T(p)||T (o)) < D(pllo) = D(T (p)||T (o))
[Gao-Wilde, ‘21] <7 < Here

[Bluhm-C., "20]



REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTRORY

D(p|lo) = Tr[plog(p /20~ p*/?)]

Theorem (condolf, Scalet, Ruiz-de-Alarcén, Alhambra, C. ‘24) p,ocSH) T :8H)— SK)

D(pllo) = DT (P)IT () < lp~20p™ 2| IT (0)* | oo I T (p) 2|
NT (@) T () s llpo T (T ()T (p)™1) — 1|
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REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTRORY

D(p|lo) = Tr[plog(p /20~ p*/?)]

Theorem (Gondolf, Scalet, Ruiz-de-Alarcén, Alhambra, C. ‘24) p,ocSH) T :8H)— SK)

Simplified:

D(p|lo) — D(E(p)|| (o) =0 0

L Clp,,€) 1o (BH() ™ — 1 1
B(pllo) — DER) () < ]
’ ’ {C'(p, 7,€) o (Be(@) " ~ 1l




REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTRORY

D(p|lo) = Tr[plog(p /20~ p*/?)]

Theorem (Gondolf, Scalet, Ruiz-de-Alarcén, Alhambra, C. ‘24) p,ocSH) T :8H)— SK)

Proof
Simplified: N 1
— — log(X) = / < - > dt
D(pllo) — D(&(p)l[£(0)) =0 o : o \t+1 T+X
.|.
~ C(p,a,€) llp (BE(p)) ™ — 1 [l multiple norm inequalities

D(pllo) — D(E(p)| (o)) < {

C'(p,0,€) o (B2(0)) " = 1|u




REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTRORY

D(pllo) = Tr[plog(p*/20~p/?)]

Theorem (Gondolf, Scalet, Ruiz-de-Alarcén, Alhambra, C. ‘24) p,o e S(H) T :S8(H)— SK)

D(pllo) = D(T(p)|T () < llp~ 200720 T (0)Y 2|0 I T (0) ™2 e
NT (@) T (p)loollpe " T (T ()T (p)~") — 1o

Approximate DPI: & conditional expectation

T 4 B . 1 /e —4 F
(5) [P7720072| llEe) I 1BE (@) — o]l

< D(pllo) — D(E(p)|| £(0)) <
1/ 1/ B 9 -
||p Y26 1/‘ZHOO||£(/)) 1||;{ o 20| ||B2(0) — o




A PARTICULAR CASE

/ )

Hac, paBc € S(HABG), OABC = 7 & PBC )
da 90999299 PP
.
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UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)
— D(ﬂABC
— D(PABC

la/da ® ppc) — D(pap||la/da ® pB)

. d(4,C) :
e 4

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(p|lo) = Tr[plog(p*/ 201 pt/?)]
D(p|lo) — D(T (p)||T (o))

BS conditional mutual information

I,(A:C|B)?

» D(papcllta/da @ ppe) — D(paplla/da ® pp) =

pa @ ppc) — D(pasllpa ® pB)

I,(A:C|B)=0
0

1/2 —1/2 —1/2 1/2

PABC = PpcPB PABPB PBc

> D(paBcllpa ® ppc) — D(paBllpa ® pp) =

I5%%(A: C|B) =0

0

PABC — PBCPBPAB

Nr') bo>

P

“(A:C|B)
*(A: C|B)



A PARTICULAR CASE

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
D(pllo) = Tr[p(log p — log o)] D(pllo) = Tr[plog(p'/?c " p'/?)]
Conditional mutual information BS conditional mutual information

I,(A: C|B) = D(papc|la/da ® ppc) — D(papllla/da @ p) — D(papcllla/da ® ppc) — D(pasl|la/da @ pp) = I2(A: C|B)

I,(A:C|B) =0 I%(A: C|B) =0
) )
PABC = pg/épgl/QpABpgl/Zp}B/é PABC — PBCPBPAB

Approximate version?

(%)4 o~ 21T () HI2IRF © T(p) — pllt (%)4|\p‘1/20p‘1/2H“‘Hp‘lH‘QHBf} o T (o) — o}
< D(pllo) = D(T(p)|IT (o)) < D(pllo) = D(T(p)||T (o))
<7 < Here



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
D(pllo) = Tr[p(log p — log o)] D(pllo) = Tr[plog(p'/?c " p'/?)]
Conditional mutual information BS conditional mutual information

I,(A: C|B) = D(papc|la/da ® ppc) — D(papllla/da @ p) — D(papcllla/da ® ppc) — D(pasl|la/da @ pp) = I2(A: C|B)

I,(A:C|B) =0 IS%(A:C|B) =0
) )
pasc = pdipn P pappyn tpHl PABC = PBCPBPAB

Approximate version?

5) ezl : {orioncosolf3). (3) [|earzencos]| lleasll 2 loseaseasc — psc|
() N 12 Noabe 2 [foac — arsoscon o3 12 oo 2] oL 2 pmeihpanc — pac

< I,(A:C|B) <I*(A:C|B) <

~1/2 ~1/2 1/2 ~1 -1 -1 _
< 2 (logmin{da,dc} + 1) HPAB(/ _ P4/§P§1/203ppﬁll2pi,/§ 1/2 ) P 1BC*PB(‘P 113(*“ “PAB” lpaBlls ||PB PAB”OO||pABCpBCpABpB ]l||Oo




APPLICATIONS OF APPROXIMATE DPIs IN MATHEMATICAL PHYSICS
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Entropic inequalities Conditional independence

(reversed and (of 1D Gibbs states)
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BRIDGING QUANTUM INFORMATION AND MATHEMATICAL PHYSICS

QUANTUM INFORMATION MATHEMATICAL PHYSICS

Entropic inequalities Conditional independence

(reversed and (of 1D Gibbs states)
strengthened DPI)

ALGORITHMS

Efficient MPO approximation
of 1D Gibbs states




STEP I:
REVERSED DPI FOR THE BELAVKIN-STASZEWSKI RELATIVE ENTROPRY

(2! o207 o1 2 200) - ol

~~

< D(p|lo) — D(E(p)|| E(0)) <
_ . _ 2 _
[o220p272||_[1€Go) L2 |0 ||BE() ~ o] .




STEP II:
CONDITIONAL INDERPENDENCE OF QUANTUM GIBBS STATES IN 1D

3

ooooo

! d(A,C) !
A E !




QUANTUM GIBBS STATES IN ID

3

ooooo

! d(A,C) !
A E !




INTRODUCTION TO THE SETTING

Study of quantum Gibbs states in 1D

A

- Spin chain:A CCZ \ooooo/“Qooooooo‘
e Hamiltonian: H), = ZHX
XCA

e Finite-range (k-local interactions):
Hx =0 for diam(X) >k and ||Hx| <J VX CA

e Short-range (exponentially-decaying interactions):

|Hallx :=sup Y  [|Hx|eM*! < oo
xGVXBZE

6_5HA

Trie—FPHa]

e Gibbs state (at inverse temperature 5 > 0): pA —




OBJECTIVES OF THIS WORK

Part II: Conditional independence of quantum Gibbs states in 1D

DECAY OF CORRELATIONS

e Spin chain: A CC Z

e Hamiltonian: H, = Z Hy Covariance
XCA COVpA (A, C) — Sup ‘Tr[pA OAOC] — Tr[pA OA]TT[,OA Oc]‘
* Gibbs state | e~ BHA 1CAl=IOel=
t5 > 0): P = — : : _
atf > 0] Trle—FHa] Mutual information ot =p

I,(A:C)=D(pacllpa ® pc) = Trlpac(logpac — logpa & pc)]

B

0000000000000 00 CONDITIONAL INDEPENDENCE

dA4,0) o . .
A — Conditional mutual information

I,(A:C|B) = S,(AB) + S,(BC) — S,(ABC) — S, (B)

Here different quantity! S,(X) = — Tr[px log px]



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

B

D(p||o) = Tr[plog(p*/2c=1p'/2)] 9099999290999 90292000
: d(4,C) :
A —

BS CONDITIONAL MUTUAL INFORMATIONS

One-sided: I9°(A:C|B) = D(papclla/da @ ppc) — D(paplla/da @ pp)
Two-sided: I2(A:C|B) = D(papcllpa ® pc) — D(paslpa @ ps)

Reversed: EGV(A ; C|B) — ﬁ(pA X pgcupAgc) — ﬁ(pA 0 ,OBHPAB)



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

B

D(pllo) = Tr[plog(p"/ 20— p1/2)] ° 200000000

d(A,C)

I 1
A E i

BS CONDITIONAL MUTUAL INFORMATIONS

One-sided: I9°(A:C|B) = D(papclla/da @ ppc) — D(paplla/da @ pp)
Two-sided: I2(A:C|B) = D(papcllpa ® pc) — D(paslpa @ ps)

Reversed: EGV(A ; C|B) — ﬁ(pA X pgcupAgc) — ﬁ(pA 0 ,OBHPAB)

Theorem (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. ‘24)

DODN0000000000000000000 NEENENETN

X ) a(lA B
I*(A: C|B) < ce®ATIBD 5(1B))

tiall
X {os ts,revh  f i §(() et



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

D(pllo) = Tr[plog(p'/?o~"p'/?) ° 200000000

: d(4,C) :
%
A

BS CONDITIONAL MUTUAL INFORN\ATIONS|

TOS A K h ,’24
One-sided: I3(A:C|B) = D(papcl|la/da @ ppc) — D(p [Kuwahara, "24]

Two-sided: 1™(A: C|B) = D(pancllpa ® pac) — D(p el

Reversed: I;(A: C|B) = D(pa ® picllpasc) -”f The BS-CMI decays faster
- han the CMI!

Theorem (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. '24) e~ BHA

_ooooooooooooooooooo P~ Ty[e—BHa]

IX(A: C|B) < cee(AHIBD 5B .
X & {OS, tS, rev} Z S 5(6) supe;e:cpaoyr::;’rlally

Reversed [Bluhm-C.-Pérez Hernandez, ‘22]
data processmg inequality l

PX(A:CIB) < ce®MIHIBD oy pepil pppil — Lapclloo < ce®(4H1BD 5(B))



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

B

D(pllo) = Tr[plog(p*/2c~1p!/?)] ° 200000000

d(A,C)

I 1
A E i

BS CONDITIONAL MUTUAL INFORMATIONS

One-sided: IOS(A C|B) = D(papcllia/da ® ppc) — D(papllia/da ® pB)

Two-sided: (A :C|B) = D(pasclpa® ppc) — D(pag|pa ® pp)

Reversed: EGV(A ; C|B) — ﬁ(pA X pgcupAgc) — ﬁ(pA 0 ,OBHPAB)

Theorem (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. ‘24)

G_BHA

A _
\ooooooooooooaoooooo P = Ty[e—PH]
A ; R

IX(A: C|B) < ce®l4I+1BD (| B|) .
X & {OS, tS, rev} f S 5(6) supe;e:cpaoyr:j;’rlally

Reversed [Bluhm-C.-Pérez Hernandez, ‘22]
data processmg inequality l

X(A:CIB) < ce®MIHIBD || pupepil pppih — Lapclloo < ce®(4H1BD 5(B))




CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

D(pllo) = Tr[plog(p'/?o~"p'/?) ° 200000000

d(A, O)

| 1
A E !

BS CONDITIONAL MUTUAL INFORMATIONS

One-sided: I9°(A:C|B) = D(papclla/da @ ppc) — D(paplla/da @ pp)
Two-sided: (A :C|B) = D(papcllpa @ pac) — D(pagllpa @ ps)

Reversed: EGV(A : ClB) — ﬁ(pA X pgcﬂ,OABc) — 15(,0,4 X ,OBH,OAB)

Theorem (Gondolf Scalet, Ruiz-de-Alarcédn, Alhambra, C. ‘24) | —BH,
P = Tr[e_BHA]

N 5(6) superexponentially

decaying

Reversed

e . [Bluhm-C.-Pérez Hernandez, ‘22]
data processing inequality

l

AX : o — — 84
PX(A: O|B) < ce®AHBD (o1 popptpppih — Lasclleo < ce®AHED (| B))



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

B

D(pllo) = Tr[plog(p*/2c~1p!/?)] ° 200000000

d(A,C)

I 1
A E i

BS CONDITIONAL MUTUAL INFORMATIONS

One-sided: IOS(A C|B) = D(papcllia/da ® ppc) — D(papllia/da ® pB)

Two-sided: (A :C|B) = D(pasclpa® ppc) — D(pag|pa ® pp)

Reversed: EGV(A ; C|B) — ﬁ(pA X pgcupAgc) — ﬁ(pA 0 ,OBHPAB)

Theorem (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. ‘24)

G_BHA

A _
\ooooooooooooaoooooo P = Ty[e—PH]
A ; R

IX(A: C|B) < ce®l4I+1BD (| B|) .
X & {OS, tS, rev} f S 5(6) supe;e:cpaoyr:j;’rlally

Reversed [Bluhm-C.-Pérez Hernandez, ‘22]
data processmg inequality l

X(A:CIB) < ce®MIHIBD || pupepil pppih — Lapclloo < ce®(4H1BD 5(B))




STEP III:
LEARNING OF QUANTUM GIBBS STATES IN 1D

V0002000020000 000 E_A




OBJECTIVES OF THIS WORK

Part III: Learning of quantum Gibbs states in 1D

(via Matrix Product Operators approximation)

* Spin chain: A CC Z For p*, we construct a MPO M
* Hamiltonian: Hy = » Hx from its marginals such that
XCA
. - A
* Gibbs state | —AHa |p™ — M1 <e¢
(at3 > 0): P = Tr[e—FHA]

A
W00 000000000000 000000

S 7 — ~—— —
A As As As An—1 An




LEARNING OF QUANTUM GIBBS STATES IN 1D

0000000000000 ) —

N— ,—/ — B Tr[e_BHA]
A B

Recovery condition:

D(X) = pg (o5 *pasps ) P05 " Xpg (05 P paspp ) 0y



LEARNING OF QUANTUM GIBBS STATES IN 1D

A
—BH
9000000000000 p— _C .

% A — B Tr[e_BHA]
A B

Recovery condition:

D(X) = pg (o5 *pasps ) P05 " Xpg (05 P paspp ) 0y

Another strengthened DPI:

o T\ 1/ 1/2, 5 ) [Bluhm-C., “20]
(45 C1B) 2 (%) llopd*pancosd 12210 (ps0) — pascl

[Carlen-
Vershynina, ‘20]



LEARNING OF QUANTUM GIBBS STATES IN 1D

A
—BH
9000000000000 p— _C .

% A — B Tr[e_BHA]
A B

Recovery condition:

D(X) = pg (o5 *pasps ) P05 " Xpg (05 P paspp ) 0y

Another strengthened DPI:

o T\ 1/ 1/2, 5 ) [Bluhm-C., “20]
(45 C1B) 2 (%) llopd*pancosd 12210 (ps0) — pascl

[Carlen-
Vershynina, ‘20]

Consequence: R
[,(A:C|B) =0 = ®(pBc) = paBc



LEARNING OF QUANTUM GIBBS STATES IN 1D

A
—BHA
99009909002 0000000 Py
\ y ’ Tr[e—BHA]
A

Recovery condition:

D(X) = pg (o5 " panps ) o5 Xpp (05" P panpp ) oy
Another strengthened DPI:

Trev T\ 4 —1/2 —1/2—
(A5 C1B) 2 () llopd*pancrsd 12219 (pnc) — pasclt

The converse is also true!

Consequence: R
[,(A:C|B) =0 = ®(pBc) = paBc




LEARNING OF QUANTUM GIBBS STATES IN 1D

As

—1/2
12,

[/

_—1/2)1/2101/2

1/2, —1/2 —1/2 —1/2  —1/2
P, (X) :Pz’/ (P, / Pizi+10; / )1/2:07; / Xp; / (p iri+1P; i

(O 1) (X)]], < llpj ool X Il



LEARNING OF QUANTUM GIBBS STATES IN 1D

A
—BH
9999000000000 p— _C .

N— ,—/ — B Tr[e_BHA]
A B

Recovery condition:

d(X) = p/lB/Z(,0_1/2/0/13,0231/2)1/2/0_1/2Xp_1/2(/0_1/2/0,43/0;/2)1/2,0]19/2

Theorem (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. ‘24)

_ 16(N — 1
[(OX'20) () — e, = ** = cup Do (1]00) explL (44
| ~
MPO of bond dimension D = dim(4;)° Dos(pllo) =log|lo

Follows from [Bluhm-C., ‘20] and [Carlen-Vershynina, ‘19]



LEARNING OF QUANTUM GIBBS STATES IN 1D

000290902 9020202000000 A _ e~ PHn Recovery condition:

o p Tr[e—BHA]

1/2 —1/2 —1/2 — — — — 1/2
A 5 O(X) = pil (05 Ppasps ) 205 P Xp5 2 (05 Ppasps )20y

Theorem (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. '24)

[(ON7'®,) (p1) — prx |, < 2O =

1 A
) sup Do (1{|pi) exp(loc (A1 ... Ai—1 0 Ai)/2) TPV (A; Ay . Aol Ai)M*

COI”O“GT‘X (Gondolf, Scalet, Ruiz-de-Alarcon, Alhambra, C. ‘24)

P n-site marginal of Gibbs state in TI-1D, £ accuracy. There is an MPO representation of bond dimension

log(n/e) + Cg)
log(log(n/¢))

D = exp (2 log(d)C1

as lOI‘lg as log( / )"‘CQ
A== O g logn/2)




LEARNING OF QUANTUM GIBBS STATES IN 1D

000290902 9020202000000 A _ e~ PHn Recovery condition:

- P " 3H
N Tr[e s A] O(X) 1/2( —1/2 —1/2)1/2p—1/2Xp—1/2(p;/szBp;/Q)l/gpl/z

A B — P \PB PABPBR B

Theorem (Gondolf, Scalet, Ruiz-de-Alarcén, Alhambra, C. ‘24)

For ||pi — pill1 < 0 and

i(X) = ()2 ((5e) ™2 piisr (p1) )2 (0a) T2 X (p) T2 (i) T 2 Pisira (i) T2 2 (i)
MPO approximation such that, with probability > 1 — ¢

(fov 1o, ) (p1) — p1:N 1 <e.

with sample complexity and classical post-processing time poly (n/e)log(1/c)



QUANTUM MARKOV. CHAINS




A PARTICULAR CASE

14 B

Hapo, pac € S(Hapc), 0aBc = — ® pBC
da PPV PPPPPPPOPOO

T = tro d(A,C)

I 1
A E !

UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)
= D(papc||la/da ® ppc) — D(pag||la/da ® pB)
= D(papcl|lpa ® pec) — D(pasllpa ® pB)

I,(A:C|B)=0
0

o 1/2 —1/2 —1/2 1/2
PABC = PpcPB PABPB PBc



A PARTICULAR CASE

14 B

Hapo, pac € S(Hapc), 0aBc = — ® pBC
da PP PPPPPP PP

T = tro d(A,C)

I 1
A E !

UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)
= D(papc||la/da ® ppc) — D(pag||la/da ® pB)
= D(papcl|lpa ® pec) — D(pasllpa ® pB)

I,(A:C|B)=0
) Such a state is called a Quantum Markov Chain
1/2 —1/2 —1/2 1/2

PABC = PpcPB PABPB PBc



A PARTICULAR CASE

B

Hapo, pac € S(Hapc), 0aBc = — ® pBC
da PPV PPPPPPPOPOO

T:trc

UMEGAKI RELATIVE ENTROPY

D(pllo) = Tr|p(log p — log o)]
D(pl|lo) = D(T (p)||T (o))

Conditional mutual information

I,(A:C|B)
— D(ﬂABC
— D(PABC

la/da ® ppc) — D(pap||la/da ® pB)

d(A,C)

i E

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(p|lo) = Tr[plog(p*/ 201 pt/?)]
D(p|lo) — D(T (p)||T (o))

BS conditional mutual information

I,(A:C|B)?

» D(papcllta/da @ ppe) — D(paplla/da ® pp) =

pa @ ppc) — D(pasllpa ® pB)

I,(A:C|B)=0
0

1/2 —1/2 —1/2 1/2

PABC = PpcPB PABPB PBc

> D(paBcllpa ® ppc) — D(paBllpa ® pp) =

I5%%(A: C|B) =0

0

PABC — PBCPBPAB

Nr') bo>

P

“(A:C|B)
*(A: C|B)



A PARTICULAR CASE

B

ooooo

| d(A,C) |
A : }

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

D(p|lo) = Tr[plog(p*/ 201 pt/?)]
D(p|lo) — D(T (p)||T (o))

BS conditional mutual information

I,(A:C|B)?
D(pagcllla/da ® ppc) — D(pap||la/da ® pp) = I5°(A : C|B)
D(papcllpa ® psc) — D(pasllpa ® pp) =I5 (A : C|B)
We call this state a fgS»tS(A . C|B) =0
Belavkin-Staszewski Quantum Markov Chain )

[Bluhm, C., Costa Rico, Jencova, '25] PABC — PBCPBPAB



How. DO THESE QUANTUM MARKOV. CHAINS COMPARE?

QUANTUM MARKOV. CHAINS

I,(A:C|B)=0
0

1/2 —1/2 ~1/2 1/2
PABC = PpcPB PABPB PBc

BELAVKIN-STASZEWSKI QUANTUM MARKQOV. CHAINS

I9%(A: C|B) =0

0

PABC — PBCPBPAB




How. DO THESE QUANTUM MARKOV. CHAINS COMPARE?

QUANTUM MARKOV. CHAINS

I,(A:C|B)=0
0

1/2 —1/2 ~1/2 1/2
PABC = PpcPB PABPB PBc

In general: D(plle) = D(T(p)||T (o))

0

BELAVKIN-STASZEWSKI QUANTUM MARKQOV. CHAINS

I9%(A: C|B) =0

0

PABC — PBCPBPAB

p=0c'2T*(T (o) V2T (p)T (o) /2)0 !/ p=0T"(T(o)""T(p))




How. DO THESE QUANTUM MARKOV. CHAINS COMPARE?

QUANTUM MARKOV. CHAINS

I,(A:C|B)=0
0

1/2 —1/2 ~1/2 1/2
PABC = PpcPB PABPB PBc

In general: D(plle) = D(T(p)||T (o))

0

BELAVKIN-STASZEWSKI QUANTUM MARKQOV. CHAINS

I9%(A: C|B) =0

0

PABC — PBCPBPAB

p=0c'2T*(T (o) V2T (p)T (o) /2)0 !/ p=0T"(T(o)""T(p))




How. DO THESE QUANTUM MARKOV. CHAINS COMPARE?

QUANTUM MARKOV. CHAINS BELAVKIN-STASZEWSKI QUANTUM MARKOV. CHAINS
I,(A:C|B) =0 I$%(A: C|B) =0
0 0
PABC = P}B/épél/QpABpémp}g/é PABC — PBCPBPAB
In general: D(pllo) = D(T(p)| T (o)) D(pllo) = D(T(p)||T (o))
0

p= 0V (T(0) 2T ()T (o))

X

[Jencova, Petz, Pitrick, ‘09], [Hiai, Mosonyi, '17]



How. DO THESE QUANTUM MARKOV. CHAINS COMPARE?

QUANTUM MARKOV. CHAINS BELAVKIN-STASZEWSKI QUANTUM MARKOV. CHAINS
I,(A:C|B) =0 I9%(A: C|B) =0
) )

1/2 —1/2 ~1/2 1/2
PABC = PpcPB PABPB PBc

X

[Bluhm, C., Costa Rico, Jencova, ‘25]

PABC — PBCPBPAB

In general: D(pl|o) = D(T(p)||T () D(pllo) = D(T(p)||T(0))

ﬁ X

p= a AT (T(0) 2T ()T () /%)
[Jencova, Petz, Pitrick, ‘09], [Hiai, Mosonyi, 17]




How. DO THESE QUANTUM MARKOV. CHAINS RELATE?

Theorem (Bluhm, C., Costa Rico, Jencova, ‘25)

Assume that pspc € S(Hapc) 18 such that pg is invertible. Define the state

. 1 1/2 1/2
NABC ‘= EPB PABCPR

Then, the following are equivalent:
(l) PABC 1S a BS-Q.\I(‘

(i) paBc = pABP[jlpB(_‘-

/-

o83 . . 5 1/2 1/
(iii) The marginals 145 and e commute, and we have pspc = dfﬂ)B/ NABNBCPR -
(iv) nasc is a QMC.

N
(v) There are Hilbert spaces Hz., Hzr and a unitary Ug : Hp — @ (Hpr @ Hgr), such

n=1

that

1/277e . - 12
pasc = pPp Up (@ dp PnNABL & 71333(*) Uspg
T

for some states f 5. on H g and fjgrc on Hpre and a probability distribution {p, }.




How. DO THESE QUANTUM MARKOV. CHAINS RELATE?

Theorem (Bluhm, C., Costa Rico, Jencova, ‘25)

Let 7 : B(H) — B(K) be a channel and let U : H — K ® Hg be an isometry such that
T = TrglU - U*]. Let p,oc € S(H) be states such that supp(p) < supp(c). The following

conditions are equivalent.
(i) D(plle) = D(T(p)||T (o).
(i) T ((p/0)?) = To([p/a])>*
(iii) There is a decomposition and a unitary S: K — @, Kt @ K, such that for

p=U"pU, o=U"0yU,

where pg,00 € B(K @ Hg)" are positive and such that supp(pg),supp(og) < UU*, we

have

po = (T(0)'/2S* ® I) P} @ nf)(ST(0)/? @ Ig)

4!

oo = (T(0)'/*S* @ Is) PUxr @ nf) (ST (0)'/? & If)

n

for some nt € B(KX)* and 't € B(KE @ HE)*.

(iv) p=0oT"(T(a)""T(p)).




How. DO THESE QUANTUM MARKOV. CHAINS RELATE?

Theorem (Bluhm, C., Costa Rico, Jencova, ‘25)

Assume that pspc € S(Hapce) 18 such that pg is invertible. Define the state

| D 1/2

(EARE e R G AR In particular:

Then, the following are equivalent: T ( A - C‘ B) — 0
p\41 - —

(l) PABC 1S a BS-Q.\I(J :U:

. 1

(ll) PABC = PABPgr PBC- ~
ABC : Ios,ts,reV(A . C‘B) — 0

= : o 1/2 1/2 4

(ili) The marginals 45 and npc commute, and we have p, pc = dgpg “NMaNBCPE -

(iv) nagc is a QMC.

N
(v) There are Hilbert spaces Hzr, Hpr and a unitary Ug : Hp — @ (Hpr @ Hgr), such
n=1

that

1/277e . . r o 1/2
paBc = Pp Up (@ dp PnfABL ® 713{}(') Uspg
n

for some states fj45. on H 4. and fjgrc on Hpre and a probability distribution {py,}.




How. DO THESE QUANTUM MARKOV. CHAINS RELATE?

Theorem (Bluhm, C., Costa Rico, Jencova, ‘25)

Assume that pspe € S(Hapc) 18 such that pg is invertible. Define the state

1 1/2 1/2
NABC ‘= EPB PABCPgp -

Then, the following are equivalent:

In particular:
(l) PABC 1S a BS-Q.\I(‘

I,(A:C|B)=0

L 1
P , — »
(iii) The marginals 45 and nc commute, and we have pspc = dzpg “NaNBCPE -

(l\f) NABC 1S a Q‘\IC

Aos,ts,rev . .
I (A:C|B) =0

N
(v) There are Hilbert spaces Hzr, Hgr and a unitary Ug : Hp — @ (HB:. R ’HBR), such

n=1

that

1/2y7e - - . 1/2
pasc = Py Upg (@ dg Pn NABL & 7/8,’}(') Uspg

n

for some states 7452 on H 4L and grc on Hpre and a probability distribution {p, }.

1/2, —1/2 —1/2)1/2 —1/2 —1/2

~ —1/2 —1/2 1/2
[%(A:C|B) =0 <> PABC =PpBOPBPAB <> paBC =pg (P PABPE / )2

pg ' “pBCPE (PR TPABPR PB



How. DO THESE QUANTUM MARKOV. CHAINS RELATE?

Theorem (Bluhm, C., Costa Rico, Jencova, ‘25)

1/2

: 1/ 1/¢ >
1/2 /2 _ d B”"‘"ABUAB

Let pagc be a BS-QMC and let napc be the corresponding QMC. Let p o5

be the polar decomposition, with W4 unitary. Then, the following are equivalent.

(i) pagc is a QMC.

(ii) There is a decomposition as in Theorem 3.1.3 (v), such that also

p = Upg (@ PnpBL @ /73,'5) Up

for some ppr € S(Hpr), ppr € S(Hpr) and a probability distribution {p, }.

(1ii) [piBtUABpB“a’IB(.‘] =0 for all t € R.
(l\«) "VA B7) Bc‘”r; B — NNBC -

, 1 ~1/2 1/2
(‘) dB Pap PABCPap = TIBC-




OTHER DIVERGENCE MEASURES




QUANTUM RENYI DIVERGENCES

CLASSICAL INFORMATION

Renyi divergences

QUANTUM INFORMATION

1 i pg
D.(pllq) = - 110g( —




QUANTUM RENYI DIVERGENCES

CLASSICAL INFORMATION

Renyi divergences

1 = Dy
r=1 1%

a € (0,1)U(1,00)

)

Ea(PHU) —

QUANTUM INFORMATION

Petz Renyi divergences
1
a— 1
a € (0,1)U(1,2)

logTr[p*ot—®

|
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Renyi divergences

1 i pg‘
D.(pllq) = - 110g< —

QUANTUM INFORMATION

Petz Renyi divergences

T 1 8" —
Du(pllo) = —logTr[p%o ]

a € (0,1)U(1,2)

Sandwiched Renyi divergences
~ 1
Do (pllo) =

a€ (1/2,1)U (1, o0)

1logTr[(al2_—aapal2_—aa)o‘]




QUANTUM RENYI DIVERGENCES

CLASSICAL INFORMATION

Renyi divergences

1 i pg‘
D.(pllq) = - 110g< —

QUANTUM INFORMATION

Petz Renyi divergences

T 1 8" —
Du(pllo) = —logTr[p%o ]

a € (0,1)U(1,2)

Sandwiched Renyi divergences
~ 1
Do (pllo) =

a€ (1/2,1)U (1, o0)

1logTr[(al2_—aapal2_—aa)o‘]

Geometric Renyi divergences
1

Da(pllo) = ——logTr[o (o~ /2pa1/2)°]

a € (1,2)




QUANTUM RENYI DIVERGENCES

RELATIVE ENTROPIES RENYI DIVERGENCES

Petz Renyi divergences

Umegaki relative entropy D, (pllo) = 1 logTr[p® o]
. 1

D(p|lo) = Tr[p(log p — log o)] € (0,1)U(1,2)

Sandwiched Renyi divergences

~ 1
Da(PHU) —

1logTr[(al2_—aapal2_—aa)o‘]
Belavkin-Staszewski relative entropy

a€ (1/2,1)U (1, o0)

D(pllo) = Tr[plog(p'/?a~1p'/?) ,
Geometric Renyi divergences

|

Da(pllo) = ——logTr[o (o~ /2pa1/2)°]

a € (1,2)




QUANTUM RENYI DIVERGENCES

RELATIVE ENTROPIES RENYI DIVERGENCES

Petz Renyi divergences

Umegaki relative entropy D, (pllo) = 1 logTr[p® o]
. 1

D(p|lo) = Tr[p(log p — log o)] € (0,1)U(1,2)

Sandwiched Renyi divergences

~ 1
Da(PHU) —

1logTr[(al2_—aapal2_—aa)o‘]
Belavkin-Staszewski relative entropy

a€ (1/2,1)U (1, o0)

D(pllo) = Tr[plog(p'/?a~1p'/?) ,
Geometric Renyi divergences

|

Da(pllo) = ——logTr[o (o~ /2pa1/2)°]

a € (1,2)




COMPARISON OF QUANTUM RENYTI DIVERGENCES

DIVERGENCE MEASURES

Umegaki relative entropy

D(pllo) = Tr[p(log p — log o))

Petz Renyi divergences Sandwiched Reéenyi divergences
- 1 ~ 1 1l —« l—« :
Da(pllo) = —logTr[p®0" ] Dal(pllo) = ——logTr[(0 77 po 2 )™

a€e (0,1)U(1,2) a€ (1/2,1)U(1,00)

.
|
i
i
|
i
|
i
i
|
i
i
|
i
i
|

Belavkin-Staszewski relative entropy

D(p|lo) = Tr[plog(p*/2c~1p'/?)]

Geometric Renyi divergences [Fang, Fawzi, "21]

1

Da(pllo) = SlogTr[o (o™ po=/%)°]

a € (1,2)




DATA PROCESSING INEQUALITIES FOR QUANTUM RENYI DIVERGENCES

RELATIVE ENTROPIES

Umegaki relative entropy

D(pllo) = Tr[p(log p — log o))

Petz Renyi divergences Sandwiched Reéenyi divergences
_ | 1
D, =

(pllo) = — —

ae (0,1)U(1,2) a€ (1/2,1)U(1,0)

1l—«

logTr[p®c' =] Dy (p|lo) =

Belavkin-Staszewski relative entropy

D(p|lo) = Tr[plog(p*/2c~1p'/?)]

Geometric Reényi divergences

1

Da(pllo) =

- logTr[o (=12 po=1/2)¥]

a € (1,2)

logTr[(07 % po 2 )*

Multiple results of strengthened DPI for
Petz and sandwiched Renyi divergences:

Recoverability for optimized quantum
f-divergences

Li Gao''* and Mark M Wilde?-3

(also involving rotated Petz recovery maps)




DPIs FOR SANDWICHED RENYI DIVERGENCES: PARTICULAR CASE

Sandwiched Renyi divergences

= 1 1—a 1—a .,
Da(pllo) = ——logTt|(o = po2)?]

o€ (1/2,1)U (1,00 I,(A:C|B), = H,(C|B), — Hy,(C|AB),

Sandwiched Renyi Conditional Mutual Information

1 l—« l—«

~logTr|((1a ® pp) = pap(la @ pp) = )"

with H,(A|B), =




DPIs FOR SANDWICHED RENYI DIVERGENCES: PARTICULAR CASE

Sandwiched Renyi divergences

~ 1

o€ (1/2,1)U (1,00 I,(A:C|B), = H,(C|B), — H,(C|AB),

Sandwiched Renyi Conditional Mutual Information

logTr[(c % po 2 )°]

1

with Ha(A|B), = ;——logTr((14 @ pp) = pap(1a @ pp)

[Bluhm, C., Gondolf, Mobus ‘23]
For a € (1/2,1),

Y

it —3—it _5+it

>4it —
log (1 + (’C HPABC —PBc PB°  PABPB°  PBC

l — o
I.(A:C|B),

- ~1 1/2 —1/2 —1/2 1/2]||1/?
Sc (a’ ”PA;;(; |oo adC',dABC') ”PABC - pB/CpB / PABPp / pB/CH1 )

for any € € (O, 1 — ﬁ), with

1/2
m T
L= ((ee sin(w%)) " 8) 2 cosh(mt)




DPIs FOR SANDWICHED RENYI DIVERGENCES: PARTICULAR CASE

Sandwiched Renyi divergences
i~ 1 1o 1—a .,
Da(pllo) = ——logTr|(o72> po=e)?]

€ (1/2.1)U (1,00 I,(A:C|B), = H,(C|B), — H,(C|AB),

Sandwiched Renyi Conditional Mutual Information

1 1— o
with H,(A|B), = ——logTr{((1a ® pB) 7 pap(la @ pp) = )]

[Bluhm, C., Gondolf, Mobus ‘23]

For a € (1, 00),

1

Lyit —1—it —3—it _z+it e —
log (1+( ' —Pc P° PABPB" Ppc 1) i )

I.(A:C|B),

a—1

1/2 —1/2 ~1/2 1/2||1/?

dc,dABc) “PABC — PpcPB PABPB PBC y

‘—1
1

C (a, ||PABC

for any € € (0, 5= ), with

2 cosh(wt)




CONCLUSIONS

* We have reviewed entropies and divergence measures in classical and quantum information
theory.

* We have recalled results of strengthened and reversed data processing inequalities, as well
as their relation to approximate recoverability.

* We have studied the particular case of tripartite Hilbert spaces and applied our results to
the study of decay of correlations, as well as learning of Gibbs states.

* We have reviewed Quantum Markov Chains and introduced the analogous notion for the
Belavkin-Staszewski relative entropy.

* We have recalled some quantum Renyi divergences and briefly explored their DPIs.
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