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In quantum information theory:

• It accounts for quantum superposition and entanglement.

• It is central for quantum communication, computation and thermodynamics.

• Von Neumann entropy: <latexit sha1_base64="9h4rYUQ/SyWOyz1qmmgK2IW6Qb4="></latexit>

S(⇢) := �Tr[⇢ log(⇢)]

Why do we care?

• It sets limits on how efficiently we can store, transmit or hide information. 

• It helps us understand correlations, irreversibility and complexity in both classical and 

quantum worlds.
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Shannon entropy:

• It is the foundational measure of uncertainty in a discrete random variable.
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Shannon entropy:

• It is the foundational measure of uncertainty in a discrete random variable.
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Some properties:

• Non-negativity:

• Maximum value:                    when

• Minimum value:             for         and  
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Some interpretations/applications:

• Average number of bits needed to encode outcomes of 

• Optimal rate for lossless compression

• Used in statistical mechanics, machine learning and cryptography
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Shannon entropy:

• It is the foundational measure of uncertainty in a discrete random variable.
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Kullback-Leibler divergence:

• It measures the difference between two distributions.


Other quantities
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Shannon entropy:

• It is the foundational measure of uncertainty in a discrete random variable.
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Mutual information:

• It measures shared information between variables.
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• It is the foundational measure of uncertainty in a discrete random variable.
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Rényi divergences:

• It measures shared information between variables.


Rényi entropies:

• A one-parameter family generalising the Shannon entropy.
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CLASSICAL INFORMATION

Shannon entropy
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1� ↵
log

 
nX

x=1

p
↵
x

!

Von Neumann entropy

<latexit sha1_base64="9h4rYUQ/SyWOyz1qmmgK2IW6Qb4="></latexit>

S(⇢) := �Tr[⇢ log(⇢)]

Quantum Rényi entropies

<latexit sha1_base64="JZmRYiAzA9iTF7iECW0ao8ciw14="></latexit>

S↵(⇢) =
1

1� ↵
logTr[⇢↵]

<latexit sha1_base64="yNAZKGoUwM3G+8iXebJN8ZAlf2Y="></latexit>⇣
S(⇢) = �

X

x

�x log(�x)
⌘

<latexit sha1_base64="N73Koi8vV6osj6SfXelx0V/zj8Q=">AAACHXicbVBNSwMxEM3W7/pV9eglWIUWpOxKUY+CF48VbBW6pWTTWRuazS7JrFqW/hEv/hUvHhTx4EX8N6ZrD1p9MPB4byaZeUEihUHX/XQKM7Nz8wuLS8XlldW19dLGZsvEqebQ5LGM9VXADEihoIkCJVwlGlgUSLgMBqdj//IGtBGxusBhAp2IXSsRCs7QSt1S3Ue4w/yd7LYvEEaZz2TSZ9QXilbcfa9KfZ4mtOLtj6UQh9VRt1R2a24O+pd4E1ImEzS6pXe/F/M0AoVcMmPanptgJ2MaBZcwKvqpgYTxAbuGtqWKRWA6Wb7ViO5ZpUfDWNtSSHP150TGImOGUWA7I4Z9M+2Nxf+8dorhcScTKkkRFP/+KEwlxZiOo6I9oYGjHFrCuBZ2V8r7TDOONtCiDcGbPvkvaR3UvMOad14vn+xO4lgk22SHVIhHjsgJOSMN0iSc3JNH8kxenAfnyXl13r5bC85kZov8gvPxBaQboNc=</latexit>

↵ 2 (0, 1) [ (1,1)



HOW TO EXTEND THIS QUANTUMLY?

CLASSICAL INFORMATION QUANTUM INFORMATION

Shannon entropy

<latexit sha1_base64="3uTC0XtH+g0oKtjUFzTqIZE5v5k="></latexit>

H(X) := �
X

x

px log(px)

Rényi entropies

<latexit sha1_base64="D3+lSHpqcpcN/i8rIDf3hQR+8/M="></latexit>

H↵(X) =
1

1� ↵
log

 
nX

x=1

p
↵
x

!

Von Neumann entropy

<latexit sha1_base64="9h4rYUQ/SyWOyz1qmmgK2IW6Qb4="></latexit>

S(⇢) := �Tr[⇢ log(⇢)]

Quantum Rényi entropies

<latexit sha1_base64="JZmRYiAzA9iTF7iECW0ao8ciw14="></latexit>

S↵(⇢) =
1

1� ↵
logTr[⇢↵]

Mutual information
 Mutual information

<latexit sha1_base64="LulaG03lBPZ95S/b14+NBL8Zl7M=">AAACHHicbVDLSgMxFM3UV62vqks3wSq0qGVGRUUQBDe6U7APaUvJpLdtaOZBckctQz/Ejb/ixoUiblwI/o1p7UJbD4Sce+4jN8cNpdBo219WYmJyanomOZuam19YXEovrxR1ECkOBR7IQJVdpkEKHwooUEI5VMA8V0LJ7Zz186VbUFoE/jV2Q6h5rOWLpuAMjVRP71UR7nEwJ75rC4RefJEt02N6k6Mn9DxbztEtc5lopx9tG71XT2fsvD0AHSfOkGTIEJf19Ee1EfDIAx+5ZFpXHDvEWswUCi6hl6pGGkLGO6wFFUN95oGuxYOlenTTKA3aDJQ5PtKB+rsjZp7WXc81lR7Dth7N9cX/cpUIm0e1WPhhhODzn4eakaQY0L5TtCEUcJRdQxhXwuxKeZspxtH4mTImOKNfHifF3bxzkHeu9jOnG0M7kmSNrJMsccghOSXn5JIUCCcP5Im8kFfr0Xq23qz3n9KENexZJX9gfX4DJ9KddQ==</latexit>

I(X : Y ) = H(X) +H(Y )�H(X,Y )
<latexit sha1_base64="IFNEwkuGo6VHPI0h2euuQcGKm38="></latexit>

I⇢(A : B) = �S(⇢AB) + S(⇢A) + S(⇢B)



HOW TO EXTEND THIS QUANTUMLY?

CLASSICAL INFORMATION

Kullback-Leibler divergence

<latexit sha1_base64="18Eley/ECUCg52LvFgfslkMlKVs="></latexit>

KL(pkq) =
X

x

px log
px
qx

Rényi divergences

<latexit sha1_base64="LNTzbZwm+ifdd43L+D5ojaePGO4="></latexit>

D↵(pkq) =
1

↵� 1
log

 
nX

x=1

p↵x
q↵�1
x

!

<latexit sha1_base64="N73Koi8vV6osj6SfXelx0V/zj8Q=">AAACHXicbVBNSwMxEM3W7/pV9eglWIUWpOxKUY+CF48VbBW6pWTTWRuazS7JrFqW/hEv/hUvHhTx4EX8N6ZrD1p9MPB4byaZeUEihUHX/XQKM7Nz8wuLS8XlldW19dLGZsvEqebQ5LGM9VXADEihoIkCJVwlGlgUSLgMBqdj//IGtBGxusBhAp2IXSsRCs7QSt1S3Ue4w/yd7LYvEEaZz2TSZ9QXilbcfa9KfZ4mtOLtj6UQh9VRt1R2a24O+pd4E1ImEzS6pXe/F/M0AoVcMmPanptgJ2MaBZcwKvqpgYTxAbuGtqWKRWA6Wb7ViO5ZpUfDWNtSSHP150TGImOGUWA7I4Z9M+2Nxf+8dorhcScTKkkRFP/+KEwlxZiOo6I9oYGjHFrCuBZ2V8r7TDOONtCiDcGbPvkvaR3UvMOad14vn+xO4lgk22SHVIhHjsgJOSMN0iSc3JNH8kxenAfnyXl13r5bC85kZov8gvPxBaQboNc=</latexit>

↵ 2 (0, 1) [ (1,1)

QUANTUM INFORMATION

Many possibilities!!!




RELATIVE ENTROPIES

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

QUANTUM RELATIVE ENTROPIES

UMEGAKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]



RELATIVE ENTROPIES

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

QUANTUM RELATIVE ENTROPIES

UMEGAKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]



RELATIVE ENTROPIES

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

QUANTUM RELATIVE ENTROPIES

UMEGAKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Relation:

<latexit sha1_base64="+ni1DkdHTPIzyBTIDnTxe4Yvh6g="></latexit>

D(⇢k�)  bD(⇢k�)



RELATIVE ENTROPIES

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

QUANTUM RELATIVE ENTROPIES

UMEGAKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Any more?


Idea: Interpolation between both.


Relation:

<latexit sha1_base64="+ni1DkdHTPIzyBTIDnTxe4Yvh6g="></latexit>

D(⇢k�)  bD(⇢k�)



DATA PROCESSING INEQUALITY



RELATIVE ENTROPIES

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) , CPTP map (quantum channel)
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY



RELATIVE ENTROPIES

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) , CPTP map (quantum channel)
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY



RELATIVE ENTROPIES

UMEGAKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Data-processing

inequality

<latexit sha1_base64="nfIdC9wUJ9qIgdZV1xf2sZ4L6Z4=">AAACLnicdVDLSsNAFJ34rPUVdelmsArNJiTic1dQwWWFvqAJZTKdtEMnD2cmQon9Ijf+ii4EFXHrZzhJi28PDBzOOZe593gxo0Ja1qM2NT0zOzdfWCguLi2vrOpr6w0RJRyTOo5YxFseEoTRkNQllYy0Yk5Q4DHS9AYnmd+8IlzQKKzJYUzcAPVC6lOMpJI6+tlp2eH9CDrX0BG0FyBoQKdHLqHSAyT7GLG0NoJ5yMhTn2p5PGFAo6OXLPM4wz60TSvHb1ICE1Q7+r3TjXASkFBihoRo21Ys3RRxSTEjo6KTCBIjPEA90lY0RAERbpqfO4I7SulCP+LqhRLm6teJFAVCDANPJbNlxU8vE//y2on0j9yUhnEiSYjHH/kJgzKCWXewSznBkg0VQZhTtSvEfcQRlqrhoirh/9s/SGPXtA9M+2KvVNme1FEAm2ALlIENDkEFnIMqqAMMbsAdeALP2q32oL1or+PolDaZ2QDfoL29A1GjptY=</latexit>

D(⇢k�) � D(T (⇢)kT (�))

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) , CPTP map (quantum channel)
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY



RELATIVE ENTROPIES

UMEGAKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Data-processing

inequality

<latexit sha1_base64="nfIdC9wUJ9qIgdZV1xf2sZ4L6Z4=">AAACLnicdVDLSsNAFJ34rPUVdelmsArNJiTic1dQwWWFvqAJZTKdtEMnD2cmQon9Ijf+ii4EFXHrZzhJi28PDBzOOZe593gxo0Ja1qM2NT0zOzdfWCguLi2vrOpr6w0RJRyTOo5YxFseEoTRkNQllYy0Yk5Q4DHS9AYnmd+8IlzQKKzJYUzcAPVC6lOMpJI6+tlp2eH9CDrX0BG0FyBoQKdHLqHSAyT7GLG0NoJ5yMhTn2p5PGFAo6OXLPM4wz60TSvHb1ICE1Q7+r3TjXASkFBihoRo21Ys3RRxSTEjo6KTCBIjPEA90lY0RAERbpqfO4I7SulCP+LqhRLm6teJFAVCDANPJbNlxU8vE//y2on0j9yUhnEiSYjHH/kJgzKCWXewSznBkg0VQZhTtSvEfcQRlqrhoirh/9s/SGPXtA9M+2KvVNme1FEAm2ALlIENDkEFnIMqqAMMbsAdeALP2q32oL1or+PolDaZ2QDfoL29A1GjptY=</latexit>

D(⇢k�) � D(T (⇢)kT (�))

Equality

conditions

<latexit sha1_base64="OVBFakim5+mjSkE5ozEBzH8ZCU0="></latexit>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

||

R�
T � T (⇢)

[Petz, ’78] 

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) , CPTP map (quantum channel)
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY



RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Data-processing

inequality

<latexit sha1_base64="nfIdC9wUJ9qIgdZV1xf2sZ4L6Z4=">AAACLnicdVDLSsNAFJ34rPUVdelmsArNJiTic1dQwWWFvqAJZTKdtEMnD2cmQon9Ijf+ii4EFXHrZzhJi28PDBzOOZe593gxo0Ja1qM2NT0zOzdfWCguLi2vrOpr6w0RJRyTOo5YxFseEoTRkNQllYy0Yk5Q4DHS9AYnmd+8IlzQKKzJYUzcAPVC6lOMpJI6+tlp2eH9CDrX0BG0FyBoQKdHLqHSAyT7GLG0NoJ5yMhTn2p5PGFAo6OXLPM4wz60TSvHb1ICE1Q7+r3TjXASkFBihoRo21Ys3RRxSTEjo6KTCBIjPEA90lY0RAERbpqfO4I7SulCP+LqhRLm6teJFAVCDANPJbNlxU8vE//y2on0j9yUhnEiSYjHH/kJgzKCWXewSznBkg0VQZhTtSvEfcQRlqrhoirh/9s/SGPXtA9M+2KvVNme1FEAm2ALlIENDkEFnIMqqAMMbsAdeALP2q32oL1or+PolDaZ2QDfoL29A1GjptY=</latexit>

D(⇢k�) � D(T (⇢)kT (�))

Equality

conditions

<latexit sha1_base64="OVBFakim5+mjSkE5ozEBzH8ZCU0="></latexit>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

||

R�
T � T (⇢)

[Petz, ’78] 

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) , CPTP map (quantum channel)
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

<latexit sha1_base64="riINGVgFoXyizmnfV8cfxiJVyMU="></latexit>

bD(⇢k�) � bD(T (⇢)kT (�))

[Bluhm-C., ’20] 



RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Data-processing

inequality

<latexit sha1_base64="nfIdC9wUJ9qIgdZV1xf2sZ4L6Z4=">AAACLnicdVDLSsNAFJ34rPUVdelmsArNJiTic1dQwWWFvqAJZTKdtEMnD2cmQon9Ijf+ii4EFXHrZzhJi28PDBzOOZe593gxo0Ja1qM2NT0zOzdfWCguLi2vrOpr6w0RJRyTOo5YxFseEoTRkNQllYy0Yk5Q4DHS9AYnmd+8IlzQKKzJYUzcAPVC6lOMpJI6+tlp2eH9CDrX0BG0FyBoQKdHLqHSAyT7GLG0NoJ5yMhTn2p5PGFAo6OXLPM4wz60TSvHb1ICE1Q7+r3TjXASkFBihoRo21Ys3RRxSTEjo6KTCBIjPEA90lY0RAERbpqfO4I7SulCP+LqhRLm6teJFAVCDANPJbNlxU8vE//y2on0j9yUhnEiSYjHH/kJgzKCWXewSznBkg0VQZhTtSvEfcQRlqrhoirh/9s/SGPXtA9M+2KvVNme1FEAm2ALlIENDkEFnIMqqAMMbsAdeALP2q32oL1or+PolDaZ2QDfoL29A1GjptY=</latexit>

D(⇢k�) � D(T (⇢)kT (�))

Equality

conditions

<latexit sha1_base64="OVBFakim5+mjSkE5ozEBzH8ZCU0="></latexit>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

||

R�
T � T (⇢)

[Petz, ’78] 

finite dimensional ,
<latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) , CPTP map (quantum channel)
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)
<latexit sha1_base64="pe5fyjegihAgJYx2d3eDkajfbgI=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gFFxIS8bkruCm4qWAf0IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSluLzwMCZc+7l3nu8mDOpbPvDmJmdm19YLCwVl1dW19bNjc26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDy9xv3FIhWRTeqGFM3QD3QuYzgpWWOuZ2O8CqTzBPK9khmn6uso5Zsq2LHCfIsewRfpMSTFDtmO/tbkSSgIaKcCxly7Fj5aZYKEY4zYrtRNIYkwHu0ZamIQ6odNPRBRna10oX+ZHQL1RopH7tSHEg5TDwdGW+ovzp5eJfXitR/rmbsjBOFA3JeJCfcKQilMeBukxQovhQE0wE07si0scCE6VDK+oQ/r99SupHlnNqOdfHpfLeJI4C7MAuHIADZ1CGClShBgTu4AGe4Nm4Nx6NF+N1XDpjTHq24BuMt0+pkpby</latexit>

H,K

<latexit sha1_base64="riINGVgFoXyizmnfV8cfxiJVyMU="></latexit>

bD(⇢k�) � bD(T (⇢)kT (�))

<latexit sha1_base64="kaIpYFxlPxk8lYjJGaMlZwyYNbw="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

||

B�
T � T (⇢)

[Bluhm-C., ’20] 



A PARTICULAR CASE

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))

<latexit sha1_base64="5rceWlU8QZq+/K49XWZCOTcKj1A="></latexit>

I⇢(A : C|B) = S⇢(AB) + S⇢(BC)� S⇢(ABC)� S⇢(B)

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

[Hayden et al., ’03] 

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))

<latexit sha1_base64="5rceWlU8QZq+/K49XWZCOTcKj1A="></latexit>

I⇢(A : C|B) = S⇢(AB) + S⇢(BC)� S⇢(ABC)� S⇢(B)

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

[Hayden et al., ’03] 

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))

<latexit sha1_base64="5rceWlU8QZq+/K49XWZCOTcKj1A="></latexit>

I⇢(A : C|B) = S⇢(AB) + S⇢(BC)� S⇢(ABC)� S⇢(B)
<latexit sha1_base64="OVBFakim5+mjSkE5ozEBzH8ZCU0="></latexit>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

||

R�
T � T (⇢)

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="cqTzD0EusUkxx1F+B5b5cL9Gebw=">AAACGnicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFT34yEVvEYwGsiHMTjrZwdkHM71qWPc7vPgrXjwo4k28+DdOYg4aLWgoqrpnusuLpdBo25/WyOjY+MTk1HRuZnZufiG/uHSho0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBIuvatyz7+8BqVFFJ5jN4ZGwDqhaAvO0EjNvOMi3GL/nfTGFwhZ6t6IFvgM09OsmbrKj7Li0V757niDuvv0IGvmC3bJ7oP+Jc6AFMgAlWb+3W1FPAkgRC6Z1nXHjrGRMoWCS8hybqIhZvyKdaBuaMgC0I20v1JG143Sou1ImQqR9tWfEykLtO4GnukMGPp62OuJ/3n1BNu7jVSEcYIQ8u+P2omkGNFeTrQlFHCUXUMYV8LsSrnPFONo0syZEJzhk/+Si82Ss11yzrYKh2uDOKbIClklReKQHXJITkiFVAkn9+SRPJMX68F6sl6tt+/WEWsws0x+wfr4AtlGoTA=</latexit>

bI⇢(A : C|B) ?
<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)
<latexit sha1_base64="3gUbbAQadl/E4kKzZifJ292F4zg="></latexit>

bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B) = bIts⇢ (A : C|B)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))
<latexit sha1_base64="IvmjY30u3RvdrI4eN+LFpQx9bdo="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="cqTzD0EusUkxx1F+B5b5cL9Gebw=">AAACGnicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFT34yEVvEYwGsiHMTjrZwdkHM71qWPc7vPgrXjwo4k28+DdOYg4aLWgoqrpnusuLpdBo25/WyOjY+MTk1HRuZnZufiG/uHSho0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBIuvatyz7+8BqVFFJ5jN4ZGwDqhaAvO0EjNvOMi3GL/nfTGFwhZ6t6IFvgM09OsmbrKj7Li0V757niDuvv0IGvmC3bJ7oP+Jc6AFMgAlWb+3W1FPAkgRC6Z1nXHjrGRMoWCS8hybqIhZvyKdaBuaMgC0I20v1JG143Sou1ImQqR9tWfEykLtO4GnukMGPp62OuJ/3n1BNu7jVSEcYIQ8u+P2omkGNFeTrQlFHCUXUMYV8LsSrnPFONo0syZEJzhk/+Si82Ss11yzrYKh2uDOKbIClklReKQHXJITkiFVAkn9+SRPJMX68F6sl6tt+/WEWsws0x+wfr4AtlGoTA=</latexit>

bI⇢(A : C|B) ?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)
<latexit sha1_base64="3gUbbAQadl/E4kKzZifJ292F4zg="></latexit>

bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B) = bIts⇢ (A : C|B)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))
<latexit sha1_base64="IvmjY30u3RvdrI4eN+LFpQx9bdo="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="cqTzD0EusUkxx1F+B5b5cL9Gebw=">AAACGnicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFT34yEVvEYwGsiHMTjrZwdkHM71qWPc7vPgrXjwo4k28+DdOYg4aLWgoqrpnusuLpdBo25/WyOjY+MTk1HRuZnZufiG/uHSho0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBIuvatyz7+8BqVFFJ5jN4ZGwDqhaAvO0EjNvOMi3GL/nfTGFwhZ6t6IFvgM09OsmbrKj7Li0V757niDuvv0IGvmC3bJ7oP+Jc6AFMgAlWb+3W1FPAkgRC6Z1nXHjrGRMoWCS8hybqIhZvyKdaBuaMgC0I20v1JG143Sou1ImQqR9tWfEykLtO4GnukMGPp62OuJ/3n1BNu7jVSEcYIQ8u+P2omkGNFeTrQlFHCUXUMYV8LsSrnPFONo0syZEJzhk/+Si82Ss11yzrYKh2uDOKbIClklReKQHXJITkiFVAkn9+SRPJMX68F6sl6tt+/WEWsws0x+wfr4AtlGoTA=</latexit>

bI⇢(A : C|B) ?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)
<latexit sha1_base64="3gUbbAQadl/E4kKzZifJ292F4zg="></latexit>

bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B) = bIts⇢ (A : C|B)

<latexit sha1_base64="IvmjY30u3RvdrI4eN+LFpQx9bdo="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

<latexit sha1_base64="kaIpYFxlPxk8lYjJGaMlZwyYNbw="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

||

B�
T � T (⇢)

A PARTICULAR CASE



RELATIVE ENTROPIES AND RECOVERABILITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Equality

conditions

<latexit sha1_base64="OVBFakim5+mjSkE5ozEBzH8ZCU0="></latexit>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

||

R�
T � T (⇢)

[Petz, ’78] 

<latexit sha1_base64="kaIpYFxlPxk8lYjJGaMlZwyYNbw="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

||

B�
T � T (⇢)

[Bluhm-C., ’20] 



RELATIVE ENTROPIES AND APPROXIMATE RECOVERABILITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Equality

conditions

<latexit sha1_base64="OVBFakim5+mjSkE5ozEBzH8ZCU0="></latexit>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

||

R�
T � T (⇢)

[Petz, ’78] 

<latexit sha1_base64="kaIpYFxlPxk8lYjJGaMlZwyYNbw="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

||

B�
T � T (⇢)

[Bluhm-C., ’20] 

Approximate

version

<latexit sha1_base64="eVLcbPks8u+9t8aZBld5Dk7ur/I="></latexit>

D(⇢k�)�D(T (⇢)kT (�))  "

m

⇢ ⇡ R�
T � T (⇢)

? ?

<latexit sha1_base64="Aw4Gs LEjZKasA3idV57rlhzwjqc="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  "

m

⇢ ⇡ B�
T � T (⇢)



RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Approximate

DPI

<latexit sha1_base64="eVLcbPks8u+9t8aZBld5Dk7ur/I="></latexit>

D(⇢k�)�D(T (⇢)kT (�))  "

m

⇢ ⇡ R�
T � T (⇢)

? ?

<latexit sha1_base64="Aw4Gs LEjZKasA3idV57rlhzwjqc="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  "

m

⇢ ⇡ B�
T � T (⇢)

RELATIVE ENTROPIES AND APPROXIMATE RECOVERABILITY



RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Approximate

DPI

<latexit sha1_base64="eVLcbPks8u+9t8aZBld5Dk7ur/I="></latexit>

D(⇢k�)�D(T (⇢)kT (�))  "

m

⇢ ⇡ R�
T � T (⇢)

? ?

<latexit sha1_base64="Aw4Gs LEjZKasA3idV57rlhzwjqc="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  "

m

⇢ ⇡ B�
T � T (⇢)

[Carlen-

Vershynina, ’20] 

[Fawzi-Renner, ’15] 

[Gao-Wilde, ’21] 

[Junge et al, ’18] 
<latexit sha1_base64="GKFKgbvbIXN+f678P4IoBczy0Aw="></latexit>⇣⇡
8

⌘4
k⇢�1k�2kT (⇢)�1k�2kR�

T � T (⇢)� ⇢k41

 D(⇢k�)�D(T (⇢)kT (�))

RELATIVE ENTROPIES AND STRENGTHENED DATA-PROCESSING INEQUALITY



RELATIVE ENTROPIES AND STRENGTHENED DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Approximate

DPI

<latexit sha1_base64="eVLcbPks8u+9t8aZBld5Dk7ur/I="></latexit>

D(⇢k�)�D(T (⇢)kT (�))  "

m

⇢ ⇡ R�
T � T (⇢)

? ?

<latexit sha1_base64="Aw4Gs LEjZKasA3idV57rlhzwjqc="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  "

m

⇢ ⇡ B�
T � T (⇢)

[Carlen-

Vershynina, ’20] 

[Fawzi-Renner, ’15] 

[Gao-Wilde, ’21] 

[Junge et al, ’18] 

[Bluhm-C., ’20] 

<latexit sha1_base64="GKFKgbvbIXN+f678P4IoBczy0Aw="></latexit>⇣⇡
8

⌘4
k⇢�1k�2kT (⇢)�1k�2kR�

T � T (⇢)� ⇢k41

 D(⇢k�)�D(T (⇢)kT (�))

<latexit sha1_base64="nJ1s0YMvXuLWSrJhzQmBYwsI5Ho="></latexit>⇣⇡
8

⌘4
k⇢�1/2�⇢�1/2k�4k⇢�1k�2kB⇢

T � T (�)� �k41

 bD(⇢k�)� bD(T (⇢)kT (�))



RELATIVE ENTROPIES AND APPROXIMATE DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Approximate

DPI

<latexit sha1_base64="eVLcbPks8u+9t8aZBld5Dk7ur/I="></latexit>

D(⇢k�)�D(T (⇢)kT (�))  "

m

⇢ ⇡ R�
T � T (⇢)

? ?

<latexit sha1_base64="Aw4Gs LEjZKasA3idV57rlhzwjqc="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  "

m

⇢ ⇡ B�
T � T (⇢)

[Carlen-

Vershynina, ’20] 

[Fawzi-Renner, ’15] 

[Gao-Wilde, ’21] 

[Junge et al, ’18] 
<latexit sha1_base64="Alzi0XBBIg6yDu/CEzfX9gUq8tY="></latexit>⇣⇡
8

⌘4
k⇢�1k�2kT (⇢)�1k�2kR�

T � T (⇢)� ⇢k41

 D(⇢k�)�D(T (⇢)kT (�))

?



RELATIVE ENTROPIES AND DATA-PROCESSING INEQUALITY

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Approximate

DPI

<latexit sha1_base64="eVLcbPks8u+9t8aZBld5Dk7ur/I="></latexit>

D(⇢k�)�D(T (⇢)kT (�))  "

m

⇢ ⇡ R�
T � T (⇢)

? ?

<latexit sha1_base64="Aw4Gs LEjZKasA3idV57rlhzwjqc="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  "

m

⇢ ⇡ B�
T � T (⇢)

[Carlen-

Vershynina, ’20] 

[Fawzi-Renner, ’15] 

[Gao-Wilde, ’21] 

[Junge et al, ’18] 
<latexit sha1_base64="Alzi0XBBIg6yDu/CEzfX9gUq8tY="></latexit>⇣⇡
8

⌘4
k⇢�1k�2kT (⇢)�1k�2kR�

T � T (⇢)� ⇢k41

 D(⇢k�)�D(T (⇢)kT (�))

?

<latexit sha1_base64="p91u4IfquwunMtfqmZNeVbGYkMU="></latexit>⇣⇡
8

⌘4
k⇢�1/2�⇢�1/2k�4k⇢�1k�2kB⇢

T � T (�)� �k41

 bD(⇢k�)� bD(T (⇢)kT (�))

 Here

[Bluhm-C., ’20] 

RELATIVE ENTROPIES AND APPROXIMATE DATA-PROCESSING INEQUALITY



REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)
 <latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) ,
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)

<latexit sha1_base64="2kqkAVgoNEqsxVyk8qiAmaAFexk="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  k⇢�1/2�⇢�1/2k1kT (⇢)1/2k1kT (⇢)�1/2k1

· kT (�)�1T (⇢)k1k⇢��1T ⇤(T (�)T (⇢)�1)� 1k1



REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)
 <latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) ,
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)

<latexit sha1_base64="2kqkAVgoNEqsxVyk8qiAmaAFexk="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  k⇢�1/2�⇢�1/2k1kT (⇢)1/2k1kT (⇢)�1/2k1

· kT (�)�1T (⇢)k1k⇢��1T ⇤(T (�)T (⇢)�1)� 1k1

<latexit sha1_base64="kaIpYFxlPxk8lYjJGaMlZwyYNbw="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

||

B�
T � T (⇢)



REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)
 <latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) ,
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)

<latexit sha1_base64="2kqkAVgoNEqsxVyk8qiAmaAFexk="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  k⇢�1/2�⇢�1/2k1kT (⇢)1/2k1kT (⇢)�1/2k1

· kT (�)�1T (⇢)k1k⇢��1T ⇤(T (�)T (⇢)�1)� 1k1

Simplified:
<latexit sha1_base64="8GG52llr66BJqQtT43y86qJ7Nkc=">AAAB8nicbVBNS8NAFHypX7V+VT16WayCp5KIqMeCCB4rWFtIS9lsN+3SzSbsvggl9Gd48aCIV3+NN/+NmzYHbR1YGGbeY+dNkEhh0HW/ndLK6tr6RnmzsrW9s7tX3T94NHGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnCexEdKhEKRtFKfjeiOGJUZrfTfrXm1t0ZyDLxClKDAs1+9as7iFkacYVMUmN8z02wl1GNgkk+rXRTwxPKxnTIfUsVjbjpZbPIU3JqlQEJY22fQjJTf29kNDJmEgV2Mo9oFr1c/M/zUwyve5lQSYpcsflHYSoJxiS/nwyE5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeF73Luve/UWtcVLUUYYjOIYz8OAKGnAHTWgBgxie4RXeHHRenHfnYz5acoqdQ/gD5/MHb1SRQw==</latexit>

E conditional expectation



REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)
 <latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) ,
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)

<latexit sha1_base64="2kqkAVgoNEqsxVyk8qiAmaAFexk="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  k⇢�1/2�⇢�1/2k1kT (⇢)1/2k1kT (⇢)�1/2k1

· kT (�)�1T (⇢)k1k⇢��1T ⇤(T (�)T (⇢)�1)� 1k1

Simplified:
<latexit sha1_base64="8GG52llr66BJqQtT43y86qJ7Nkc=">AAAB8nicbVBNS8NAFHypX7V+VT16WayCp5KIqMeCCB4rWFtIS9lsN+3SzSbsvggl9Gd48aCIV3+NN/+NmzYHbR1YGGbeY+dNkEhh0HW/ndLK6tr6RnmzsrW9s7tX3T94NHGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnCexEdKhEKRtFKfjeiOGJUZrfTfrXm1t0ZyDLxClKDAs1+9as7iFkacYVMUmN8z02wl1GNgkk+rXRTwxPKxnTIfUsVjbjpZbPIU3JqlQEJY22fQjJTf29kNDJmEgV2Mo9oFr1c/M/zUwyve5lQSYpcsflHYSoJxiS/nwyE5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeF73Luve/UWtcVLUUYYjOIYz8OAKGnAHTWgBgxie4RXeHHRenHfnYz5acoqdQ/gD5/MHb1SRQw==</latexit>

E conditional expectation <latexit sha1_base64="4Szo7bkaoV1qbnWi1I33UDobN8U="></latexit>

log(X) =

Z 1

0

✓
1

t+ 1
� 1

t+X

◆
dt

Proof

+

multiple norm inequalities



REVERSED DPI FOR THE BELAVKIN-STASZEWSKI ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)
 <latexit sha1_base64="8jcerKB6y8FhmhIUCM0AX7wQtUs=">AAACEnicdVDLSsNAFJ34rPUVdelmsAotSEjE567gpsuK9gFNKJPppB06mYSZiVBCvsGNv+LGhSJuXbnzb5y0pfg8cOFwzr3ce48fMyqVbX8Yc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8zP3WLRGSRvxGjWLihajPaUAxUlrqmhVXDKJD6EraDxF0KYduiNQAI5ZeZ+UZr2WVrlmyrYscJ9Cx7DF+kxKYot41391ehJOQcIUZkrLj2LHyUiQUxYxkRTeRJEZ4iPqkoylHIZFeOn4pgwda6cEgErq4gmP160SKQilHoa878xvlTy8X//I6iQrOvZTyOFGE48miIGFQRTDPB/aoIFixkSYIC6pvhXiABMJKp1jUIfz/+4w0jyzn1HKujkvV/WkcBbAL9kAZOOAMVEEN1EEDYHAHHsATeDbujUfjxXidtM4Z05kd8A3G2yfHWJ16</latexit>

⇢,� 2 S(H) ,
<latexit sha1_base64="tTvsCS/a5vMmMO5X5g2K0mIKi2s=">AAACM3icdVDLSgMxFM3UV62vUZduglVoN8OM+F4V3BTdVOwLOkPJpGkbmnmQZJQyzD+58UdcCOJCEbf+g5m2FB/1QODknHu59x43ZFRI03zWMnPzC4tL2eXcyura+oa+uVUXQcQxqeGABbzpIkEY9UlNUslIM+QEeS4jDXdwkfqNW8IFDfyqHIbE8VDPp12KkVRSW7+0PST7GLG4mpzD6ecmKUx5OSlCm9NeXyLOg7vZRVdJsa3nTeMsxRG0DHOEvyQPJqi09Ue7E+DII77EDAnRssxQOjHikmJGkpwdCRIiPEA90lLURx4RTjy6OYH7SunAbsDV8yUcqd87YuQJMfRcVZnuKH57qTjLa0Wye+rE1A8jSXw8HtSNGJQBTAOEHcoJlmyoCMKcql0h7iOOsFQx51QI/98+JfUDwzo2rOvDfGlvEkcW7IBdUAAWOAElUAYVUAMY3IMn8AretAftRXvXPsalGW3Ssw1+QPv8AozEq/8=</latexit>

T : S(H) ! S(K)

<latexit sha1_base64="2kqkAVgoNEqsxVyk8qiAmaAFexk="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))  k⇢�1/2�⇢�1/2k1kT (⇢)1/2k1kT (⇢)�1/2k1

· kT (�)�1T (⇢)k1k⇢��1T ⇤(T (�)T (⇢)�1)� 1k1

Approximate DPI:
<latexit sha1_base64="8GG52llr66BJqQtT43y86qJ7Nkc=">AAAB8nicbVBNS8NAFHypX7V+VT16WayCp5KIqMeCCB4rWFtIS9lsN+3SzSbsvggl9Gd48aCIV3+NN/+NmzYHbR1YGGbeY+dNkEhh0HW/ndLK6tr6RnmzsrW9s7tX3T94NHGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnCexEdKhEKRtFKfjeiOGJUZrfTfrXm1t0ZyDLxClKDAs1+9as7iFkacYVMUmN8z02wl1GNgkk+rXRTwxPKxnTIfUsVjbjpZbPIU3JqlQEJY22fQjJTf29kNDJmEgV2Mo9oFr1c/M/zUwyve5lQSYpcsflHYSoJxiS/nwyE5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeF73Luve/UWtcVLUUYYjOIYz8OAKGnAHTWgBgxie4RXeHHRenHfnYz5acoqdQ/gD5/MHb1SRQw==</latexit>

E conditional expectation



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="cqTzD0EusUkxx1F+B5b5cL9Gebw=">AAACGnicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFT34yEVvEYwGsiHMTjrZwdkHM71qWPc7vPgrXjwo4k28+DdOYg4aLWgoqrpnusuLpdBo25/WyOjY+MTk1HRuZnZufiG/uHSho0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBIuvatyz7+8BqVFFJ5jN4ZGwDqhaAvO0EjNvOMi3GL/nfTGFwhZ6t6IFvgM09OsmbrKj7Li0V757niDuvv0IGvmC3bJ7oP+Jc6AFMgAlWb+3W1FPAkgRC6Z1nXHjrGRMoWCS8hybqIhZvyKdaBuaMgC0I20v1JG143Sou1ImQqR9tWfEykLtO4GnukMGPp62OuJ/3n1BNu7jVSEcYIQ8u+P2omkGNFeTrQlFHCUXUMYV8LsSrnPFONo0syZEJzhk/+Si82Ss11yzrYKh2uDOKbIClklReKQHXJITkiFVAkn9+SRPJMX68F6sl6tt+/WEWsws0x+wfr4AtlGoTA=</latexit>

bI⇢(A : C|B) ?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)
<latexit sha1_base64="3gUbbAQadl/E4kKzZifJ292F4zg="></latexit>

bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B) = bIts⇢ (A : C|B)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))
<latexit sha1_base64="IvmjY30u3RvdrI4eN+LFpQx9bdo="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)
<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="Alzi0XBBIg6yDu/CEzfX9gUq8tY="></latexit>⇣⇡
8

⌘4
k⇢�1k�2kT (⇢)�1k�2kR�

T � T (⇢)� ⇢k41

 D(⇢k�)�D(T (⇢)kT (�))

?

<latexit sha1_base64="p91u4IfquwunMtfqmZNeVbGYkMU="></latexit>⇣⇡
8

⌘4
k⇢�1/2�⇢�1/2k�4k⇢�1k�2kB⇢

T � T (�)� �k41

 bD(⇢k�)� bD(T (⇢)kT (�))

 Here

Approximate version?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)
<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

Approximate version?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

[Bluhm et al., ’23]   (follows from [Winter ’16] and [Sutter-Renner ‘17])
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BRIDGING QUANTUM INFORMATION AND MATHEMATICAL PHYSICS

QUANTUM INFORMATION

Entropic inequalities

MATHEMATICAL PHYSICS

Conditional independence
(reversed and 

strengthened DPI)
(of 1D Gibbs states)

ALGORITHMS

Efficient MPO approximation

of 1D Gibbs states



STEP I: 

REVERSED DPI FOR THE BELAVKIN-STASZEWSKI RELATIVE ENTROPY



STEP II: 

CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D



QUANTUM GIBBS STATES IN 1D



INTRODUCTION TO THE SETTING

• Spin chain: 

• Hamiltonian:


• Finite-range (k-local interactions):


• Short-range (exponentially-decaying interactions):

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state (at inverse temperature         ):
<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="ENfFE8lup4jMRsw+Njgz3P3eSMQ=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjNSH8uCGxcuKtgHdkrJpLdtaOZBckctw3yJG3/FjQtFBFf6N6YPUFsvhBzOuefm5niRFBpt+8vKLCwuLa9kV3Nr6xubW/ntnZoOY8WhykMZqobHNEgRQBUFSmhECpjvSah7g/ORXr8FpUUYXOMwgpbPeoHoCs7QUO38sYtwj+M5yV1fIKSJe2nsHUZdHXsa8Of2GfY9L7lJ03a+YBftcdF54ExBgUyr0s5/uJ2Qxz4EyCXTuunYEbYSplBwCWnOjTVEjA9YD5oGBswH3UrGa6X0wDAd2g2VOQHSMfvbkTBf66Hvmc7RinpWG5H/ac0Yu2etRARRjBDwyUPdWFIM6Sgr2hEKOMqhAYwrYXalvM8U42gSzZkQnNkvz4PaUdE5KTpXpUK5NI0jS/bIPjkkDjklZXJBKqRKOHkgT+SFvFqP1rP1Zr1PWjPW1LNL/pT1+Q2wqaQD</latexit>

⇤ ⇢⇢ Z

<latexit sha1_base64="hyx3v0WBKbs9fd6DCeSJ4Vv872Y="></latexit>

HX = 0 for diam(X) > k and kHXk < J 8X ⇢ ⇤

<latexit sha1_base64="22egmaX8IoDfVXgiF9wtSEJuIsY="></latexit>

kH⇤k� := sup
x2V

X

X3x

kHXke�|X|
< 1

Study of quantum Gibbs states in 1D



OBJECTIVES OF THIS WORK

• Spin chain: 

• Hamiltonian:

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state 

(at        ):

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="ENfFE8lup4jMRsw+Njgz3P3eSMQ=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjNSH8uCGxcuKtgHdkrJpLdtaOZBckctw3yJG3/FjQtFBFf6N6YPUFsvhBzOuefm5niRFBpt+8vKLCwuLa9kV3Nr6xubW/ntnZoOY8WhykMZqobHNEgRQBUFSmhECpjvSah7g/ORXr8FpUUYXOMwgpbPeoHoCs7QUO38sYtwj+M5yV1fIKSJe2nsHUZdHXsa8Of2GfY9L7lJ03a+YBftcdF54ExBgUyr0s5/uJ2Qxz4EyCXTuunYEbYSplBwCWnOjTVEjA9YD5oGBswH3UrGa6X0wDAd2g2VOQHSMfvbkTBf66Hvmc7RinpWG5H/ac0Yu2etRARRjBDwyUPdWFIM6Sgr2hEKOMqhAYwrYXalvM8U42gSzZkQnNkvz4PaUdE5KTpXpUK5NI0jS/bIPjkkDjklZXJBKqRKOHkgT+SFvFqP1rP1Zr1PWjPW1LNL/pT1+Q2wqaQD</latexit>

⇤ ⇢⇢ Z

Part II: Conditional independence of quantum Gibbs states in 1D

Covariance

<latexit sha1_base64="bSy4B52ODnrYhnBNFbclOVo8syE="></latexit>

Cov⇢⇤(A,C) = sup
kOAk=kOCk=1

|Tr[⇢⇤ OAOC ]� Tr[⇢⇤ OA]Tr[⇢
⇤
OC ]|

DECAY OF CORRELATIONS

Mutual information

<latexit sha1_base64="LouE0V/FoQwqkpjbLmDKdnTqy2g=">AAACFnicbVC7SgNBFJ31GeMramkzGAUbw66IWgZsLCwimAdkY5id3CRDZh/O3I2GZb/Cxl+xsVDEVuz8GyePQhMPDBzOua85XiSFRtv+tubmFxaXljMr2dW19Y3N3NZ2RYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3exdCv9kFpEQY3OIig4bNOINqCMzRSM3fkIjzgaE5y3xUIaeKqbnjrXpkZLUZduItFnw61lNJmLm8X7BHoLHEmJE8mKDVzX24r5LEPAXLJtK47doSNhCkUXEKadWMNEeM91oG6oQHzQTeS0TkpPTBKi7ZDZV6AdKT+7kiYr/XA90ylz7Crp72h+J9Xj7F93khEEMUIAR8vaseSYkiHGdGWUMBRDgxhXAlzK+VdphhHk2TWhOBMf3mWVI4LzmnBuT7JF/cncWTILtkjh8QhZ6RILkmJlAknj+SZvJI368l6sd6tj3HpnDXp2SF/YH3+AE6on/E=</latexit>

⇢⇤ ⌘ ⇢
<latexit sha1_base64="IeMv/42STJJ/wDlA0kEI9k/zfqQ="></latexit>

I⇢(A : C) = D(⇢ACk⇢A ⌦ ⇢C) = Tr[⇢AC(log⇢AC � log⇢A ⌦ ⇢C)]

CONDITIONAL INDEPENDENCE

Conditional mutual information

<latexit sha1_base64="5rceWlU8QZq+/K49XWZCOTcKj1A="></latexit>

I⇢(A : C|B) = S⇢(AB) + S⇢(BC)� S⇢(ABC)� S⇢(B)

<latexit sha1_base64="8MzU283kjx683oPAQIY/FQ5QGis="></latexit>

S⇢(X) = �Tr[⇢X log ⇢X ]Here different quantity!



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BS CONDITIONAL MUTUAL INFORMATIONS

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

One-sided:

Two-sided:

Reversed:

<latexit sha1_base64="IB761HReHv64Cn0WHuOy9MX4w9c="></latexit>

bIos⇢ (A : C|B) = bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B)
<latexit sha1_base64="lFxosDerRKkPsl0mQoUYwxKa8Ww="></latexit>

bIts⇢ (A : C|B) = bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B)
<latexit sha1_base64="y+n7IYPFpH5cUiScLrIV+LftNKo="></latexit>

bIrev⇢ (A : C|B) = bD(⇢A ⌦ ⇢BCk⇢ABC)� bD(⇢A ⌦ ⇢Bk⇢AB)



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BS CONDITIONAL MUTUAL INFORMATIONS

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

One-sided:

Two-sided:

Reversed:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="IB761HReHv64Cn0WHuOy9MX4w9c="></latexit>

bIos⇢ (A : C|B) = bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B)
<latexit sha1_base64="lFxosDerRKkPsl0mQoUYwxKa8Ww="></latexit>

bIts⇢ (A : C|B) = bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B)
<latexit sha1_base64="y+n7IYPFpH5cUiScLrIV+LftNKo="></latexit>

bIrev⇢ (A : C|B) = bD(⇢A ⌦ ⇢BCk⇢ABC)� bD(⇢A ⌦ ⇢Bk⇢AB)

<latexit sha1_base64="KCuOAaDOSgdnE82JRCG7NaYjZf0="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) �(|B|)
<latexit sha1_base64="+4u804Ky10eD7FRDzBGs12sguKA="></latexit>

x 2 {os, ts, rev}
<latexit sha1_base64="oDGdfuVOYF+l1k0k9vZkQiT+j38=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBQiSNgVUY8BLx4jmAdklzA76SRDZh/M9KphyU948Ve8eFDEq+DNv3GS7EETCwaKqu6e7vJjKTTa9re1sLi0vLKaW8uvb2xubRd2dus6ShSHGo9kpJo+0yBFCDUUKKEZK2CBL6HhD67GfuMOlBZReIvDGLyA9ULRFZyhkdqFExfhASdz0vu+QBilLkhJ3YDFGiPqdkAiK42141G7ULTL9gR0njgZKZIM1Xbhy+1EPAkgRC6Z1i3HjtFLmULBJYzybqIhZnzAetAyNGQBaC+dbDOiR0bp0G6kzAuRTtTfHSkLtB4GvqkMGPb1rDcW//NaCXYvvVSEcYIQ8ulH3URSc+44ItoRCjjKoSGMK2F2pbzPFONogsybEJzZk+dJ/bTsnJedm7Ni5TCLI0f2yQEpEYdckAq5JlVSI5w8kmfySt6sJ+vFerc+pqULVtazR/7A+vwBydGftQ==</latexit>

` 7! �(`)
superexponentially


decaying 

<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]



BS CONDITIONAL MUTUAL INFORMATIONS

CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

One-sided:

Two-sided:

Reversed:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="IB761HReHv64Cn0WHuOy9MX4w9c="></latexit>

bIos⇢ (A : C|B) = bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B)
<latexit sha1_base64="lFxosDerRKkPsl0mQoUYwxKa8Ww="></latexit>

bIts⇢ (A : C|B) = bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B)
<latexit sha1_base64="y+n7IYPFpH5cUiScLrIV+LftNKo="></latexit>

bIrev⇢ (A : C|B) = bD(⇢A ⌦ ⇢BCk⇢ABC)� bD(⇢A ⌦ ⇢Bk⇢AB)

<latexit sha1_base64="KCuOAaDOSgdnE82JRCG7NaYjZf0="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) �(|B|)
<latexit sha1_base64="+4u804Ky10eD7FRDzBGs12sguKA="></latexit>

x 2 {os, ts, rev}
<latexit sha1_base64="oDGdfuVOYF+l1k0k9vZkQiT+j38=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBQiSNgVUY8BLx4jmAdklzA76SRDZh/M9KphyU948Ve8eFDEq+DNv3GS7EETCwaKqu6e7vJjKTTa9re1sLi0vLKaW8uvb2xubRd2dus6ShSHGo9kpJo+0yBFCDUUKKEZK2CBL6HhD67GfuMOlBZReIvDGLyA9ULRFZyhkdqFExfhASdz0vu+QBilLkhJ3YDFGiPqdkAiK42141G7ULTL9gR0njgZKZIM1Xbhy+1EPAkgRC6Z1i3HjtFLmULBJYzybqIhZnzAetAyNGQBaC+dbDOiR0bp0G6kzAuRTtTfHSkLtB4GvqkMGPb1rDcW//NaCXYvvVSEcYIQ8ulH3URSc+44ItoRCjjKoSGMK2F2pbzPFONogsybEJzZk+dJ/bTsnJedm7Ni5TCLI0f2yQEpEYdckAq5JlVSI5w8kmfySt6sJ+vFerc+pqULVtazR/7A+vwBydGftQ==</latexit>

` 7! �(`)
superexponentially


decaying 

<latexit sha1_base64="zn7hTlkxRlGK0MN0VvojeoX8EAA="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) k⇢ABC⇢
�1
BC⇢B⇢

�1
AB � 1ABCk1  c e↵(|A|+|B|) �(|B|)

[Bluhm-C.-Pérez Hernández, ’22] Reversed 

data processing inequality

<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

[Kuwahara, ’24] 
<latexit sha1_base64="Ceyko3Na6HXkmRqa6Z6ZNm+XHpA="></latexit>

I⇢(A : C|B)  c e�↵|B|

The BS-CMI decays faster 

than the CMI!



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BS CONDITIONAL MUTUAL INFORMATIONS

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

One-sided:

Two-sided:

Reversed:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="IB761HReHv64Cn0WHuOy9MX4w9c="></latexit>

bIos⇢ (A : C|B) = bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B)
<latexit sha1_base64="lFxosDerRKkPsl0mQoUYwxKa8Ww="></latexit>

bIts⇢ (A : C|B) = bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B)
<latexit sha1_base64="y+n7IYPFpH5cUiScLrIV+LftNKo="></latexit>

bIrev⇢ (A : C|B) = bD(⇢A ⌦ ⇢BCk⇢ABC)� bD(⇢A ⌦ ⇢Bk⇢AB)

<latexit sha1_base64="KCuOAaDOSgdnE82JRCG7NaYjZf0="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) �(|B|)
<latexit sha1_base64="+4u804Ky10eD7FRDzBGs12sguKA="></latexit>

x 2 {os, ts, rev}
<latexit sha1_base64="oDGdfuVOYF+l1k0k9vZkQiT+j38=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBQiSNgVUY8BLx4jmAdklzA76SRDZh/M9KphyU948Ve8eFDEq+DNv3GS7EETCwaKqu6e7vJjKTTa9re1sLi0vLKaW8uvb2xubRd2dus6ShSHGo9kpJo+0yBFCDUUKKEZK2CBL6HhD67GfuMOlBZReIvDGLyA9ULRFZyhkdqFExfhASdz0vu+QBilLkhJ3YDFGiPqdkAiK42141G7ULTL9gR0njgZKZIM1Xbhy+1EPAkgRC6Z1i3HjtFLmULBJYzybqIhZnzAetAyNGQBaC+dbDOiR0bp0G6kzAuRTtTfHSkLtB4GvqkMGPb1rDcW//NaCXYvvVSEcYIQ8ulH3URSc+44ItoRCjjKoSGMK2F2pbzPFONogsybEJzZk+dJ/bTsnJedm7Ni5TCLI0f2yQEpEYdckAq5JlVSI5w8kmfySt6sJ+vFerc+pqULVtazR/7A+vwBydGftQ==</latexit>

` 7! �(`)
superexponentially


decaying 

<latexit sha1_base64="zn7hTlkxRlGK0MN0VvojeoX8EAA="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) k⇢ABC⇢
�1
BC⇢B⇢

�1
AB � 1ABCk1  c e↵(|A|+|B|) �(|B|)

[Bluhm-C.-Pérez Hernández, ’22] Reversed 

data processing inequality

<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BS CONDITIONAL MUTUAL INFORMATIONS

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

One-sided:

Two-sided:

Reversed:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="IB761HReHv64Cn0WHuOy9MX4w9c="></latexit>

bIos⇢ (A : C|B) = bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B)
<latexit sha1_base64="lFxosDerRKkPsl0mQoUYwxKa8Ww="></latexit>

bIts⇢ (A : C|B) = bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B)
<latexit sha1_base64="y+n7IYPFpH5cUiScLrIV+LftNKo="></latexit>

bIrev⇢ (A : C|B) = bD(⇢A ⌦ ⇢BCk⇢ABC)� bD(⇢A ⌦ ⇢Bk⇢AB)

<latexit sha1_base64="KCuOAaDOSgdnE82JRCG7NaYjZf0="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) �(|B|)
<latexit sha1_base64="+4u804Ky10eD7FRDzBGs12sguKA="></latexit>

x 2 {os, ts, rev}
<latexit sha1_base64="oDGdfuVOYF+l1k0k9vZkQiT+j38=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBQiSNgVUY8BLx4jmAdklzA76SRDZh/M9KphyU948Ve8eFDEq+DNv3GS7EETCwaKqu6e7vJjKTTa9re1sLi0vLKaW8uvb2xubRd2dus6ShSHGo9kpJo+0yBFCDUUKKEZK2CBL6HhD67GfuMOlBZReIvDGLyA9ULRFZyhkdqFExfhASdz0vu+QBilLkhJ3YDFGiPqdkAiK42141G7ULTL9gR0njgZKZIM1Xbhy+1EPAkgRC6Z1i3HjtFLmULBJYzybqIhZnzAetAyNGQBaC+dbDOiR0bp0G6kzAuRTtTfHSkLtB4GvqkMGPb1rDcW//NaCXYvvVSEcYIQ8ulH3URSc+44ItoRCjjKoSGMK2F2pbzPFONogsybEJzZk+dJ/bTsnJedm7Ni5TCLI0f2yQEpEYdckAq5JlVSI5w8kmfySt6sJ+vFerc+pqULVtazR/7A+vwBydGftQ==</latexit>

` 7! �(`)
superexponentially


decaying 

<latexit sha1_base64="zn7hTlkxRlGK0MN0VvojeoX8EAA="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) k⇢ABC⇢
�1
BC⇢B⇢

�1
AB � 1ABCk1  c e↵(|A|+|B|) �(|B|)

[Bluhm-C.-Pérez Hernández, ’22] Reversed 

data processing inequality

<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BS CONDITIONAL MUTUAL INFORMATIONS

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

One-sided:

Two-sided:

Reversed:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="IB761HReHv64Cn0WHuOy9MX4w9c="></latexit>

bIos⇢ (A : C|B) = bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B)
<latexit sha1_base64="lFxosDerRKkPsl0mQoUYwxKa8Ww="></latexit>

bIts⇢ (A : C|B) = bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B)
<latexit sha1_base64="y+n7IYPFpH5cUiScLrIV+LftNKo="></latexit>

bIrev⇢ (A : C|B) = bD(⇢A ⌦ ⇢BCk⇢ABC)� bD(⇢A ⌦ ⇢Bk⇢AB)

<latexit sha1_base64="KCuOAaDOSgdnE82JRCG7NaYjZf0="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) �(|B|)
<latexit sha1_base64="+4u804Ky10eD7FRDzBGs12sguKA="></latexit>

x 2 {os, ts, rev}
<latexit sha1_base64="oDGdfuVOYF+l1k0k9vZkQiT+j38=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBQiSNgVUY8BLx4jmAdklzA76SRDZh/M9KphyU948Ve8eFDEq+DNv3GS7EETCwaKqu6e7vJjKTTa9re1sLi0vLKaW8uvb2xubRd2dus6ShSHGo9kpJo+0yBFCDUUKKEZK2CBL6HhD67GfuMOlBZReIvDGLyA9ULRFZyhkdqFExfhASdz0vu+QBilLkhJ3YDFGiPqdkAiK42141G7ULTL9gR0njgZKZIM1Xbhy+1EPAkgRC6Z1i3HjtFLmULBJYzybqIhZnzAetAyNGQBaC+dbDOiR0bp0G6kzAuRTtTfHSkLtB4GvqkMGPb1rDcW//NaCXYvvVSEcYIQ8ulH3URSc+44ItoRCjjKoSGMK2F2pbzPFONogsybEJzZk+dJ/bTsnJedm7Ni5TCLI0f2yQEpEYdckAq5JlVSI5w8kmfySt6sJ+vFerc+pqULVtazR/7A+vwBydGftQ==</latexit>

` 7! �(`)
superexponentially


decaying 

<latexit sha1_base64="zn7hTlkxRlGK0MN0VvojeoX8EAA="></latexit>

bIx⇢ (A : C|B)  c e↵(|A|+|B|) k⇢ABC⇢
�1
BC⇢B⇢

�1
AB � 1ABCk1  c e↵(|A|+|B|) �(|B|)

[Bluhm-C.-Pérez Hernández, ’22] Reversed 

data processing inequality

<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]



STEP III: 

LEARNING OF QUANTUM GIBBS STATES IN 1D



OBJECTIVES OF THIS WORK

• Spin chain: 

• Hamiltonian:

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state 

(at        ):

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="ENfFE8lup4jMRsw+Njgz3P3eSMQ=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjNSH8uCGxcuKtgHdkrJpLdtaOZBckctw3yJG3/FjQtFBFf6N6YPUFsvhBzOuefm5niRFBpt+8vKLCwuLa9kV3Nr6xubW/ntnZoOY8WhykMZqobHNEgRQBUFSmhECpjvSah7g/ORXr8FpUUYXOMwgpbPeoHoCs7QUO38sYtwj+M5yV1fIKSJe2nsHUZdHXsa8Of2GfY9L7lJ03a+YBftcdF54ExBgUyr0s5/uJ2Qxz4EyCXTuunYEbYSplBwCWnOjTVEjA9YD5oGBswH3UrGa6X0wDAd2g2VOQHSMfvbkTBf66Hvmc7RinpWG5H/ac0Yu2etRARRjBDwyUPdWFIM6Sgr2hEKOMqhAYwrYXalvM8U42gSzZkQnNkvz4PaUdE5KTpXpUK5NI0jS/bIPjkkDjklZXJBKqRKOHkgT+SFvFqP1rP1Zr1PWjPW1LNL/pT1+Q2wqaQD</latexit>

⇤ ⇢⇢ Z

Part III: Learning of quantum Gibbs states in 1D

For    , we construct a MPO       

from its marginals such that 

(via Matrix Product Operators approximation) 

<latexit sha1_base64="5F9KdAMuIlR36+80F2+x2TYplKA="></latexit>

k⇢⇤ �Mk1  "

<latexit sha1_base64="gBT1A1OpYQhrqOQ8rsWCOOe4jDM=">AAACCnicbVC7SgNBFJ31GeMramkzGgWrsCuilgEbC4sI5gHZNcxObpIhsw9m7qphSW3jr9hYKGLrF9j5N042KTTxwMDhnPua48dSaLTtb2tufmFxaTm3kl9dW9/YLGxt13SUKA5VHslINXymQYoQqihQQiNWwAJfQt3vX4z8+h0oLaLwBgcxeAHrhqIjOEMjtQp7LsIDZnPS+55AGKbUVb3o1r0yQ9qMDluFol2yM9BZ4kxIkUxQaRW+3HbEkwBC5JJp3XTsGL2UKRRcwjDvJhpixvusC01DQxaA9tLshCE9NEqbdiJlXog0U393pCzQehD4pjJg2NPT3kj8z2sm2Dn3UhHGCULIx4s6iaQY0VEutC0UcJQDQxhXwtxKeY8pxtGklzchONNfniW145JzWnKuT4rlg0kcObJL9skRccgZKZNLUiFVwskjeSav5M16sl6sd+tjXDpnTXp2yB9Ynz8e3psO</latexit>

⇢⇤
<latexit sha1_base64="dvpGDr3nEyWkhhS21Glr4OEeTcc=">AAACCXicbVC7SgNBFJ31GeMramkzGAWrsCuilgEbGyGCeUCyhNnJTTJk9sHMXTUs29r4KzYWitj6B3b+jZPNFpp4YOBwzr0zZ44XSaHRtr+thcWl5ZXVwlpxfWNza7u0s9vQYaw41HkoQ9XymAYpAqijQAmtSAHzPQlNb3Q58Zt3oLQIg1scR+D6bBCIvuAMjdQt0Q7CA2b3JPdDgZAmtOMzHHImk+uUpt1S2a7YGeg8cXJSJjlq3dJXpxfy2IcAuWRatx07QjdhCgWXkBY7sYaI8REbQNvQgPmg3SRLkNIjo/RoP1TmBEgz9fdGwnytx75nJich9aw3Ef/z2jH2L9xEBFGMEPDpQ/1YUgzppBbaEwo4yrEhjCthslI+ZIpxNOUVTQnO7JfnSeOk4pxVnJvTcvUwr6NA9skBOSYOOSdVckVqpE44eSTP5JW8WU/Wi/VufUxHF6x8Z4/8gfX5A7WWmt8=</latexit>

M



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

Recovery condition:
<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

Recovery condition:
<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B

<latexit sha1_base64="J8uljq0Pue6tOgdJI8NOKW67AAQ="></latexit>

bIrev⇢ (A : C|B) �
⇣⇡
8

⌘4
k⇢�1/2

BC ⇢ABC⇢
�1/2
BC k�2

1 k�(⇢BC)� ⇢ABCk41

Another strengthened DPI:

[Carlen-

Vershynina, ’20] 

[Bluhm-C., ’20] 



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

Recovery condition:
<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B

<latexit sha1_base64="J8uljq0Pue6tOgdJI8NOKW67AAQ="></latexit>

bIrev⇢ (A : C|B) �
⇣⇡
8

⌘4
k⇢�1/2

BC ⇢ABC⇢
�1/2
BC k�2

1 k�(⇢BC)� ⇢ABCk41

Another strengthened DPI:

Consequence:
<latexit sha1_base64="83YuJYzObc987/zgpW1O5NwRm1o="></latexit>

bIrev⇢ (A : C|B) = 0 ) �(⇢BC) = ⇢ABC

[Carlen-

Vershynina, ’20] 

[Bluhm-C., ’20] 



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

Recovery condition:
<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B

<latexit sha1_base64="J8uljq0Pue6tOgdJI8NOKW67AAQ="></latexit>

bIrev⇢ (A : C|B) �
⇣⇡
8

⌘4
k⇢�1/2

BC ⇢ABC⇢
�1/2
BC k�2

1 k�(⇢BC)� ⇢ABCk41

Another strengthened DPI:

Consequence:
<latexit sha1_base64="83YuJYzObc987/zgpW1O5NwRm1o="></latexit>

bIrev⇢ (A : C|B) = 0 ) �(⇢BC) = ⇢ABC

The converse is also true!
Next part of the talk

[Bluhm, Costa, Jencova] 



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

Recovery condition:
<latexit sha1_base64="GOxFWZ0GmhPFVnzQTdizQgg66DQ="></latexit>

�i(X) = ⇢1/2i (⇢�1/2
i ⇢i:i+1⇢

�1/2
i )1/2⇢�1/2

i X⇢�1/2
i (⇢�1/2

i ⇢i:i+1⇢
�1/2
i )1/2⇢1/2i

<latexit sha1_base64="Jx3hlN9RmthyhuK5sKI/S9iMaz0="></latexit>����N�1
i=j �i

�
(X)

��
1
 k⇢�1

j k1kXk1



Follows from                   and      

LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]

Recovery condition:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="lDaAe3qbnoebzPq8M0i/IR+f+2o="></latexit>

bIrev⇢ (Ai : A1 . . . Ai�2|Ai�1)
1/4

<latexit sha1_base64="c/4q1Y7bc428tx2I5tV9LlhRdXQ=">AAACCXicbVC7SgNBFJ31GeMramkzGIXYhF0VtREiWlhGMA9IYpid3CRDZh/M3FXDsq2Nv2JjoYitf2Dn3zh5FJp44MLhnHtn7j1uKIVG2/62Zmbn5hcWU0vp5ZXVtfXMxmZZB5HiUOKBDFTVZRqk8KGEAiVUQwXMcyVU3N7FwK/cgdIi8G+wH0LDYx1ftAVnaKRmhtYRHnD4TnzfFQhJfHlWbwkvd94U+7eHSTOTtfP2EHSaOGOSJWMUm5mveivgkQc+csm0rjl2iI2YKRRcQpKuRxpCxnusAzVDfeaBbsTDDRK6Z5QWbQfKlI90qP6eiJmndd9zTafHsKsnvYH4n1eLsH3aiIUfRgg+H33UjiTFgA5ioS2hgKPsG8K4EmZXyrtMMY4mvLQJwZk8eZqUD/LOcd65PsoWdsdxpMg22SE54pATUiBXpEhKhJNH8kxeyZv1ZL1Y79bHqHXGGs9skT+wPn8AmS6aJg==</latexit>

D = dim(Ai)
3MPO of bond dimension

<latexit sha1_base64="NZiPie37HfH1G5SdyMFlLBVIE70="></latexit>

D1(⇢k�) = log k��1/2⇢��1/2k1

[Bluhm-C., ’20] [Carlen-Vershynina, ’19] 

<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B

<latexit sha1_base64="a2YimMI+4hOpVe9c4AVe4VTaH70="></latexit>����N�1
i=1 �i

�
(⇢1)� ⇢1:N

��
1
 16(N � 1)

⇡
sup
i

D1(1k⇢i) exp(I1(A1 . . . Ai�1 : Ai)/2)



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]
Recovery condition:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)


<latexit sha1_base64="lDaAe3qbnoebzPq8M0i/IR+f+2o="></latexit>

bIrev⇢ (Ai : A1 . . . Ai�2|Ai�1)
1/4

   Corollary (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)

n-site marginal of Gibbs state in TI-1D,     accuracy. There is an MPO representation of bond dimension

<latexit sha1_base64="cJdmNOfmnlfDMPH5kCc7DJBPMFI=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAlWwVNJRNRjwYvHCvYD2lI222m7dJMNuxO1hFz8K148KOLVn+HNf+M2zUFbHww83pvZ2Xl+JLhG1/22CkvLK6trxfXSxubW9o69u9fQMlYM6kwKqVo+1SB4CHXkKKAVKaCBL6Dpj6+nfvMelOYyvMNJBN2ADkM+4IyikXr2QQfhEbN3kocRR0iTjhrJtGeX3YqbwVkkXk7KJEetZ391+pLFAYTIBNW67bkRdhOqkDMBaakTa4goG9MhtA0NaQC6m2SLU+fEKH1nIJWpEJ1M/T2R0EDrSeCbzoDiSM97U/E/rx3j4Kqb8DCKEUI2WzSIhYPSmabh9LkChmJiCGWKm786bEQVZWgyK5kQvPmTF0njrOJdVLzb83L1OI+jSA7JETklHrkkVXJDaqROGEnJM3klb9aT9WK9Wx+z1oKVz+yTP7A+fwBVxZdv</latexit>⇢ <latexit sha1_base64="3p7lUkWNQrOiwUyp46Qu1I4uz7Y=">AAACB3icbVBNS8NAEN3Ur1q/qh4FCVbBU0lE1GPBi8cK9gPaUDbbabt0swm7k2oJvXnxr3jxoIhX/4I3/43bNAdtfTDweG9mZ+f5keAaHefbyi0tr6yu5dcLG5tb2zvF3b26DmPFoMZCEaqmTzUILqGGHAU0IwU08AU0/OH11G+MQGkeyjscR+AFtC95jzOKRuoUD9sID5i+k9wPOMIkaY+ogkhzEcpJp1hyyk4Ke5G4GSmRDNVO8avdDVkcgEQmqNYt14nQS6hCzgRMCu1YQ0TZkPahZaikAWgvSfdP7BOjdO1eqExJtFP190RCA63HgW86A4oDPe9Nxf+8Voy9Ky/hMooRJJst6sXCxtCehmJ3uQKGYmwIZYqbv9psQBVlaKIrmBDc+ZMXSf2s7F6U3dvzUuU4iyNPDsgROSUuuSQVckOqpEYYeSTP5JW8WU/Wi/Vufcxac1Y2s0/+wPr8ASugmq8=</latexit>"
<latexit sha1_base64="ONejwX9yIUYpWaOcTv7o6efrTAQ="></latexit>

D = exp

✓
2 log(d)C1

log(n/") + C2

log(log(n/"))

◆

as long as <latexit sha1_base64="l+i6b858AusSS/tEEPCr4bDB8tw="></latexit>

|Ai| = l � C1
log(n/") + C2

log(log(n/"))

<latexit sha1_base64="a2YimMI+4hOpVe9c4AVe4VTaH70="></latexit>����N�1
i=1 �i

�
(⇢1)� ⇢1:N

��
1
 16(N � 1)

⇡
sup
i

D1(1k⇢i) exp(I1(A1 . . . Ai�1 : Ai)/2)

<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B



LEARNING OF QUANTUM GIBBS STATES IN 1D
<latexit sha1_base64="8oV2QyG38yH99ie0BZFytM3WozU="></latexit>

⇢ =
e��H⇤

Tr[e��H⇤ ]
Recovery condition:

   Theorem (Gondolf, Scalet, Ruiz-de-Alarcón, Alhambra, C. ’24)

For                   and              

<latexit sha1_base64="PUrMEnBC4LHWVyvEQAvE6KEcZk4="></latexit>

k⇢i � ⇢̂ik1  �

MPO approximation such that, with probability           
<latexit sha1_base64="XiZVXRw5cYQ7+zQ6mDxnhSZsVho=">AAACB3icbVDJSgNBEO2JW4zbqEdBGqPgxTAjoh4DXjxGMAskIfR0apImPYvdNWoY5ubFX/HiQRGv/oI3/8bOctDog4LHe1VdXc+LpdDoOF9Wbm5+YXEpv1xYWV1b37A3t2o6ShSHKo9kpBoe0yBFCFUUKKERK2CBJ6HuDS5Gfv0WlBZReI3DGNoB64XCF5yhkTr2bgvhHsfvpHd9gZCltNWDG+oecUqzjl10Ss4Y9C9xp6RIpqh07M9WN+JJACFyybRuuk6M7ZQpFFxCVmglGmLGB6wHTUNDFoBup+P9GT0wSpf6kTIVIh2rPydSFmg9DDzTGTDs61lvJP7nNRP0z9upCOMEIeSTRX4iKUZ0FArtCgUc5dAQxpUwf6W8zxTjaKIrmBDc2ZP/ktpxyT0tuVcnxfL+NI482SF75JC45IyUySWpkCrh5IE8kRfyaj1az9ab9T5pzVnTmW3yC9bHN3RImOo=</latexit>� 1� c

<latexit sha1_base64="r2ZQzQUFZBbDSaFFjxuD0pActsk="></latexit>

poly (n/") log(1/c)with sample complexity and classical post-processing time         

<latexit sha1_base64="yCPvrMoe5jO1f0scdoVNwfGU0vg="></latexit>

�(X) = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B X⇢�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B

<latexit sha1_base64="lJDF/YjUPdR5zbH761juxpMmUKQ="></latexit>

�̂i(X) = (⇢̂i)
1/2((⇢̂i)

�1/2⇢̂i:i+1(⇢̂i)
�1/2)1/2(⇢̂i)

�1/2X(⇢̂i)
�1/2((⇢̂i)

�1/2⇢̂i:i+1(⇢̂i)
�1/2)1/2(⇢̂i)

1/2

<latexit sha1_base64="NBSBraJFRs6R1iH5+2dUNGmA5QY="></latexit>���
⇣
�N�1

i=1 �̂i

⌘
(⇢̂1)� ⇢1:N

���
1
 " .



QUANTUM MARKOV CHAINS



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE

Such a state is called a Quantum Markov Chain



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

UMEGAKI RELATIVE ENTROPY BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="cqTzD0EusUkxx1F+B5b5cL9Gebw=">AAACGnicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFT34yEVvEYwGsiHMTjrZwdkHM71qWPc7vPgrXjwo4k28+DdOYg4aLWgoqrpnusuLpdBo25/WyOjY+MTk1HRuZnZufiG/uHSho0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBIuvatyz7+8BqVFFJ5jN4ZGwDqhaAvO0EjNvOMi3GL/nfTGFwhZ6t6IFvgM09OsmbrKj7Li0V757niDuvv0IGvmC3bJ7oP+Jc6AFMgAlWb+3W1FPAkgRC6Z1nXHjrGRMoWCS8hybqIhZvyKdaBuaMgC0I20v1JG143Sou1ImQqR9tWfEykLtO4GnukMGPp62OuJ/3n1BNu7jVSEcYIQ8u+P2omkGNFeTrQlFHCUXUMYV8LsSrnPFONo0syZEJzhk/+Si82Ss11yzrYKh2uDOKbIClklReKQHXJITkiFVAkn9+SRPJMX68F6sl6tt+/WEWsws0x+wfr4AtlGoTA=</latexit>

bI⇢(A : C|B) ?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)
<latexit sha1_base64="3gUbbAQadl/E4kKzZifJ292F4zg="></latexit>

bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B) = bIts⇢ (A : C|B)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

Conditional mutual information
<latexit sha1_base64="S6Ek8Kj9qniP42D0XoevosihSy4=">AAACDHicbVC7TsMwFHV4U14FRhaLglSWKkEIEFOBBTaQaIvUVJXj3lCrzkP2DVCFfAALv8LCAEKsfAAbf4MbOgDlSJaOzjnXvj5eLIVG2/60xsYnJqemZ2YLc/MLi0vF5ZW6jhLFocYjGalLj2mQIoQaCpRwGStggSeh4fWOB37jGpQWUXiB/RhaAbsKhS84QyO1iyUX4Rbze9KbrkDI0tN26qpulJUPD47vjrZoZlJ2xc5BR4kzJCUyxFm7+OF2Ip4EECKXTOumY8fYSplCwSVkBTfREDPeY1fQNDRkAehWmi+R0U2jdKgfKXNCpLn6cyJlgdb9wDPJgGFX//UG4n9eM0F/v5WKME4QQv79kJ9IihEdNEM7QgFH2TeEcSXMrpR3mWIcTX8FU4Lz98ujpL5dcXYrzvlOqboxrGOGrJF1UiYO2SNVckLOSI1wck8eyTN5sR6sJ+vVevuOjlnDmVXyC9b7FwGAm3Q=</latexit>

I⇢(A : C|B)

<latexit sha1_base64="9zBEts3MtnifGYnawp/A2fquK9w=">AAACU3icfVFLSwMxEM6u7/qqevQSrIIeLLsi6kXwdfCoYK3QLSWbTttodrMks2pZ9z+K4ME/4sWDpnUPvnAg8OX7vpnJTMJECoOe9+K4I6Nj4xOTU6Xpmdm5+fLC4qVRqeZQ40oqfRUyA1LEUEOBEq4SDSwKJdTDm+OBXr8FbYSKL7CfQDNi3Vh0BGdoqVb5OkC4x2Gd7K4nEPJ sn56sB7qnWtnh0XFOgwda3CxWKCIwBWHVDbr5xf2P+Wgjb5UrXtUbBv0N/AJUSBFnrfJT0FY8jSBGLpkxDd9LsJkxjYJLyEtBaiBh/IZ1oWFhzGy3ZjacJadrlmnTjtL2xEiH7NeMjEXG9KPQOiOGPfNTG5B/aY0UO3vNTMRJihDzz0adVFJUdLBg2hYaOMq+BYxrYd9KeY9pxtF+Q8kuwf858m9wuVX1d6r++XblYLVYxyRZJitknfhklxyQU3JGaoSTR/JK3h3iPDtvruuOflpdp8hZIt/Cnf0AqumzDA==</latexit>

= D(⇢ABCk⇢A ⌦ ⇢BC)�D(⇢ABk⇢A ⌦ ⇢B)

<latexit sha1_base64="n2/7yk+cPc77eFhq85Rxsd4xvd8="></latexit>

= D(⇢ABCk1A/dA ⌦ ⇢BC)�D(⇢ABk1A/dA ⌦ ⇢B)

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

<latexit sha1_base64="TMTvHRHgSzXArl4YyhCBWFNK4dA=">AAACLnicdVDLSsNAFJ34rPEVdelmsArtwpCIz11BBZcV+oImlMl00g6dPJiZCCX2i9z4K7oQVMStn+EkLb49MHA451zm3uPFjAppWY/a1PTM7Nx8YUFfXFpeWTXW1hsiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6Q1OM795RbigUViTw5i4AeqF1KcYSSV1jHP9rOTwfgSda+gI2gsQLMNdqMQAyT5GLK2NYJ4o55FPtTSOl1UedoyiZZ5kOIC2aeX4TYpggmrHuHe6EU4CEkrMkBBt24qlmyIuKWZkpDuJIDHCA9QjbUVDFBDhpvm5I7ijlC70I65eKGGufp1IUSDEMPBUMltX/PQy8S+vnUj/2E1pGCeShHj8kZ8wKCOYdQe7lBMs2VARhDlVu0LcRxxhqRrWVQn/3/5BGnumfWjal/vFyvakjgLYBFugBGxwBCrgAlRBHWBwA+7AE3jWbrUH7UV7HUentMnMBvgG7e0dcvultA==</latexit>

D(⇢k�)�D(T (⇢)kT (�))
<latexit sha1_base64="IvmjY30u3RvdrI4eN+LFpQx9bdo="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1D

BELAVKIN-STASZEWSKI RELATIVE ENTROPY
<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

BS conditional mutual information
<latexit sha1_base64="cqTzD0EusUkxx1F+B5b5cL9Gebw=">AAACGnicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFT34yEVvEYwGsiHMTjrZwdkHM71qWPc7vPgrXjwo4k28+DdOYg4aLWgoqrpnusuLpdBo25/WyOjY+MTk1HRuZnZufiG/uHSho0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBIuvatyz7+8BqVFFJ5jN4ZGwDqhaAvO0EjNvOMi3GL/nfTGFwhZ6t6IFvgM09OsmbrKj7Li0V757niDuvv0IGvmC3bJ7oP+Jc6AFMgAlWb+3W1FPAkgRC6Z1nXHjrGRMoWCS8hybqIhZvyKdaBuaMgC0I20v1JG143Sou1ImQqR9tWfEykLtO4GnukMGPp62OuJ/3n1BNu7jVSEcYIQ8u+P2omkGNFeTrQlFHCUXUMYV8LsSrnPFONo0syZEJzhk/+Si82Ss11yzrYKh2uDOKbIClklReKQHXJITkiFVAkn9+SRPJMX68F6sl6tt+/WEWsws0x+wfr4AtlGoTA=</latexit>

bI⇢(A : C|B) ?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="k9+pCnBSA53YSXxedbnnFaFWsyk="></latexit>

bD(⇢ABCk1A/dA ⌦ ⇢BC)� bD(⇢ABk1A/dA ⌦ ⇢B) = bIos⇢ (A : C|B)
<latexit sha1_base64="3gUbbAQadl/E4kKzZifJ292F4zg="></latexit>

bD(⇢ABCk⇢A ⌦ ⇢BC)� bD(⇢ABk⇢A ⌦ ⇢B) = bIts⇢ (A : C|B)

<latexit sha1_base64="IvmjY30u3RvdrI4eN+LFpQx9bdo="></latexit>

bD(⇢k�)� bD(T (⇢)kT (�))

<latexit sha1_base64="3avqAB+NCmp4mcyK7hKfmvC7rTU="></latexit>

HABC , ⇢ABC 2 S(HABC), �ABC =
1A

dA
⌦ ⇢BC

<latexit sha1_base64="KIzzxzxhSWy08GBcumm1FD9J5Lc=">AAACAXicdVDLSsNAFJ34rPVVdSO4GayCq5CIz4VQ6MZlhb6gLWEynbRDJ5MwcyOWUDf+ihsXirj1L9z5N07aIj4PXDiccy/33uPHgmtwnHdrZnZufmExt5RfXlldWy9sbNZ1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+INy5jeumdI8klUYxqwTkp7kAacEjOQVttshgT4lIq2OLnAb2A2koEZe2SsUHfs8wzF2bWeM36SIpqh4hbd2N6JJyCRQQbRuuU4MnZQo4FSwUb6daBYTOiA91jJUkpDpTjr+YIT3jdLFQaRMScBj9etESkKth6FvOrN79U8vE//yWgkEZ52UyzgBJulkUZAIDBHO4sBdrhgFMTSEUMXNrZj2iSIUTGh5E8L/v3+S+qHtntju1VGxtDeNI4d20C46QC46RSV0iSqohii6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDFVqXNw==</latexit>

T = trC

A PARTICULAR CASE

We call this state a 

Belavkin-Staszewski Quantum Markov Chain

[Bluhm, C., Costa Rico, Jencova, ’25] 



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1DHOW DO THESE QUANTUM MARKOV CHAINS COMPARE?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

BELAVKIN-STASZEWSKI QUANTUM MARKOV CHAINSQUANTUM MARKOV CHAINS



In general:

CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1DHOW DO THESE QUANTUM MARKOV CHAINS COMPARE?

BELAVKIN-STASZEWSKI QUANTUM MARKOV CHAINSQUANTUM MARKOV CHAINS

<latexit sha1_base64="bqLwdpcb2ehjXi/XfqTK2xHk9xk="></latex it>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

<latexit sha1_base64="b7RV7/PgdW8JtkmPPbFpsJwEm3g="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

?

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1DHOW DO THESE QUANTUM MARKOV CHAINS COMPARE?

BELAVKIN-STASZEWSKI QUANTUM MARKOV CHAINSQUANTUM MARKOV CHAINS

In general: <latexit sha1_base64="bqLwdpcb2ehjXi/XfqTK2xHk9xk="></latex it>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

<latexit sha1_base64="b7RV7/PgdW8JtkmPPbFpsJwEm3g="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1DHOW DO THESE QUANTUM MARKOV CHAINS COMPARE?

BELAVKIN-STASZEWSKI QUANTUM MARKOV CHAINSQUANTUM MARKOV CHAINS

In general: <latexit sha1_base64="bqLwdpcb2ehjXi/XfqTK2xHk9xk="></latex it>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

<latexit sha1_base64="b7RV7/PgdW8JtkmPPbFpsJwEm3g="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

[Jencova, Petz, Pitrick, ’09], [Hiai, Mosonyi, ’17] 



CONDITIONAL INDEPENDENCE OF QUANTUM GIBBS STATES IN 1DHOW DO THESE QUANTUM MARKOV CHAINS COMPARE?

BELAVKIN-STASZEWSKI QUANTUM MARKOV CHAINSQUANTUM MARKOV CHAINS

In general: <latexit sha1_base64="bqLwdpcb2ehjXi/XfqTK2xHk9xk="></latex it>

D(⇢k�) = D(T (⇢)kT (�))

m

⇢ = �1/2T ⇤(T (�)�1/2T (⇢)T (�)�1/2)�1/2

<latexit sha1_base64="b7RV7/PgdW8JtkmPPbFpsJwEm3g="></latexit>

bD(⇢k�) = bD(T (⇢)kT (�))

m

⇢ = �T ⇤(T (�)�1T (⇢))

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0
<latexit sha1_base64="uC7W6rAUJEOumFvtu8+vNWOQqMQ=">AAACCHicbVA9TwJBEN3DL8Qv1NLCi2hiRe6MUUsSG0tMPCABQvaWATbs7V5250RyobTxr9hYaIytP8HOf+PyUSj4kkle3pvZnXlhLLhBz/t2MkvLK6tr2fXcxubW9k5+d69iVKIZBEwJpWshNSC4hAA5CqjFGmgUCqiG/euxX70HbbiSdziMoRnRruQdzihaqZU/bCA84OSddNDjCKO0EcRtNZBUazUYtfIFr+hN4C4Sf0YKZIZyK//VaCuWRCCRCWpM3fdibKZUI2cCRrlGYiCmrE+7ULdU0ghMM50sMHJPrNJ2O0rbkuhO1N8TKY2MGUah7Ywo9sy8Nxb/8+oJdq6aKZdxgiDZ9KNOIlxU7jgVt801MBRDSyjT3O7qsh7VlKHNLmdD8OdPXiSVs6J/UfRvzwul41kcWXJAjsgp8cklKZEbUiYBYeSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w/15pse</latexit>

m
<latexit sha1_base64="i20URjd5IAlv9VwXGVkX0z1pE/Y="></latexit>

⇢ABC = ⇢1/2BC⇢
�1/2
B ⇢AB⇢

�1/2
B ⇢1/2BC

[Jencova, Petz, Pitrick, ’09], [Hiai, Mosonyi, ’17] 

[Bluhm, C., Costa Rico, Jencova, ’25] 



   Theorem (Bluhm, C., Costa Rico, Jencova, ’25)


HOW DO THESE QUANTUM MARKOV CHAINS RELATE?



   Theorem (Bluhm, C., Costa Rico, Jencova, ’25)


HOW DO THESE QUANTUM MARKOV CHAINS RELATE?



   Theorem (Bluhm, C., Costa Rico, Jencova, ’25)


HOW DO THESE QUANTUM MARKOV CHAINS RELATE?

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0

In particular:

<latexit sha1_base64="X6CX9N/Ongwqy/ONmdxvrXkNbiI=">AAAB83icdVDLSgMxFM3UV62vqks3wSq4GmbE567gxmUFpy10hpLJZNrQTBKSjKUM/Q03LhRx68+4829MH4jPAxcO59zLvffEklFtPO/dKS0sLi2vlFcra+sbm1vV7Z2mFrnCJMCCCdWOkSaMchIYahhpS0VQFjPSigdXE791R5Smgt+akSRRhnqcphQjY6UwDGQihhwpJYbdas1zLyc4hb7rTfGb1MAcjW71LUwEzjPCDWZI647vSRMVSBmKGRlXwlwTifAA9UjHUo4yoqNievMYHlolgalQtriBU/XrRIEyrUdZbDszZPr6pzcR//I6uUkvooJymRvC8WxRmjNoBJwEABOqCDZsZAnCitpbIe4jhbCxMVVsCP///kmax65/5vo3J7X6wTyOMtgD++AI+OAc1ME1aIAAYCDBPXgET07uPDjPzsusteTMZ3bBNzivH8GmkhI=</latexit>

m
<latexit sha1_base64="eBFpWjjD8/VRVuV3D64ky11mz90="></latexit>

bIos,ts,rev⌘ (A : C|B) = 0



   Theorem (Bluhm, C., Costa Rico, Jencova, ’25)


HOW DO THESE QUANTUM MARKOV CHAINS RELATE?

<latexit sha1_base64="F9bHHVWonAXzVm+EQjFuOMjkrPc=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFT0EnZFVAQhmoveFEwiJCHMTjpmyOyDmV41rPsHXvwVLx4U8erVm3/jZN2Dr4KGoqp7prvcUAqNtv1hjYyOjU9M5qby0zOzc/OFhcWaDiLFocoDGagLl2mQwocqCpRwESpgniuh7vYrQ79+BUqLwD/HQQgtj136ois4QyO1C+tNhBtM34mvewIhiU/acVP1gmTjcL9ye7RJD6idtAtFu2SnoH+Jk5EiyXDaLrw3OwGPPPCRS6Z1w7FDbMVMoeASknwz0hAy3meX0DDUZx7oVpzukdA1o3RoN1CmfKSp+n0iZp7WA881nR7Dnv7tDcX/vEaE3b1WLPwwQvD510fdSFIM6DAc2hEKOMqBIYwrYXalvMcU42gizJsQnN8n/yW1rZKzU3LOtovl1SyOHFkmK2SDOGSXlMkxOSVVwskdeSBP5Nm6tx6tF+v1q3XEymaWyA9Yb59vV5wf</latexit>

I⇢(A : C|B) = 0

In particular:

<latexit sha1_base64="X6CX9N/Ongwqy/ONmdxvrXkNbiI=">AAAB83icdVDLSgMxFM3UV62vqks3wSq4GmbE567gxmUFpy10hpLJZNrQTBKSjKUM/Q03LhRx68+4829MH4jPAxcO59zLvffEklFtPO/dKS0sLi2vlFcra+sbm1vV7Z2mFrnCJMCCCdWOkSaMchIYahhpS0VQFjPSigdXE791R5Smgt+akSRRhnqcphQjY6UwDGQihhwpJYbdas1zLyc4hb7rTfGb1MAcjW71LUwEzjPCDWZI647vSRMVSBmKGRlXwlwTifAA9UjHUo4yoqNievMYHlolgalQtriBU/XrRIEyrUdZbDszZPr6pzcR//I6uUkvooJymRvC8WxRmjNoBJwEABOqCDZsZAnCitpbIe4jhbCxMVVsCP///kmax65/5vo3J7X6wTyOMtgD++AI+OAc1ME1aIAAYCDBPXgET07uPDjPzsusteTMZ3bBNzivH8GmkhI=</latexit>

m
<latexit sha1_base64="eBFpWjjD8/VRVuV3D64ky11mz90="></latexit>

bIos,ts,rev⌘ (A : C|B) = 0

<latexit sha1_base64="DGQfDDXEbW+Z2xXdTw7UEIOGBOg="></latexit>

bIos,ts⇢ (A : C|B) = 0
<latexit sha1_base64="vVKf7U6fa4INy+hCANL04vjqqv0=">AAACIHicbZDLSgMxFIYz3q23UZduglVwVWZErBtB241LBauFTimZ9NQJZi4kZ9QyzKO48VXcuFBEd/o0ptMKWj0Q+Pj/c5KT30+k0Og4H9bE5NT0zOzcfGlhcWl5xV5du9Bxqjg0eCxj1fSZBikiaKBACc1EAQt9CZf+dX3gX96A0iKOzrGfQDtkV5HoCc7QSB276iHcYXFPdhsIhDzzVBB3suNaPT8coqECavTbyvOOXXYqTlH0L7gjKJNRnXbsd68b8zSECLlkWrdcJ8F2xhQKLiEveamGhPFrdgUtgxELQbezYrGcbhulS3uxMidCWqg/JzIWat0PfdMZMgz0uDcQ//NaKfYO2pmIkhQh4sOHeqmkGNNBWrQrFHCUfQOMK2F2pTxginE0mZZMCO74l//CxW7F3a+4Z3vlo61RHHNkg2ySHeKSKjkiJ+SUNAgn9+SRPJMX68F6sl6tt2HrhDWaWSe/yvr8Ar+RpG8=</latexit>⇢ABC = ⇢BC⇢B⇢AB

<latexit sha1_base64="4cM+z/7W0HFjuPhXZX3BnZ1URnU=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBSswq6IWgZsLCwimAckIcxO7iZDZh/M3DWGJb2Nv2JjoYitP2Dn3zjZpNDEAxcO59w7c+/xYik0Os63tbS8srq2ntvIb25t7+zae/s1HSWKQ5VHMlINj2mQIoQqCpTQiBWwwJNQ9wZXE79+D0qLKLzDUQztgPVC4QvO0Egdu9BCeMDsnXTYFwjjtHUDPirR6yNTKhqOO3bRKTkZ6CJxZ6RIZqh07K9WN+JJACFyybRuuk6M7ZQpFFzCON9KNMSMD1gPmoaGLADdTrMdxvTYKF3qR8pUiDRTf0+kLNB6FHimM2DY1/PeRPzPayboX7ZTEcYJQsinH/mJpBjRSTC0KxRwlCNDGFfC7Ep5nynG0cSXNyG48ycvktppyT0vubdnxfLRLI4cOSQFckJcckHK5JpUSJVw8kieySt5s56sF+vd+pi2LlmzmQPyB9bnD1Q4nGg=</latexit>, <latexit sha1_base64="4cM+z/7W0HFjuPhXZX3BnZ1URnU=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBSswq6IWgZsLCwimAckIcxO7iZDZh/M3DWGJb2Nv2JjoYitP2Dn3zjZpNDEAxcO59w7c+/xYik0Os63tbS8srq2ntvIb25t7+zae/s1HSWKQ5VHMlINj2mQIoQqCpTQiBWwwJNQ9wZXE79+D0qLKLzDUQztgPVC4QvO0Egdu9BCeMDsnXTYFwjjtHUDPirR6yNTKhqOO3bRKTkZ6CJxZ6RIZqh07K9WN+JJACFyybRuuk6M7ZQpFFzCON9KNMSMD1gPmoaGLADdTrMdxvTYKF3qR8pUiDRTf0+kLNB6FHimM2DY1/PeRPzPayboX7ZTEcYJQsinH/mJpBjRSTC0KxRwlCNDGFfC7Ep5nynG0cSXNyG48ycvktppyT0vubdnxfLRLI4cOSQFckJcckHK5JpUSJVw8kieySt5s56sF+vd+pi2LlmzmQPyB9bnD1Q4nGg=</latexit>,
<latexit sha1_base64="bAghE3g9sF0vE63QibKw+/e452o="></latexit>

⇢ABC = ⇢1/2B (⇢�1/2
B ⇢AB⇢

�1/2
B )1/2⇢�1/2

B ⇢BC⇢
�1/2
B (⇢�1/2

B ⇢AB⇢
�1/2
B )1/2⇢1/2B



   Theorem (Bluhm, C., Costa Rico, Jencova, ’25)


HOW DO THESE QUANTUM MARKOV CHAINS RELATE?



OTHER DIVERGENCE MEASURES



CLASSICAL INFORMATION

Rényi divergences

<latexit sha1_base64="LNTzbZwm+ifdd43L+D5ojaePGO4="></latexit>

D↵(pkq) =
1

↵� 1
log

 
nX

x=1

p↵x
q↵�1
x

!

<latexit sha1_base64="N73Koi8vV6osj6SfXelx0V/zj8Q=">AAACHXicbVBNSwMxEM3W7/pV9eglWIUWpOxKUY+CF48VbBW6pWTTWRuazS7JrFqW/hEv/hUvHhTx4EX8N6ZrD1p9MPB4byaZeUEihUHX/XQKM7Nz8wuLS8XlldW19dLGZsvEqebQ5LGM9VXADEihoIkCJVwlGlgUSLgMBqdj//IGtBGxusBhAp2IXSsRCs7QSt1S3Ue4w/yd7LYvEEaZz2TSZ9QXilbcfa9KfZ4mtOLtj6UQh9VRt1R2a24O+pd4E1ImEzS6pXe/F/M0AoVcMmPanptgJ2MaBZcwKvqpgYTxAbuGtqWKRWA6Wb7ViO5ZpUfDWNtSSHP150TGImOGUWA7I4Z9M+2Nxf+8dorhcScTKkkRFP/+KEwlxZiOo6I9oYGjHFrCuBZ2V8r7TDOONtCiDcGbPvkvaR3UvMOad14vn+xO4lgk22SHVIhHjsgJOSMN0iSc3JNH8kxenAfnyXl13r5bC85kZov8gvPxBaQboNc=</latexit>

↵ 2 (0, 1) [ (1,1)

QUANTUM INFORMATION

QUANTUM RÉNYI DIVERGENCES



QUANTUM INFORMATIONCLASSICAL INFORMATION

Rényi divergences

<latexit sha1_base64="LNTzbZwm+ifdd43L+D5ojaePGO4="></latexit>

D↵(pkq) =
1

↵� 1
log

 
nX

x=1

p↵x
q↵�1
x

!

<latexit sha1_base64="N73Koi8vV6osj6SfXelx0V/zj8Q=">AAACHXicbVBNSwMxEM3W7/pV9eglWIUWpOxKUY+CF48VbBW6pWTTWRuazS7JrFqW/hEv/hUvHhTx4EX8N6ZrD1p9MPB4byaZeUEihUHX/XQKM7Nz8wuLS8XlldW19dLGZsvEqebQ5LGM9VXADEihoIkCJVwlGlgUSLgMBqdj//IGtBGxusBhAp2IXSsRCs7QSt1S3Ue4w/yd7LYvEEaZz2TSZ9QXilbcfa9KfZ4mtOLtj6UQh9VRt1R2a24O+pd4E1ImEzS6pXe/F/M0AoVcMmPanptgJ2MaBZcwKvqpgYTxAbuGtqWKRWA6Wb7ViO5ZpUfDWNtSSHP150TGImOGUWA7I4Z9M+2Nxf+8dorhcScTKkkRFP/+KEwlxZiOo6I9oYGjHFrCuBZ2V8r7TDOONtCiDcGbPvkvaR3UvMOad14vn+xO4lgk22SHVIhHjsgJOSMN0iSc3JNH8kxenAfnyXl13r5bC85kZov8gvPxBaQboNc=</latexit>

↵ 2 (0, 1) [ (1,1)

QUANTUM RÉNYI DIVERGENCES

Petz Rényi divergences

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)



QUANTUM INFORMATIONCLASSICAL INFORMATION

Rényi divergences

<latexit sha1_base64="LNTzbZwm+ifdd43L+D5ojaePGO4="></latexit>

D↵(pkq) =
1

↵� 1
log

 
nX

x=1

p↵x
q↵�1
x

!

<latexit sha1_base64="N73Koi8vV6osj6SfXelx0V/zj8Q=">AAACHXicbVBNSwMxEM3W7/pV9eglWIUWpOxKUY+CF48VbBW6pWTTWRuazS7JrFqW/hEv/hUvHhTx4EX8N6ZrD1p9MPB4byaZeUEihUHX/XQKM7Nz8wuLS8XlldW19dLGZsvEqebQ5LGM9VXADEihoIkCJVwlGlgUSLgMBqdj//IGtBGxusBhAp2IXSsRCs7QSt1S3Ue4w/yd7LYvEEaZz2TSZ9QXilbcfa9KfZ4mtOLtj6UQh9VRt1R2a24O+pd4E1ImEzS6pXe/F/M0AoVcMmPanptgJ2MaBZcwKvqpgYTxAbuGtqWKRWA6Wb7ViO5ZpUfDWNtSSHP150TGImOGUWA7I4Z9M+2Nxf+8dorhcScTKkkRFP/+KEwlxZiOo6I9oYGjHFrCuBZ2V8r7TDOONtCiDcGbPvkvaR3UvMOad14vn+xO4lgk22SHVIhHjsgJOSMN0iSc3JNH8kxenAfnyXl13r5bC85kZov8gvPxBaQboNc=</latexit>

↵ 2 (0, 1) [ (1,1)

QUANTUM RÉNYI DIVERGENCES

Sandwiched Rényi divergences


Petz Rényi divergences


<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]

<latexit sha1_base64="EuZFxunJcW8YFeNJUy4+kqvNyws=">AAACH3icbVBNSwMxEM3Wr1q/qh69BKugIHW3SPVY8OKxglWhW0o2nbWh2eySzKpl6T/x4l/x4kER8dZ/Y1p70NYHgZf3ZiaTFyRSGHTdoZObm19YXMovF1ZW19Y3iptb1yZONYcGj2WsbwNmQAoFDRQo4TbRwKJAwk3QOx/5N/egjYjVFfYTaEXsTolQcIZWaherPsIjjudkD12BMMh8JpMuo75Q9MA7rhxR75D6PE3s7ciKIfYPB+1iyS27Y9BZ4k1IiUxQbxe//E7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxnvsDpqWKhaBaWXjvQZ03yodGsbaHoV0rP7uyFhkTD8KbGXEsGumvZH4n9dMMTxrZUIlKYLiPw+FqaQY01FYtCM0cJR9SxjXwu5KeZdpxtFGWrAheNNfniXXlbJXLXuXJ6Xa3iSOPNkhu+SAeOSU1MgFqZMG4eSJvJA38u48O6/Oh/P5U5pzJj3b5A+c4TeiYKFN</latexit>

↵ 2 (1/2, 1) [ (1,1)

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)



QUANTUM INFORMATIONCLASSICAL INFORMATION

Rényi divergences

<latexit sha1_base64="LNTzbZwm+ifdd43L+D5ojaePGO4="></latexit>

D↵(pkq) =
1

↵� 1
log

 
nX

x=1

p↵x
q↵�1
x

!

<latexit sha1_base64="N73Koi8vV6osj6SfXelx0V/zj8Q=">AAACHXicbVBNSwMxEM3W7/pV9eglWIUWpOxKUY+CF48VbBW6pWTTWRuazS7JrFqW/hEv/hUvHhTx4EX8N6ZrD1p9MPB4byaZeUEihUHX/XQKM7Nz8wuLS8XlldW19dLGZsvEqebQ5LGM9VXADEihoIkCJVwlGlgUSLgMBqdj//IGtBGxusBhAp2IXSsRCs7QSt1S3Ue4w/yd7LYvEEaZz2TSZ9QXilbcfa9KfZ4mtOLtj6UQh9VRt1R2a24O+pd4E1ImEzS6pXe/F/M0AoVcMmPanptgJ2MaBZcwKvqpgYTxAbuGtqWKRWA6Wb7ViO5ZpUfDWNtSSHP150TGImOGUWA7I4Z9M+2Nxf+8dorhcScTKkkRFP/+KEwlxZiOo6I9oYGjHFrCuBZ2V8r7TDOONtCiDcGbPvkvaR3UvMOad14vn+xO4lgk22SHVIhHjsgJOSMN0iSc3JNH8kxenAfnyXl13r5bC85kZov8gvPxBaQboNc=</latexit>

↵ 2 (0, 1) [ (1,1)

QUANTUM RÉNYI DIVERGENCES

Sandwiched Rényi divergences


Petz Rényi divergences


Geometric Rényi divergences


<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]

<latexit sha1_base64="8wG1h58qr/W8tDV24RMBVrT/aF0="></latexit>

bD↵(⇢k�) =
1

↵� 1
logTr[�(��1/2⇢��1/2)↵]

<latexit sha1_base64="oV055e/WUw+pNVBROWkIepTngcs=">AAACDXicbVBNS8NAEN34bf2KevSy2AoKUpIi6rHgxaOCtYUmlM12ahc3m7A7UUvoH/DiX/HiQRGv3r35b9zWHNT6YODx3szuzItSKQx63qczNT0zOze/sFhaWl5ZXXPXNy5NkmkODZ7IRLciZkAKBQ0UKKGVamBxJKEZXZ+M/OYNaCMSdYGDFMKYXSnRE5yhlTpuJUC4w/E7+W1fIAzzgMm0z2ggFN3192ltb9hxy17VG4NOEr8gZVLgrON+BN2EZzEo5JIZ0/a9FMOcaRRcwrAUZAZSxq/ZFbQtVSwGE+bjLYZ0xypd2ku0LYV0rP6cyFlszCCObGfMsG/+eiPxP6+dYe84zIVKMwTFvz/qZZJiQkfR0K7QwFEOLGFcC7sr5X2mGUcbYMmG4P89eZJc1qr+YdU/PyjXK0UcC2SLbJNd4pMjUien5Iw0CCf35JE8kxfnwXlyXp2379Ypp5jZJL/gvH8Bo5ubIQ==</latexit>

↵ 2 (1, 2)

<latexit sha1_base64="EuZFxunJcW8YFeNJUy4+kqvNyws=">AAACH3icbVBNSwMxEM3Wr1q/qh69BKugIHW3SPVY8OKxglWhW0o2nbWh2eySzKpl6T/x4l/x4kER8dZ/Y1p70NYHgZf3ZiaTFyRSGHTdoZObm19YXMovF1ZW19Y3iptb1yZONYcGj2WsbwNmQAoFDRQo4TbRwKJAwk3QOx/5N/egjYjVFfYTaEXsTolQcIZWaherPsIjjudkD12BMMh8JpMuo75Q9MA7rhxR75D6PE3s7ciKIfYPB+1iyS27Y9BZ4k1IiUxQbxe//E7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxnvsDpqWKhaBaWXjvQZ03yodGsbaHoV0rP7uyFhkTD8KbGXEsGumvZH4n9dMMTxrZUIlKYLiPw+FqaQY01FYtCM0cJR9SxjXwu5KeZdpxtFGWrAheNNfniXXlbJXLXuXJ6Xa3iSOPNkhu+SAeOSU1MgFqZMG4eSJvJA38u48O6/Oh/P5U5pzJj3b5A+c4TeiYKFN</latexit>

↵ 2 (1/2, 1) [ (1,1)

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)



RÉNYI DIVERGENCESRELATIVE ENTROPIES

QUANTUM RÉNYI DIVERGENCES

Sandwiched Rényi divergences


Petz Rényi divergences


Geometric Rényi divergences


<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]

<latexit sha1_base64="8wG1h58qr/W8tDV24RMBVrT/aF0="></latexit>

bD↵(⇢k�) =
1

↵� 1
logTr[�(��1/2⇢��1/2)↵]

<latexit sha1_base64="oV055e/WUw+pNVBROWkIepTngcs=">AAACDXicbVBNS8NAEN34bf2KevSy2AoKUpIi6rHgxaOCtYUmlM12ahc3m7A7UUvoH/DiX/HiQRGv3r35b9zWHNT6YODx3szuzItSKQx63qczNT0zOze/sFhaWl5ZXXPXNy5NkmkODZ7IRLciZkAKBQ0UKKGVamBxJKEZXZ+M/OYNaCMSdYGDFMKYXSnRE5yhlTpuJUC4w/E7+W1fIAzzgMm0z2ggFN3192ltb9hxy17VG4NOEr8gZVLgrON+BN2EZzEo5JIZ0/a9FMOcaRRcwrAUZAZSxq/ZFbQtVSwGE+bjLYZ0xypd2ku0LYV0rP6cyFlszCCObGfMsG/+eiPxP6+dYe84zIVKMwTFvz/qZZJiQkfR0K7QwFEOLGFcC7sr5X2mGUcbYMmG4P89eZJc1qr+YdU/PyjXK0UcC2SLbJNd4pMjUien5Iw0CCf35JE8kxfnwXlyXp2379Ypp5jZJL/gvH8Bo5ubIQ==</latexit>

↵ 2 (1, 2)

<latexit sha1_base64="EuZFxunJcW8YFeNJUy4+kqvNyws=">AAACH3icbVBNSwMxEM3Wr1q/qh69BKugIHW3SPVY8OKxglWhW0o2nbWh2eySzKpl6T/x4l/x4kER8dZ/Y1p70NYHgZf3ZiaTFyRSGHTdoZObm19YXMovF1ZW19Y3iptb1yZONYcGj2WsbwNmQAoFDRQo4TbRwKJAwk3QOx/5N/egjYjVFfYTaEXsTolQcIZWaherPsIjjudkD12BMMh8JpMuo75Q9MA7rhxR75D6PE3s7ciKIfYPB+1iyS27Y9BZ4k1IiUxQbxe//E7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxnvsDpqWKhaBaWXjvQZ03yodGsbaHoV0rP7uyFhkTD8KbGXEsGumvZH4n9dMMTxrZUIlKYLiPw+FqaQY01FYtCM0cJR9SxjXwu5KeZdpxtFGWrAheNNfniXXlbJXLXuXJ6Xa3iSOPNkhu+SAeOSU1MgFqZMG4eSJvJA38u48O6/Oh/P5U5pzJj3b5A+c4TeiYKFN</latexit>

↵ 2 (1/2, 1) [ (1,1)

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Umegaki relative entropy


Belavkin-Staszewski relative entropy


<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1



RÉNYI DIVERGENCESRELATIVE ENTROPIES

QUANTUM RÉNYI DIVERGENCES

Sandwiched Rényi divergences


Petz Rényi divergences


Geometric Rényi divergences


<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]

<latexit sha1_base64="8wG1h58qr/W8tDV24RMBVrT/aF0="></latexit>

bD↵(⇢k�) =
1

↵� 1
logTr[�(��1/2⇢��1/2)↵]

<latexit sha1_base64="oV055e/WUw+pNVBROWkIepTngcs=">AAACDXicbVBNS8NAEN34bf2KevSy2AoKUpIi6rHgxaOCtYUmlM12ahc3m7A7UUvoH/DiX/HiQRGv3r35b9zWHNT6YODx3szuzItSKQx63qczNT0zOze/sFhaWl5ZXXPXNy5NkmkODZ7IRLciZkAKBQ0UKKGVamBxJKEZXZ+M/OYNaCMSdYGDFMKYXSnRE5yhlTpuJUC4w/E7+W1fIAzzgMm0z2ggFN3192ltb9hxy17VG4NOEr8gZVLgrON+BN2EZzEo5JIZ0/a9FMOcaRRcwrAUZAZSxq/ZFbQtVSwGE+bjLYZ0xypd2ku0LYV0rP6cyFlszCCObGfMsG/+eiPxP6+dYe84zIVKMwTFvz/qZZJiQkfR0K7QwFEOLGFcC7sr5X2mGUcbYMmG4P89eZJc1qr+YdU/PyjXK0UcC2SLbJNd4pMjUien5Iw0CCf35JE8kxfnwXlyXp2379Ypp5jZJL/gvH8Bo5ubIQ==</latexit>

↵ 2 (1, 2)

<latexit sha1_base64="EuZFxunJcW8YFeNJUy4+kqvNyws=">AAACH3icbVBNSwMxEM3Wr1q/qh69BKugIHW3SPVY8OKxglWhW0o2nbWh2eySzKpl6T/x4l/x4kER8dZ/Y1p70NYHgZf3ZiaTFyRSGHTdoZObm19YXMovF1ZW19Y3iptb1yZONYcGj2WsbwNmQAoFDRQo4TbRwKJAwk3QOx/5N/egjYjVFfYTaEXsTolQcIZWaherPsIjjudkD12BMMh8JpMuo75Q9MA7rhxR75D6PE3s7ciKIfYPB+1iyS27Y9BZ4k1IiUxQbxe//E7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxnvsDpqWKhaBaWXjvQZ03yodGsbaHoV0rP7uyFhkTD8KbGXEsGumvZH4n9dMMTxrZUIlKYLiPw+FqaQY01FYtCM0cJR9SxjXwu5KeZdpxtFGWrAheNNfniXXlbJXLXuXJ6Xa3iSOPNkhu+SAeOSU1MgFqZMG4eSJvJA38u48O6/Oh/P5U5pzJj3b5A+c4TeiYKFN</latexit>

↵ 2 (1/2, 1) [ (1,1)

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)
<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Umegaki relative entropy


Belavkin-Staszewski relative entropy


<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1



DIVERGENCE MEASURES

COMPARISON OF QUANTUM RÉNYI DIVERGENCES

Sandwiched Rényi divergences
Petz Rényi divergences


Geometric Rényi divergences


<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]

<latexit sha1_base64="8wG1h58qr/W8tDV24RMBVrT/aF0="></latexit>

bD↵(⇢k�) =
1

↵� 1
logTr[�(��1/2⇢��1/2)↵]

<latexit sha1_base64="oV055e/WUw+pNVBROWkIepTngcs=">AAACDXicbVBNS8NAEN34bf2KevSy2AoKUpIi6rHgxaOCtYUmlM12ahc3m7A7UUvoH/DiX/HiQRGv3r35b9zWHNT6YODx3szuzItSKQx63qczNT0zOze/sFhaWl5ZXXPXNy5NkmkODZ7IRLciZkAKBQ0UKKGVamBxJKEZXZ+M/OYNaCMSdYGDFMKYXSnRE5yhlTpuJUC4w/E7+W1fIAzzgMm0z2ggFN3192ltb9hxy17VG4NOEr8gZVLgrON+BN2EZzEo5JIZ0/a9FMOcaRRcwrAUZAZSxq/ZFbQtVSwGE+bjLYZ0xypd2ku0LYV0rP6cyFlszCCObGfMsG/+eiPxP6+dYe84zIVKMwTFvz/qZZJiQkfR0K7QwFEOLGFcC7sr5X2mGUcbYMmG4P89eZJc1qr+YdU/PyjXK0UcC2SLbJNd4pMjUien5Iw0CCf35JE8kxfnwXlyXp2379Ypp5jZJL/gvH8Bo5ubIQ==</latexit>

↵ 2 (1, 2)

<latexit sha1_base64="EuZFxunJcW8YFeNJUy4+kqvNyws=">AAACH3icbVBNSwMxEM3Wr1q/qh69BKugIHW3SPVY8OKxglWhW0o2nbWh2eySzKpl6T/x4l/x4kER8dZ/Y1p70NYHgZf3ZiaTFyRSGHTdoZObm19YXMovF1ZW19Y3iptb1yZONYcGj2WsbwNmQAoFDRQo4TbRwKJAwk3QOx/5N/egjYjVFfYTaEXsTolQcIZWaherPsIjjudkD12BMMh8JpMuo75Q9MA7rhxR75D6PE3s7ciKIfYPB+1iyS27Y9BZ4k1IiUxQbxe//E7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxnvsDpqWKhaBaWXjvQZ03yodGsbaHoV0rP7uyFhkTD8KbGXEsGumvZH4n9dMMTxrZUIlKYLiPw+FqaQY01FYtCM0cJR9SxjXwu5KeZdpxtFGWrAheNNfniXXlbJXLXuXJ6Xa3iSOPNkhu+SAeOSU1MgFqZMG4eSJvJA38u48O6/Oh/P5U5pzJj3b5A+c4TeiYKFN</latexit>

↵ 2 (1/2, 1) [ (1,1)

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Umegaki relative entropy


Belavkin-Staszewski relative entropy

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1
<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

[Fang, Fawzi, ’21]




RELATIVE ENTROPIES

DATA PROCESSING INEQUALITIES FOR QUANTUM RÉNYI DIVERGENCES

Sandwiched Rényi divergences
Petz Rényi divergences


Geometric Rényi divergences


<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]

<latexit sha1_base64="8wG1h58qr/W8tDV24RMBVrT/aF0="></latexit>

bD↵(⇢k�) =
1

↵� 1
logTr[�(��1/2⇢��1/2)↵]

<latexit sha1_base64="oV055e/WUw+pNVBROWkIepTngcs=">AAACDXicbVBNS8NAEN34bf2KevSy2AoKUpIi6rHgxaOCtYUmlM12ahc3m7A7UUvoH/DiX/HiQRGv3r35b9zWHNT6YODx3szuzItSKQx63qczNT0zOze/sFhaWl5ZXXPXNy5NkmkODZ7IRLciZkAKBQ0UKKGVamBxJKEZXZ+M/OYNaCMSdYGDFMKYXSnRE5yhlTpuJUC4w/E7+W1fIAzzgMm0z2ggFN3192ltb9hxy17VG4NOEr8gZVLgrON+BN2EZzEo5JIZ0/a9FMOcaRRcwrAUZAZSxq/ZFbQtVSwGE+bjLYZ0xypd2ku0LYV0rP6cyFlszCCObGfMsG/+eiPxP6+dYe84zIVKMwTFvz/qZZJiQkfR0K7QwFEOLGFcC7sr5X2mGUcbYMmG4P89eZJc1qr+YdU/PyjXK0UcC2SLbJNd4pMjUien5Iw0CCf35JE8kxfnwXlyXp2379Ypp5jZJL/gvH8Bo5ubIQ==</latexit>

↵ 2 (1, 2)

<latexit sha1_base64="EuZFxunJcW8YFeNJUy4+kqvNyws=">AAACH3icbVBNSwMxEM3Wr1q/qh69BKugIHW3SPVY8OKxglWhW0o2nbWh2eySzKpl6T/x4l/x4kER8dZ/Y1p70NYHgZf3ZiaTFyRSGHTdoZObm19YXMovF1ZW19Y3iptb1yZONYcGj2WsbwNmQAoFDRQo4TbRwKJAwk3QOx/5N/egjYjVFfYTaEXsTolQcIZWaherPsIjjudkD12BMMh8JpMuo75Q9MA7rhxR75D6PE3s7ciKIfYPB+1iyS27Y9BZ4k1IiUxQbxe//E7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxnvsDpqWKhaBaWXjvQZ03yodGsbaHoV0rP7uyFhkTD8KbGXEsGumvZH4n9dMMTxrZUIlKYLiPw+FqaQY01FYtCM0cJR9SxjXwu5KeZdpxtFGWrAheNNfniXXlbJXLXuXJ6Xa3iSOPNkhu+SAeOSU1MgFqZMG4eSJvJA38u48O6/Oh/P5U5pzJj3b5A+c4TeiYKFN</latexit>

↵ 2 (1/2, 1) [ (1,1)

<latexit sha1_base64="9STWf7kPMlzH3lJpymwDqz+7mHU="></latexit>

D↵(⇢k�) =
1

↵� 1
logTr[⇢↵�1�↵]

<latexit sha1_base64="1DMAYlhy+mCPFYP722zyXMPj02U=">AAACGHicbVBNSwMxEM36bf2qevQSrEILUneLqEfBi8cKthW6S8mm0zaYzS7JrFqW/gwv/hUvHhTx2pv/xrTuwa8HA4/3ZpKZFyZSGHTdD2dmdm5+YXFpubCyura+Udzcapo41RwaPJaxvg6ZASkUNFCghOtEA4tCCa3w5nzit25BGxGrKxwmEESsr0RPcIZW6hQPfYR7nL6T3Q0EwijzmUwGjPpC0bJ7QL0K9Xma0LJ3UKuMOsWSW3WnoH+Jl5MSyVHvFMd+N+ZpBAq5ZMa0PTfBIGMaBZcwKvipgYTxG9aHtqWKRWCCbLrQiO5bpUt7sbalkE7V7xMZi4wZRqHtjBgOzG9vIv7ntVPsnQaZUEmKoPjXR71UUozpJCXaFRo4yqEljGthd6V8wDTjaLMs2BC83yf/Jc1a1TuuepdHpbO9PI4lskN2SZl45ISckQtSJw3CyQN5Ii/k1Xl0np035/2rdcbJZ7bJDzjjTwpLnlE=</latexit>

↵ 2 (0, 1) [ (1, 2)

<latexit sha1_base64="NIowUvW8tzDFKSRuYzFfWl5nGLs="></latexit>

D(⇢k�) = Tr[⇢(log ⇢� log �)]

<latexit sha1_base64="fdiawHLS2otRqyDXqcmJC7osHMk="></latexit>

bD(⇢k�) = Tr[⇢ log(⇢1/2��1⇢1/2)]

Umegaki relative entropy


Belavkin-Staszewski relative entropy

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1
<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

<latexit sha1_base64="iB14WALWiRS2gD22rLgI0zxK8tU=">AAACDnicbVDJSgNBEO1xN25Rj14ao+ApzIiox4AXjwpmgUwINT01SWPPQneNGoZ8gRd/xYsHRbx69ubf2FkObg8KHu9VdVe9IFPSkOt+OjOzc/MLi0vLpZXVtfWN8uZWw6S5FlgXqUp1KwCDSiZYJ0kKW5lGiAOFzeD6bOQ3b1AbmSZXNMiwE0MvkZEUQFbqlvd9wjsav1NoDIeFDyrrA/e17PUJtE5vuTfslitu1R2D/yXelFTYFBfd8ocfpiKPMSGhwJi252bUKUCTFAqHJT83mIG4hh62LU0gRtMpxmsM+b5VQh6l2lZCfKx+nyggNmYQB7YzBuqb395I/M9r5xSddgqZZDlhIiYfRbnilPJRNjyUGgWpgSUgtLS7ctEHDYJsgiUbgvf75L+kcVj1jqve5VGltjeNY4ntsF12wDx2wmrsnF2wOhPsnj2yZ/biPDhPzqvzNmmdcaYz2+wHnPcvfy+c6A==</latexit>

↵ ! 1

Multiple results of strengthened DPI for 

Petz and sandwiched Rényi divergences:

(also involving rotated Petz recovery maps)



DPIS FOR SANDWICHED RÉNYI DIVERGENCES: PARTICULAR CASE

Sandwiched Rényi divergences

<latexit sha1_base64="TqAdVEvjj2qHy0gDXBY+iSelqIQ="></latexit>

eD↵(⇢k�) =
1

↵� 1
logTr[(�

1�↵
2↵ ⇢�

1�↵
2↵ )↵]
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CONCLUSIONS

• We have reviewed entropies and divergence measures in classical and quantum information 
theory.


• We have recalled results of strengthened and reversed data processing inequalities, as well 
as their relation to approximate recoverability.


• We have studied the particular case of tripartite Hilbert spaces and applied our results to 
the study of decay of correlations, as well as learning of Gibbs states.


• We have reviewed Quantum Markov Chains and introduced the analogous notion for the 
Belavkin-Staszewski relative entropy. 


• We have recalled some quantum Rényi divergences and briefly explored their DPIs. 
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