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FIG. 1. Left) Structure of the Eagle quantum processor which consists of a 6 ⇥ 3 heavy-hexagon lattice with two
additional qubits (113 and 13) added to the bottom left and right corners of the lattice. Right) Tensor network
structure used for our simulations of heavy-hex lattices, with the network structure directly reflecting the lattice. On-
site tensors �v are coloured in blue and possess physical, uncontracted, indices of dimension 2 (represented by their
dangling legs) and virtual indices of dimension � (represented by the edges of the network) which are shared with
neighboring tensors. Positive, diagonal bond tensors ⇤e live on the edges e between the site tensors and are coloured
in grey.

high-depth quantum circuit involving an infinite number of qubits.
Our work here demonstrates the e↵ectiveness of a belief propagation tensor network approach for solving

many-body dynamics problems. We anticipate our chosen methodology will find success and serve as a
benchmark when applied to problems with locally tree-like correlations and limited entanglement.
Model and Ansatz. Our focus here is on the dynamics of the Trotterized kicked transverse-field Ising model

given by the unitary
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where Z and X denote Pauli operators and hv, v
0
i indicates that v and v

0 are neighbors on the corresponding
lattice. The lattice we are concerned with is that of the ‘heavy-hex’ lattice which corresponds to a hexagonal
lattice decorated with additional qubits along the edges (see Fig. 1). The dynamics of this model was recently
simulated on the IBM Eagle quantum processor [10], which corresponds to a lattice of 6 ⇥ 3 heavy-hexagons
plus two additional qubits.
Here, in order to simulate this system on a classical computer, we adopt a tensor network approach that

respects the qubit connectivity of the heavy-hex lattice (see Fig. 1). We fix a maximum amount of entanglement
in the system by limiting the bond dimension � of the network. We then evolve our tensor network state (TNS)
by application of the gates in U(✓h) under the belief propagation (BP) approximation; referring to the resulting
TNS as a BP-approximated TNS. Unless otherwise stated, we also extract expectation values from the TNS
using belief propagation. Explicit details of our BP-based method are provided in the Methods section. The
BP method is fully controlled on trees but incurs a potentially small but uncontrolled approximation when
there are loops in the network. Our results demonstrate that for a su�ciently large lattice, even at significant
circuit depths, the correlations in this model remain ‘tree-like’ in the sense of the BP approximation giving
very accurate results. Let us present these results.
Results. We start by considering lattices with a small number of heaxy-hexagons, where an exact state vec-

tor simulation is possible and our method can be directly benchmarked (see Fig. 2). Specifically, we compute
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High-dimensional problems are everywhere ... 
from science to industry

Motivation



Example: a ferromagnet    ("fridge magnet")

Motivation

Atoms behave individually like small bar magnets ("spins")

up or north orientation

down or south orientation



Lowering or raising temperature  
orders or disorders the magnet

Motivation
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Why high dimensional?

Motivation

Modeled as probability of spin configurations

s1 s2 s3 s4 s5

s6

P(s1, s2, s3, ⋯, sN)



Motivation

Probability of spin configurations

s1 s2 s3 s4 s5

s6
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P( ↑ , , ↑ , …, ↑ )
P( ↑ , ↑ , , …, ↑ )

⋮

↓
↓

↓
 of these for  spins2N N



Motivation

How big is  ?2N

 
 

 
  (a million) 

 
  

 
    greater than number of atoms in known universe!

22 = 4
23 = 8
⋮
220 = 1,048,576
⋮
2100 = 1.2 × 1030 ≈ 1,000,000,000,000,000,000,000,000,000,000
⋮
2300



Motivation

Other examples of high-dimensional problems

usual commutation relation is broken at the maximal
occupancy state. That is to say,

!xlx†l − x†l xlÞjMli ¼ −MljMli ≠ jMli: !18Þ

The commutation relation for the truncated operators is
therefore

½xi; x†j % ¼ δij!1 − !M þ 1ÞjMiihMijÞ; !19Þ

an expression involving the projector operator onto site i’s
maximal occupancy state, P̂Mi

¼ jMiihMij. As discussed in
depth in Appendix A, this violation of the usual commutator
relation must be accounted for when constructing a finite
effective Hamiltonian that conserves probability.
One benefit of defining operators in terms of creation and

annihilation operators is that expectation values for observ-
ables can be expressed easily in terms of inner products
with operators. Consider, for example, the observable that
counts all particles in all voxels, n̂ ¼

P
l n̂l. The operator n̂

acts on a many-body state jni, yet each n̂l is a single-
body operator acting on voxel l and leaving all other
voxels unchanged. It is therefore understood that when
local operators such as n̂l act on jni, it is written as a
shorthand for

n̂l ¼ I1 ⊗ ' ' ' ⊗ x†l xl ⊗ ' ' ' ⊗ IL: !20Þ

In terms of that shorthand, n̂ljni ¼ nljni counts the
number of particles in voxel l for the many-body state
jni. The time-dependent expected number of particles in
the whole system is thus hn!tÞi ¼

P
lh1jn̂ljpti, where the

vector of ones h1j serves to sum over all microstates. The
time dependence of a distribution can also be extracted
from the action of a second-quantized Ĥ on jpti, and this

operation can be practically computed when Ĥ is expressed
in terms of the single-site operators.
Mirroring the discussion in Sec. II, the generator Ĥl

for the Schlögl model reactions within the lth voxel is a
sum of contributions from the elementary reactions
Ĥl ¼

P
r Ĥ

r
l . Figure 2(a) shows each reaction, expressed

as a second-quantized contribution to the effective
Hamiltonian, as derived in Appendix A. Probability con-
servation requires that this effective Hamiltonian include a
term with a projector P̂c

Ml
≡ I − P̂Ml

. This projector is
complementary to the one appearing in Eq. (19) in that it
projects onto states which are not maximally occupied.
Combining together the forward and reverse reactions
mediated by species A, we show in Appendix A that the
reversible reaction Eq. (1) contributes

ĤA
l ¼ c1½x†3l x2l − x†2l x2l P̂

c
Ml
% þ c2½x†2l x3l − x†3l x3l % !21Þ

to the effective Hamiltonian. For convenience we
have absorbed the combinatorial terms into that rate
coefficient, defining cr ≡ c̃r=γ!, where γ is either ηr or
μr for forward and reversed reactions, respectively.
Likewise, the contribution

ĤB
l ¼ c3!x†l − P̂c

Ml
Þ þ c4!xl − x†l xlÞ !22Þ

comes from Eq. (2). In the M → ∞ limit, P̂c
Ml

→ I to give
the more familiar expressions as in Table I.
The Hamiltonian operator for L independent, well-

mixed Schlögl voxels is thus Ĥrxn ¼
PL

l¼1 Ĥ
A
l þ ĤB

l . To
add diffusion, consider the well-mixed voxels arranged in a
1D lattice as in Fig. 2(b). Each chemical species is able to
move between neighboring voxels as regulated by a
diffusion operator,

FIG. 2. The reaction-diffusion master equation (RDME) consists of voxels in which well-mixed chemical reactions occur and between
which species can diffuse. This work centers around a one-dimensional chain of L such voxels, each with a fluctuating number of
molecules of species X in a Schlögl chemical reaction. The Doi-Peliti (DP) framework turns the reaction-diffusion evolution into a
second-quantized effective Hamiltonian that governs the evolution of the distribution over classical reaction-diffusion microstates. That
effective Hamiltonian is represented by a high-dimensional tensor, with each vertical leg taking one of (M þ 1) possible values
corresponding to the number of molecules of species X which could occupy each site. The DP form of the effective Hamiltonian lends
itself to a compact representation of the effective Hamiltonian tensor of rates for transitioning from one microstate to another.

SCHUYLER B. NICHOLSON and TODD R. GINGRICH PHYS. REV. X 13, 041006 (2023)

041006-6



Rate reaction equations of chemistry [*]

A probability distribution of many variables

[*] Nicholson, Gingrich, Phys. Rev. X 13, 041006 (2023)

p(s1, s2, s3, s4, s5, …, sn)
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complementary to the one appearing in Eq. (19) in that it
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→ I to give
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FIG. 2. The reaction-diffusion master equation (RDME) consists of voxels in which well-mixed chemical reactions occur and between
which species can diffuse. This work centers around a one-dimensional chain of L such voxels, each with a fluctuating number of
molecules of species X in a Schlögl chemical reaction. The Doi-Peliti (DP) framework turns the reaction-diffusion evolution into a
second-quantized effective Hamiltonian that governs the evolution of the distribution over classical reaction-diffusion microstates. That
effective Hamiltonian is represented by a high-dimensional tensor, with each vertical leg taking one of (M þ 1) possible values
corresponding to the number of molecules of species X which could occupy each site. The DP form of the effective Hamiltonian lends
itself to a compact representation of the effective Hamiltonian tensor of rates for transitioning from one microstate to another.
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Dynamical problem (classical master equations)



Motivation

Problems in quantum physics (many-body quantum)

<latexit sha1_base64="cxLJ3FKE7tlveOhlIbGvI/igfPI="></latexit>

sj 2 0, 1
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| i =
X

s1s2s3···sn

 s1s2s3···sn |s1s2s3 · · · sni

state of a quantum computer state of many quantum particles

can describe



Tensors

Common language for high-dimensional problems

f(s1, s2, s3, …, sN)
Function of N discrete variables:

• Ferromagnet: spin probability    

• Network dynamics: probability   

• Quantum: wave function          

p(s1, s2, …, sN)
p(s1, s2, …, sN)

Ψ(s1, s2, …, sN)



Evaluating function on all  inputs:2N

Tensors

s1s2⋯sN = (s1, s2, s3, …, sN)

s1s2⋯sN =
s1 s2 s3 sN⋯

"tensorized" version of   –  huge multi-dim. arrayf

F f

F



Motivation

Storing all configurations (full tensor) is an 
exponential problem

Will never be solved by brute force...

 vector would take 
as much memory (RAM cards) 
as volume of Earth

2100



Solving High-Dimensional Problems 
with Tensor Networks

1. The Curse of Dimensionality

2. The Problem of Loops

We will encounter two main challenges –  
and overcome them with tensor networks



Breaking the Curse of Dimensionality



Breaking the Curse of Dimensionality

We have seen that states of high dimensional problems 
can be stored as tensors – high-dimensional arrays

s1 s2 s3 s4 sN

T s1s2s3···sN =

<latexit sha1_base64="LMCdMHHJm6X87ZnRCj0E2q48wOM="></latexit>

<latexit sha1_base64="T+38AM2S9CnSiJNYBwqu63jIXKA="></latexit>

| i =

For example a quantum state of a spin system



Tensor diagram notation

Tensor Networks

Diagrams actually precise notation:



Tensor diagram notation

j

ji

vj Mij Tijk

j

i k

Low-order examples:

Tensor Networks

Diagrams actually precise notation:



Tensor diagram notation

j

ji

vj Mij Tijk

j

i k

Joining wires means contraction:

=
<latexit sha1_base64="cj+C3+Ujdb3XDE9ns7b23/2thuE="></latexit>X

j

Mijvj = wi

Low-order examples:

Tensor Networks

Diagrams actually precise notation:



Breaking the Curse of Dimensionality

But large tensors are useless on their own...

s1 s2 s3 s4 sN

T s1s2s3···sN =

<latexit sha1_base64="LMCdMHHJm6X87ZnRCj0E2q48wOM="></latexit>

If each index has dimension  d

Number of parameters is  - exponential memory costdN

Called the "curse of dimensionality"



For matrices, we can break the curse via 
low-rank factorization

<latexit sha1_base64="MbXGjSNbIOpG/NMlJPjh3WrK10A="></latexit>

M
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A
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B

Low-rank form found by singular value decomposition (SVD), 
interpolative decomposition (ID), rank-revealing QR (RRQR)...

less memory 
fewer operations

Breaking the Curse of Dimensionality

≈

≈



Example of a low-rank factorization:

Breaking the Curse of Dimensionality

≈

 0.16  0.110   0.117  0.084 

 0.73  0.873  0.304  0.287 

 0.16  0.110   0.117  0.084 

 0.73  0.873  0.304  0.287

 0.445  0.492  0.211  0.186 

 0.285  0.381  0.094  0.101

1.0  -1.0 

1.0   1.0 

1.0  -1.0 

1.0   1.0

Matrices (and tensors) can have hidden structure
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Breaking the Curse of Dimensionality

But how can we apply this to tensors?



Just as factorizing a matrix reduces cost  
(memory and compute)

r is matrix rank

r≈

Breaking the Curse of Dimensionality



Can recursively factor & compress a tensor as well

r1
≈

Breaking the Curse of Dimensionality



r2r1
≈

Can recursively factor & compress a tensor as well

Breaking the Curse of Dimensionality



r1 r2 r3
≈

Can recursively factor & compress a tensor as well

Breaking the Curse of Dimensionality



r1 r2 r3 r4
≈

Can recursively factor & compress a tensor as well

Breaking the Curse of Dimensionality



r1 r2 r3 r4 r5
≈

Can recursively factor & compress a tensor as well

Breaking the Curse of Dimensionality



r1 r2 r3 r4 r5 r6
≈

Can recursively factor & compress a tensor as well

Breaking the Curse of Dimensionality



Massive gain if internal ranks (rj's) small,  
while accuracy remains good

r1 r2 r3 r6
≈

Can recursively factor & compress a tensor as well

r4 r5

Breaking the Curse of Dimensionality

Ranks often called "bond dimensions"



r r r r r r

How much do we gain?

d d d d d d d

N tensors and d r2 elements per tensor

(N d r2)  versus dN total parameters⋅ ⋅

Exponential improvement –  
breaking the curse of dimensionality

Breaking the Curse of Dimensionality



This format known as matrix product state (MPS) 
or tensor train (TT)

Example of a tensor network 
(network of tensors contracted together)

Tensor Networks



Parameters of a tensor network describe a manifold 
within exponential state space

Tensor Networks

Low complexity (entanglement)  
manifold



There are other types of tensor networks for 2D, 3D 
systems or multi-scale systems

Tensor Networks

1D tensor network (MPS)

2D tensor network ("PEPS")



Can evaluate a single element of a tensor network,  
like a neural network

1 2 1 1 2 1 2

=
=
=
= ⋮

= − 0.58=

Tensor Networks



But key difference from neural networks or other 
high-dim. methods are novel algorithms

<latexit sha1_base64="3N57pc0zGx9EGRnLJ2xtmPbEsu4="></latexit>⇡

Tensor Network Algorithms



Tensor networks offer powerful algorithms 

For example applying quantum gates 
(imaginary or real time evolution)

<latexit sha1_base64="T+38AM2S9CnSiJNYBwqu63jIXKA="></latexit>
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Tensor networks offer powerful algorithms 

For example applying quantum gates 
(imaginary or real time evolution)
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Tensor networks offer powerful algorithms 

For example applying quantum gates 
(imaginary or real time evolution)
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Tensor networks offer powerful algorithms 

For example applying quantum gates 
(imaginary or real time evolution)
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Tensor Network Algorithms



Tensor networks offer powerful algorithms 

Can also "perfect sample" MPS tensor networks 
No Markov chain / autocorrelation effects
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Tensor networks offer powerful algorithms 

Can also "perfect sample" MPS tensor networks 
No Markov chain / autocorrelation effects
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Tensor networks offer powerful algorithms 

Can also "perfect sample" MPS tensor networks 
No Markov chain / autocorrelation effects
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Tensor networks offer powerful algorithms 

Seminal example is eigenvector finding 
Known as "DMRG algorithm" in quantum phys. literature

≈

Ĥ Ψ Ψ

EΨ

Tensor Network Algorithms



Eigenvector-finding algorithm (DMRG)  
extremely efficient

≈Ĥ
Ψ

EΨ

Ψ†

Each step solves a projected eigenvalue equation

Can use fast methods (Lanczos, etc.) 
Much faster than e.g. gradient optimization

Tensor Network Algorithms



Movie of DMRG solving a one-dimensional  
quantum spin chain system (N=100, S=1)

≈

Ĥ Ψ Ψ

EΨ

Local energy 
error from 
converged 
result

Tensor Network Algorithms



Movie of DMRG solving a one-dimensional  
quantum spin chain system (N=100, S=1/2)

≈

Ĥ Ψ Ψ

EΨ

Local energy 
error from 
converged 
result

Tensor Network Algorithms



A lesser-known algorithm from math literature 
is tensor cross interpolation (TCI) [1,2]

It is an active machine learning method for tensor networks

query points from f

select better points 
using 
interpolating linear algebra

Tensor Network Algorithms

[1] I. Oseledets and E. Tyrtyshnikov, Linear Algebra Appl. 432, 70 (2010) 
[2] Nunez Fernandez, et al. Phys. Rev. X 12, 041018 (2022)



Demo of tensor cross interpolation (TCI) 
for learning a function (sum of 40 Gaussians)

Tensor Network Algorithms



Researchers at Flatiron Institute and collegues  
used TCI algorithm 
to learn and sum entire orders of Feynman diagrams*

Tensor Network Algorithms
Jason Kaye 

CCQ & CCM
Olivier Parcollet 

CCQ

* Nunez Fernandez, et al. Phys. Rev. X 12, 041018 (2022)

Result: time-dependent properties of quantum dots 
Compute once for any driving protocol
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Figure 2. For a given matrix P (top-left), suppose we know r
independent columns indexed by i2 = (i2,1, . . . , i2,r), i.e.,
P:,i2 2 Rn1⇥r and r independent rows indexed by
i1 = (i1,1, . . . , i1,r), i.e., Pi1,: 2 Rr⇥n2 , with their intersection
Pi1,i2 2 Rr⇥r being nonsingular. Then, by skeleton
decomposition we have P̂ = P:,i2P

�1
i1,i2

Pi1,:. If rank(P ) = r,
then P̂ = P (bottom row). For r < rank(P ) we obtain a
quasi-optimal approximation, P̂ ⇡ P (middle row). The right
figures show the rows and columns selected from the original
matrix by the cross approximation algorithm to find the skeleton
decomposition.

with high probability (Goreinov et al. 2010). This
is very useful for TTGO as we are interested in
finding the maxima from a tensor (discrete analogue
of a probability density function) and the skeleton
decomposition preserves this information.

• Cross approximation algorithms directly find the
factors without computing and storing the whole
matrix.

3.5 Tensor Train Decomposition
Similar to matrix factorization, tensor factorization allows
us to represent a tensor by its factors. Among the popular
factorization techniques, we concentrate in this work on
the Tensor Train (TT) decomposition. TT decomposition
encodes a given tensor compactly using a set of third-
order tensors called cores. A d-th order tensor P 2

Rn1⇥···⇥nd in TT format is represented using a tuple of
d third-order tensors (P1, . . . ,Pd). The dimension of the
cores are given as P1

2 R1⇥n1⇥r1 ,Pk
2 Rrk�1⇥nk⇥rk ,

k 2 {2, . . . , d�1}, and Pd
2 Rrd�1⇥nd⇥1 with r0 = rd =

1. As shown in Figure 3, the i-th element of the tensor in this
format, with i 2 I = {(i1, . . . , id) : ik 2 {1, . . . , nk}, k 2

{1, . . . , d}}, is simply given by multiplying matrix slices
from the cores:

Pi = P1
:,i1,:P

2
:,i2,: · · ·P

d
:,id,:, (6)

where Pk
:,ik,: 2 Rrk�1⇥rk represents the ik-th frontal slice

(a matrix) of the third-order tensor Pk. The dimensions of
the cores are such that the above matrix multiplication yields
a scalar. The TT-rank of the tensor in TT representation
is then defined as the tuple r = (r1, r2, . . . , rd�1). We
call r = max (r1, . . . , rd�1) as the maximal rank. For any

given tensor, there always exists a TT decomposition (6)
(Oseledets 2011).

Similarly to (5), we can also obtain a continuous
approximation of the function P as

P (x1, . . . , xd) ⇡ P 1(x1) · · ·P
d(xd), (7)

where P k(xk), k 2 {1, . . . , d} is obtained by interpolating
each of the core, analogously to the matrix example in (4)
(see Appendix A.1 for more detail). We overload the
terminology again to define the continuous TT representation
as

Px = P (x1, . . . , xd), 8x 2 ⌦x.

Due to its structure, the TT representation offers
several advantages for storage and computation. Let n =
max(n1, . . . , nd). Then, the number of elements in the TT
representation is O(ndr2) as compared to O(nd) elements
in the original tensor. For a small r and a large d,
the representation is thus very efficient. As explained in
Section 3.3, the existence of a low-rank structure (i.e., a small
r) of a given tensor is closely related to the separability of the
underlying multivariate function. Although separability of
functions is not a very well understood concept, it is known
that smoothness and symmetry of functions often induces
better separability of the functions. By better, we mean
fewer low-dimensional functions in the sum of products
representation. The degree of smoothness can be formally
defined using the properties of higher-order derivatives,
however, roughly speaking, it implies the degree of variation
of the function across its domain. For example, a probability
density function in the form of a Gaussian Mixture Model
(GMM) is considered to become less smooth as the number
of mixture components (i.e., multi-modality) increases or the
variance of the component Gaussians decreases (i.e., sharper
peaks).

3.6 TT-Cross
The popular methods to find the TT decomposition of a
tensor are TT-SVD (Oseledets 2011), TT-DMRG (Dolgov
and Savostyanov 2020), and TT-cross (Savostyanov and
Oseledets 2011). TT-SVD and TT-DMRG, like matrix SVD,
require the full tensor in memory to find the decomposition,
and hence they are infeasible for higher-order tensors.
TT-cross approximation (TT-cross) is an extension of the
cross approximation technique explained in Section 3.4 for
obtaining the TT decomposition of a tensor. We refer the
readers to Oseledets and Tyrtyshnikov (2010); Savostyanov
and Oseledets (2011) for more detail on how the matrix
cross-approximation algorithm described in Section 3.4 can
be adapted to find the TT decomposition using TT-cross. It is
appealing for many practical problems as it approximates the
given tensor with a controlled accuracy, by evaluating only a
small number of its elements and without having to compute
and store the entire tensor in the memory. The method needs
to compute only certain fibers of the original tensor at a time
and hence works in a black-box fashion.

Suppose we have a function P and its discrete analogue P
(a tensor). Given the desired accuracy for the approximation
✏, TT-cross returns an approximate tensor in TT format P̂ =
TT-cross(P, ✏) to the tensor P by querying only a portion
of its elements (O(ndr2) evaluations instead of O(nd)).
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Figure 3. TT decomposition is an extension of matrix decomposition techniques to higher dimensional arrays. With a matrix
decomposition, we can access an element of the original matrix by multiplying appropriate rows or columns of the factors. Similarly,
an element of a tensor in TT format can be accessed by multiplying the selected slices (matrices represented in red color) of the
core tensors (factors). The figure depicts examples for a 2nd order, 3rd order, and a 4th order tensor.

The maximal TT-rank r is determined by the algorithm
depending on the ✏ specified. The model is very efficient if
the rank r of the tensor is low, which is typically the case
in many engineering applications, including robotics. Thus,
TT-cross avoids the need to compute and store explicitly the
original tensor, which may not be possible for higher-order
tensors. It only requires computing the function P that can
return the elements of the tensor P at various query points,
i.e., the fibers of the tensor P .

3.7 TT Distribution
Suppose we use the tensor P in TT format to approximate
an unnormalized probability density function P within the
discretization set X of the domain ⌦x. We can then construct
the corresponding probability distribution that we call TT
distribution,

Pr(x) =
|Px|

Z
, x 2 ⌦x, (8)

where Z is the corresponding normalization constant.
Alternatively, we could also define the TT distribution to
be Pr(x) = P2

x
Z . All the techniques, such as conditional

sampling and prioritized sampling, used in this paper can
also be adapted to this distribution. However, for simplicity
of presentation, we do not consider it here.

Due to the separable structure of the TT model, we
can get the exact samples from the TT distribution in
an efficient manner without requiring to compute the
normalization factor Z. In the next section, we provide
details about sampling from the above distribution for the

discrete case x 2 X which is adapted from a continuous
version introduced in Dolgov et al. (2020).

3.8 Sampling from TT distribution
Consider a probability distribution given by (8). For the
simplicity of the presentation, we assume Z = 1 as we
will not require the normalization constant to be known for
sampling from the above distribution. The distribution can be
expressed as a product of conditional distributions

Pr(x1, . . . , xd) = Pr1(x1)Pr2(x2|x1) · · ·

· · · Prd(xd|x1, . . . , xd�1),

where

Prk(xk|x1, . . . , xk�1) =
�k(x1, . . . , xk)

�k�1(x1, . . . , xk�1)

is the conditional distribution defined using the marginals

�k(x1, . . . , xk) =
X

xk+1

· · ·

X

xd

Pr(x1, . . . , xd).

Let �0 = 1. Now, using the above definitions, we
can generate samples x ⇠ Pr by sampling from each
of the conditional distributions in turn. Each conditional
distribution is a function of only one variable, and in the
discrete case it is a multinomial distribution, with

xk ⇠ Prk(xk|x1, . . . , xk�1), 8k 2 {1, . . . , d}

However, this is computationally intensive as sampling
xk requires the conditional distribution Prk which in
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(a)

Figure 1. Solutions from TTGO for motion planning of a
manipulator from a given initial configuration (white) to a final
configuration (dark). The obtained joint angle trajectories result
in different paths for the end.effector which are highlighted by
dotted curves in different colors. The multimodality is clearly
visible from these solutions.

planning problems with manipulators. In Section 6 and 7,
we conclude the paper by discussing how our approach could
lead to new ways of solving a variety of problems in robotics.
We also discuss here the limitations and future work.

2 Related work

This work intersects with several research directions. Firstly,
we target robotics applications that are formulated as
optimization problems. Our framework provides a way to
predict a good initialization for the optimization solver.
At the same time, it also provides a principled way to
obtain multiple solutions of a given optimization problem.
Finally, the proposed framework relies on tensor methods.
We discuss each topic briefly in this section.

2.1 Optimization in Robotics
Many problems in robotics are formulated as optimization
problems. For example, recent work in motion planning
relies on trajectory optimization to plan the robot motion
(e.g., CHOMP (Zucker et al. 2013), STOMP (Kalakr-
ishnan et al. 2011), TrajOpt (Schulman et al. 2014),
GPMP (Mukadam et al. 2018)). Inverse kinematics for
high dimensional robots is usually formulated as nonlinear
least squares optimization (Sugihara 2011) or Quadratic
Programming (QP) (Escande et al. 2010). In control,
optimization-based controllers take the form of Task Space
Inverse Dynamics (TSID) controller formulated as QP prob-
lem (Del Prete and Mansard 2016), or finite horizon optimal
control (Mastalli et al. 2020; Kleff et al. 2021). The opti-
mization framework offers a convenient way to transfer the
high-level requirement (e.g., energy efficiency, maintaining
orientation) to cost functions or constraints. Furthermore, the
availability of off-the-shelf optimization solvers and tools for
automatic gradient computations allow researchers to focus
more on the problem formulation.

However, most of the solvers used in robotics are
local optimizers whose performance depend highly on
the initialization, especially since most robotics problems
are highly non-convex. Even state-of-the-art solvers such
as TrajOpt can fail on a simple problem with poor
initialization (Lembono et al. 2020b). The initialization
determines both the convergence speed, the solution quality,
and the success rate of the solver. This motivates further
research on how to predict good initialization for a given
optimization problem.

2.2 Predicting good initialization
A majority of works that attempt to predict good
initialization rely on a database approach, often called
trajectory library (Stolle and Atkeson 2006) or memory of
motion (Mansard et al. 2018). The idea is to first build
a database of precomputed solutions offline. This database
can be constructed from expert demonstrations (Stolle et al.
2007), using the optimization solver itself (Jetchev and
Toussaint 2009), or using the combination of a global
planner and the optimization solver (Dantec et al. 2021).
Once the database is constructed, we can predict a good
initial guess (i.e., a warm start) for a given task by
formulating it as a regression problem that maps the task
to the initial guess. We can then use the database to train
different function approximation techniques (e.g. k-Nearest
Neighbors, Gaussian Process Regression, Gaussian Mixture
Regression, Neural Network) to learn this map. During
online execution, we query the function approximator to
provide us with the initial guess of a given problem.
While the formulation is easy to implement, especially
since there are many function approximators easily available,
the database approach suffers from two main issues: non-
convexity and multimodality.

Firstly, the database approach requires computing good
solutions to be stored in the database. With the complexity of
general robotics problems, computing the solutions is often
not trivial. The database ideally covers the whole range of
possible tasks, but many tasks are difficult to solve without a
good initialization to the solver. Some work overcome this by
relying on a global planner to provide the good initialization
when building the database (Dantec et al. 2021; Lembono
et al. 2020a), but it remains difficult to cover the whole
solution space efficiently.

Assuming we have access to a suitable database and
are prepared to train function approximators, we must take
into account the fact that many robotics problems have
multiple solutions, making it challenging for most function
approximators to accurately approximate this one-to-many
mapping. Often, such approximators tend to average the
different solutions, resulting in poor predictions. Several
attempts have been proposed to handle the challenge of
multimodal prediction using techniques such as Gaussian
Mixture Regression (Lembono et al. 2020b) or Mixture
Density Networks (Brudermüller et al. 2021). While these
attempts improve standard function approximators, these
approaches still exhibit averaging behaviors that can lead to
suboptimal predictions. One of the reasons for this is the
difficulty in constructing a suitable database. For example,
for mixture models to work effectively, the database must
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Figure 11. The motion from the initial configuration to the final
configuration in the real robot implementation of one of the
TTGO solutions for the reaching task.

Figure 12. Real robot implementation of one of the TTGO
solutions for the pick-and-place task. The motion from the initial
configuration to the final configuration (same as the initial
configuration in this case) via the picking configuration and
placing configuration is depicted.

For the 2-D planar robot, we replicate the setting in Figure
7 of Osa (2020), but we move the obstacle positions and
add two more obstacles to increase the difficulty of the
problem. With a fixed task parameter, the training of the TT
model only takes less than 7 seconds, and we easily obtain
multiple solutions. Figure 13 shows four solutions obtained
by TTGO after the refinement step. We can clearly see the
multimodality of the solutions.

For the Franka Emika manipulator, we use the same
setting as in Section 5, i.e., with the shelf, table, and box as
the collision objects. In addition, we add a cost to maintain
the end-effector pose (horizontal) throughout the trajectory.
The initial and final configurations are set such that both end-
effector positions are located within the shelf, and they are
computed using TTGO for IK, as explained in Section 5.1.2.
With this setting, we are able to obtain multiple solutions
consistently for all possible scenarios (we test with different
end-effector positions within the shelf) with 10 iterations
of TT-cross and a maximal TT-rank of 5. With the fixed
task parameter, it only takes under 5 seconds to obtain the
solutions (includes TT modeling, sampling and fine tuning).
Some solutions for a given task are shown in Figure 1.

In comparison, SMTO (Osa 2020) takes ⇠ 2 minutes
to solve the 2-D planar robot problem and the 7-DoF
manipulator example (using their MATLAB code), whereas
LSMO (Osa 2022) takes even longer, i.e., more than five
minutes (according to their paper). For the 2-D example,
SMTO fails to find any solution when we added more
obstacles as in Figure 13, even after increasing the covariance
by 100 times. This is because none of the initial samples
from the proposal distribution is close to the feasible region.

We also tried increasing the number of samples from 600
(standard value) to 2000, but it still cannot find any solution.
Furthermore, adding the number of samples by ⇠ 3 times
increases the computation time of SMTO by ⇠ 3 times, i.e.,
from ⇠ 150s to ⇠ 500s.

6 Discussion

6.1 Quality of the Approximation
In this paper, we used a TT model to approximate an
unnormalized PDF. The quality of the approximation highly
depends on the TT-rank. If the approximation is good, the
fine-tuning step is often not necessary. A nice property of
TTGO that is derived from the TT-Cross method is that the
model capacity can be incrementally augmented (i.e., non-
parametric modeling). By increasing the number of iterations
of TT-Cross and allowing a higher rank of the TT model,
the approximation accuracy can be improved continuously.
Furthermore, we can also use the continuous version of the
TT model to allow continuous sampling. For initialization
purposes, though, we found that the discrete version is
enough, as the initialization does not have to be precise.

When training the TT model, we can evaluate the quality
of the approximation by picking a set of random indices,
computing the value of the approximate function at those
indices, and comparing it against the actual function value.
This is an important evaluation for most applications that
aim at finding an accurate low-rank TT decomposition of a
given tensor across the whole domain. For our case, though,
we are only interested in the maxima of the function, and
we do not really care about the approximation accuracy
in the low-density region, i.e., the region with high cost.
Even if TT-Cross cannot find an accurate low-rank TT
representation across the whole domain (e.g., due to non-
smoothness), it can still capture the maximal elements
robustly (Sozykin et al. 2022; Goreinov et al. 2010) as the
interpolation in the TT-Cross algorithm is done using the
high magnitude elements. In practice, we found that even
when the approximation errors do not converge during the
training, the resulting samples from the TT model are still
very good as initialization.

6.2 Computation Time
The computation time of TTGO can be divided into offline
computation, i.e., the time to construct the TT model P , and
online computation, i.e., the time to condition the TT model
on the given task parameters and to sample.

The offline training uses an NVIDIA GEFORCE RTX
3090 GPU with 24GB memory, while the sampling time
evaluation is performed on an AMD Ryzen 7 4800U laptop.

The offline computation time depends on the number of
TT-Cross iterations, the maximum rank r, and the discretiza-
tion (i.e., how many elements along each dimension of the
tensor). The number of function evaluations has O(ndr2)
complexity hence linear in terms of the number of dimen-
sions and the number of discretization points. The compu-
tation time of a single cost function also has a significant
influence on the TTGO computation time. However, we used
parallel implementation with GPU that allows us to construct
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What did such experiments do? 
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What's behind such claims?

1. Quantum dynamics is challenging for classical approaches

Quantum Monte Carlo !   complex phase / sign problem→

Tensor networks – growth of entanglement in time

More entanglement = larger tensors, more expensive

entanglement
tensor size (rank / bond dimension)
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What underlies such claims?

2. Two-dimensional systems more challenging for 
    tensor networks

1D MPS tensor network – blowup of bond size 
necessary to capture 2D correlations
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What underlies such claims?

2D tensor network – popular optimization algorithms  
often scale poorly
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    tensor networks



Will 2D dynamics always be hard for classical? 
The situation is rapidly changing...

The key, as always, is  
new algorithms... just have to "believe"

Correcting the Problem of Loops



New algorithm: 
   belief propagation (very old algorithm) 
+ tensor networks  
= very affordable 2D and 3D quantum dynamics
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U(t) =

New algorithm: 
   belief propagation (very old algorithm) 
+ tensor networks  
= very affordable 2D and 3D quantum dynamics

gate-based 
dynamics
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"  Belief propagation has been around for some time

Judea Pearl  
probabilistic inference (1982)

Hans Bethe 
 statistical mechanics (1935)

Originally approximates marginals of 
locally tree-like graphs (e.g. stat mech models) 
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 spin glass physics (1985)
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Ideally compute exact "environment" 
Defined as network with one tensor removed
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How to find "messages" in practice?

≈
"messages"



Use "message passing" to converge the messages 
until self-consistency
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Message Passing

Use "message passing" to converge the messages 
until self-consistency



After messages converged,  
can compute BP estimate of norm ("partition function")

Belief Propagation

Under condition that = 1 for all messages
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Scaling of quantum belief propagation is

Belief Propagation
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where  is the number of neighbors of the latticez

So for square lattice, scaling is  
Compared to scaling and prefactors of other TNS  
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More neighbors (higher ) costs more, but 
lower bond dimensions usually needed (mean field like)

z



Use converged messages to apply gates

Belief Propagation

U(t) =

square roots 
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Applying gates lets us: 
1) compute ground states & thermal states (imaginary time) 
2) compute dynamics (real time)
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in the strongly entangling regime of interest. Although χ = 2,048 was 
sufficient for exact simulation of the weight-17 operator in Fig. 3c, an 
MPS bond dimension of 32,768 would be needed for exact simulation 
of this modified circuit and operator with θh = π/2.

As a final example, we extend the circuit depth to 20 Trotter steps 
(60 CNOT layers) and estimate the θh dependence of a weight-1 observ-
able, $Z62%, in Fig. 4b, in which the causal cone extends over the entire 
device. Given the non-uniformity of device performance, also seen in 
the spread of single-site observables in Fig. 2b, we choose an observ-
able that obtains the expected result $Z62% ≈ 1 at the verifiable θh = 0 
point. Despite the greater depth, the MPS simulations of the LCDR 
circuit agree well with the experiment in the weakly entangling regime 
of small θh. Although deviations from the experimental trace emerge 
with increasing θh, we note that the MPS simulations slowly move in 
the direction of the experimental data with increasing χ (see Supple-
mentary Information X) and that the bond dimension needed to exactly 
represent the stabilizer state and its evolution to depth 20 at θh = π/2 
is 7.2 × 1016, 13 orders of magnitude larger than what we considered (see 
Supplementary Information VIII). For reference, as the memory 
required to store an MPS scales as χ( )2O , already a bond dimension of 
χ = 1 × 108 would require 400 PB, independent of any runtime consid-
erations. Furthermore, full-state tensor network simulations are already 
unable to capture the dynamics at the exactly verifiable five-step circuit 
in Fig. 3a. We also note that, given the large unmitigated signal, there 
may be opportunity to study time evolution at even larger depths on 
the current device.

For execution times, the tensor network simulations in Fig. 4 were run 
on a 64-core, 2.45-GHz processor with 128 GB of memory, in which the 
run time to access an individual data point at fixed θh was 8 h for Fig. 4a 
and 30 h for Fig. 4b. The corresponding quantum wall-clock run time 
was approximately 4 h for Fig. 4a and 9.5 h for Fig. 4b, but this is also 
far from a fundamental limit, being at present dominated by classical 
processing delays that stand to be largely eliminated through concep-
tually straightforward optimizations. Indeed, the estimated device 
run time for the error-mitigated expectation values using 614,400 
samples (2,400 circuit instances for each gain factor and readout error 

mitigation, with 64 shots per instance) at a conservative sampling 
rate of 2 kHz is only 5 min 7 s, which can be even further reduced by 
optimization of qubit reset speeds. On the other hand, the classical 
simulations may also be improved by methods besides the pure-state 
tensor networks considered here, such as Heisenberg operator evolu-
tion methods, which have recently been applied to non-Clifford simu-
lations38. Another approach is to numerically emulate the ZNE used 
experimentally. For example, it was recently argued that the finite-χ 
truncation error introduced by tensor-product compression mim-
ics experimental gate errors34. It would thus be natural to develop a 
theory for extrapolating tensor network state expectation values in 
the bond dimension χ for time evolution, as has been done in the case 
of ground-state search39. Alternatively, one can more directly emulate 
ZNE by introducing artificial dissipation into the dynamics engineered 
so that the resulting mixed-state evolution has reduced tensor-product 
bond dimension, as—for example—in dissipation-assisted operator 
evolution40, and extrapolate results with respect to the strength of the 
dissipation. Although such methods40,41 can successfully capture the 
long-time dynamics of the low-weight observables of a 1D spin chain, 
their applicability to high-weight observables in 2D at intermediate 
times is not clear—particularly as these methods are explicitly con-
structed to truncate complex operators.

The observation that a noisy quantum processor, even before 
the advent of fault-tolerant quantum computing, produces reliable 
expectation values at a scale beyond 100 qubits and non-trivial circuit 
depth leads to the conclusion that there is indeed merit to pursuing 
research towards deriving a practical computational advantage from 
noise-limited quantum circuits. Over recent years, substantial research 
effort has been directed to develop and demonstrate candidate heuris-
tic quantum algorithms5 that use noise-limited quantum circuits to esti-
mate expectation values. We have now reached reliability at a scale for 
which one will be able to verify proposals and explore new approaches 
to determine which can provide utility beyond classical approxima-
tion methods. At the same time, these results will motivate and help 
advance classical approximation methods as both approaches serve 
as valuable benchmarks of one another. However, even with improved 
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Fig. 4 | Estimating expectation values beyond exact verification. Plot 
markers, confidence intervals and causal light cones appear as defined in Fig. 3. 
a, Estimates of a weight-17 observable (panel title) after five Trotter steps for 
several values of θh. The circuit is similar to that in Fig. 3c but with further 
single-qubit rotations at the end. This effectively simulates the time evolution 
of the spins after Trotter step six by using the same number of two-qubit gates 
used for Trotter step five. As in Fig. 3c, the observable is a stabilizer at θh = π/2 
with eigenvalue (1, so we negate the y axis for visual simplicity. Optimization of 
the MPS simulation by including only qubits and gates in the causal light cone 

enables a higher bond dimension (χ = 3,072), but the simulation still fails to 
approach (1 (+1 in negated y axis) at θh = π/2. b, Estimates of the single-site 
magnetization 〈Z62〉 after 20 Trotter steps for several values of θh. The MPS 
simulation is light-cone-optimized and performed with bond dimension 
χ = 1,024, whereas the isoTNS simulation (χ = 12) includes the gates outside  
the light cone. The experiments were carried out with G = 1, 1.3, 1.6 for a and 
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For each G, we generated 2,000–3,200 random circuit instances for a and 
1,700–2,400 instances for b.
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FIG. 4. Comparison for non-classically-verifiable systems of our BP-approximated tensor network state approach to
simulating the dynamics of the kicked transverse-field Ising model on the heavy-hex lattice versus the Eagle quantum
processor and alternative tensor network methods. Expectation values calculated following a number of Trotter steps
of the dynamics of the model — see Eq. (1) — are plotted. a) Weight-17 stabilizer after 6 steps of evolution. b)
Weight-1 observable after 20 steps. The shaded region shows the di↵erence between our finite bond dimension data
and the data extrapolated to infinite bond dimension, where we believe the true answer lies. c) Top and bottom plots
show observables in b) at ✓h = 0.7 and ✓h = 1.0 respectively as a function of inverse bond dimension of the TNS. Red
dashed lines represent a least squares fit of the form A + B/� taken on the data, and we take A to be the predicted
value of the observable in the limit � ! 1. Even in the limit � ! 1 there will generally be some deviation from the
exact result due to the BP approximation that we use for evolving the state and computing expectation values (see
the Methods section). Our analysis of the errors due to BP for this system, however, suggest this deviation is likely to
be very small. d-f) Dynamics of hZ62i using the BP-approximated TNS approach versus a MPS approach with light
cone depth reduction (pink) for ✓h = 0.6, 0.8 and 1.0 respectively. Results from other methods at depth 20 are shown
as black circles (Eagle processor [10]), green crosses (truncated Pauli strings [12]), blue hexagons (MPO [11]) and red
stars (PEPO [13]). MPS bond dimensions are 2500, 1250, and 1250 for d), e), and f) respectively. Inset shows average
gate error from the MPS approach (pink circles) and absolute di↵erence between the BP-approximated TNS and the
MPS result (solid grey line).

small, one can consider MPS to be exact as it makes no assumption about the tree-like correlations and the
separability of the edge environments. The fact the BP-based method agrees with the MPS method when it
exhibits very small errors suggest the BP error is also minimal. This is clearest for ✓h = 0.6 where we are
able to push our MPS simulations to a bond dimension where the average gate errors stays below 10�4 and
there is clear agreement between BP-approximated TNS and MPS and disagreement among the other methods
[11–13, 15]. This agreement is only possible if the state possesses tree-like correlations and thus reinforces our
earlier results on the general accuracy of the BP approximation for the dynamics of this system on this lattice.

Dynamics of the infinite heavy-hex lattice - One of the powerful features of tensor network methods is
that they allow us to simulate the dynamics of infinite lattice structures provided they possess some form of
translational invariance [16–18]. Here we present results on the dynamics of the kicked transverse-field Ising
model on an infinite heavy-hexagon lattice, corresponding to a quantum computer with an infinite number
of qubits. Again, we approximate the dynamics and take expectation values using the BP approximation.
Given evidence that we have presented on the accuracy of the BP approximation for this lattice and model,
especially for larger system sizes, we expect that these results are highly accurate.

For the infinite heavy-hex lattice there is a 5-site unit cell which can be used to construct the lattice (see Fig.
5). We take this single unit cell and add in appropriate periodic boundary conditions. It can be shown that

Running times from 5 secs to ~1 day on single cluster node



simulability stemming from the localized nature of the
system in the confinement regime, causing the entangle-
ment to avoid the typical linear growth in time.
Model and numerical results—We consider the heavy

hexagonal lattice: a regular hexagonal lattice where each
edge is decorated with an additional lattice site. All of our
results are in the limit of an infinite number of lattice sites.
Aview of a finite region of the heavy hex lattice is shown in
Fig. (1). The lattice is bipartite with two sublattices A and B
which contain sites of coordination number two and three,
respectively. We are interested in the transverse field Ising
Hamiltonian (setting ℏ ¼ 1 throughout)

H ¼ −J
X

hiji
σziσ

z
j þ h

X

i

σxi ; ð1Þ

with σαi the relevant Pauli matrix acting on lattice site i. The
first summation in Eq. (1) runs over the pairs of nearest
neighbors on the lattice and the second summation over all
sites of the lattice.
We focus on a quench under H from the “symmetry-

broken” initial state jZþi ¼ j↑↑…↑i, one of the two
degenerate ground states for h ¼ 0. Our numerical method
is to use an infinite tensor network state optimized with
belief propagation (BP-iTNS). We Trotterize the exponen-
tial UðtÞ ¼ ½UðδtÞ&n ¼ ½expð−iHδtÞ&n with t ¼ nδt, taking
δt sufficiently small to make the Trotter error negligible.
The resulting sequence of gates is applied to the iTNS,
performing truncations and taking expectation values using
belief propagation [22,38–41]—which operates under
the assumption of treelike correlations (rank-one environ-
ments) in the tensor network (see Appendix for full details
of our numerical method).
The discrete-time limit of the Trotterized propagator

UðδtÞ with δt ¼ ðπ=4Þ and J ¼ 1 on the same lattice was

directly simulated on the IBM Eagle quantum processor
in Ref. [21]. The BP-iTNS method has already been
shown to be extremely accurate [22,25,27] for modeling
such discrete time dynamics. Here we will utilize it to
simulate the continuous-time dynamics, i.e., those gener-
ated by limδt→0UðtÞ.
In Fig. 1 we show our results for a quench for values of h

up to h ≤ 0.5J. For h ¼ 0.1J and h ¼ 0.3J we see a
striking lack of thermalization, with long-lived stable
oscillations appearing in both the local magnetization
and the entanglement density s (see Appendix for defi-
nition). The actual Von-Neumann entanglement entropy
SðAÞ between a given region A and the rest of the lattice
obeys SðAÞ ∝ sj∂Aj where j∂Aj is the size of the boundary
between the partition and the rest of the lattice, i.e., the
number of edges connecting the two regions. For h ¼ 0.1J
we observe oscillations which return the system almost
exactly back to its original product state with zero entan-
glement. For h ¼ 0.5J in Fig. 1, we still observe persistent
oscillations in the magnetization but it is decaying slowly
and there is also a clear linear growth in the entanglement
entropy with time: the system is slowly thermalizing on the
observation timescale.
The behavior observed in Fig. 1 shows similarities with

the confinement observed in one-dimensional transverse
field Ising chains [29–37,42]. There, low energy excitations
in the form of mesonlike quasiparticles (bound pairs of
domain walls) [43] are formed on short timescales under
a quench and, due to the presence of a confining potential
for them, the system remains, for long times, trapped in the
subspace associated with a small, noninteracting density
of these quasiparticles. The confining potential can mani-
fest itself either explicitly in the Hamiltonian via a small
longitudinal field [30] or implicitly via long-range inter-
actions [42] or a weak vertical coupling to other one-
dimensional chains [36,37].

(a) (b) (d)

(c)

FIG. 1. (a) Finite region of the heavy hexagon lattice. The lattice is bipartite and consists of two sublattices A (dark circles) and B (light
circles) which host sites of coordination number two and three, respectively. (b)–(d) Dynamics for a quench from the initial state
jZþi ¼ j↑↑…↑i for h=J ¼ 0.1, 0.3, 0.5 (darkest to lightest curves). (b) Dynamics of the magnetization on the A sublattice.
(c) Dynamics of the magnetization on the B sublattice. (d) Dynamics of s, the density of the entanglement entropy (see Appendix for
derivation). The entanglement entropy SðAÞ between a given region A and the remainder of the lattice follows SðAÞ ∝ sj∂Aj where j∂Aj
is the size of the boundary between the partitions. The inset shows the dynamics of s for h=J ¼ 0.1 up to tJ ≤ 100.
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Here, we observe such oscillations on exceptionally
long-time scales in the heavy hexagonal lattice. Because
of the additional structure in the lattice, there are multiple
low energy excitations which are relevant to the dynamics
of the system and constitute different types of bound
quasiparticles. The fully two-dimensional nature of the
system means these quasiparticles are confined by a one-
dimensional boundary of domain walls, without requiring
any additional terms in the Hamiltonian. We will demon-
strate this by building up a minimal model of the dynamics
for small h and show how it accounts, very accurately for
the dynamics observed in Fig. 1.
Confinement model—We consider the low energy exci-

tations on top of the initial state jZþi. When h ¼ 0 the
lowest energy excitation consists of flipping a single spin
on sublattice A at an energy cost of 4J, creating two domain
walls. We notate the basis spanned by the set of states
containing these single excitations with A ¼ fjiAig where
iA indexes the position of the flipped spin on the A
sublattice. The excitations with the second lowest energy
cost 6J and involve flipping a single spin on the B
sublattice and some subset nðiBÞ ⊆ NðiBÞ of the set of
its neighbors NðiBÞ, creating three domain walls. We notate
such states as jiB; nðiBÞi and define BðlÞ as the set of all
basis states where a spin iB in the lattice and a subset
nðiBÞ ⊆ NðiBÞ of fixed size l has been flipped. We have
jBðlÞj ¼ NB

!
3
l

"
where NB is the total number of sites in the

B sublattice. As jNðiBÞj ¼ 3 we can have l ¼ 0, 1, 2, or 3
and so there are five total different sets of basis states which
make up the excitations with a gap Δ ≤ 6J above the h ¼ 0
ground state in the system.
Let us now define

##Sjk⃗j¼0

$
¼ ð1=

ffiffiffiffiffiffi
jSj

p
Þ
P

s∈S jsi as the
zero-momentum state in a given set of basis states S.
The projector into the zero-momentum basis consisting of
the five different low energy excitations is then

Pjk⃗j¼0
¼
##Ajk⃗j¼0

$&
Ajk⃗j¼0

##þ
X3

l¼0

##BðlÞjk⃗j¼0
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Projecting the Hamiltonian in Eq. (1) into this “con-
fined,” zero-momentum basis gives us (see Appendix A for
derivation) the following effective Hamiltonian:
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for any sized heavy hexagon lattice with periodic boundary
conditions—making it valid in the thermodynamic limit.
The ordered (smallest to largest) eigenvaluesm1; m2;…; m5

of this Hamiltonian define the masses (in units of J, as we
have set ℏ ¼ 1) of our quasiparticle excitations.
In Fig. 2 we plot the Fourier transform of the iBP-TNS

calculated dynamics of the magnetization of the infinite
system for h ¼ 0.2J. We compare the frequencies present
against the masses calculated from our model. We observe
excellent agreement between the two, indicating our picture
of confined, low energy quasiparticles is correct and further
validating the iBP-TNS method for this system. In Fig. 2(c)
we compare the masses against the amplitudes from the
Fourier transform of the iBP-TNS dynamics for a range
of values of h, observing good agreement. Discrepancies
between the two become more noticeable as h increases,
indicating our minimal model of confinement needs to be
extended to include the ground state as well as higher order
excitations which have a larger number of confining
domain walls. This is consistent with the visible slow
thermalization observed in Fig. 1 for h ¼ 0.5J, which is a
direct result of coupling to an increasing number of
excitations. In the Appendix we discuss how such an
extension to our model would require navigating some
of the subtleties of the thermodynamic limit.
Thermalization—In Fig. 3 we compare the behavior

of the system in the confinement and thermalizing regimes.
To supplement our analysis and consider the spread of
information in the system we calculate, under the BP
approximation, the two-point correlator CðdÞ ¼ hσziσziþdi −
hσzi ihσziþdi as a function of time and distance d (see
Appendix for calculation details). Here we define distance
d as the smallest length path (on the lattice) between two
sites and, under the BP approximation, this correlator

(a) (c)

(b)

FIG. 2. (a),(b) Fourier transform for 10 ≤ tJ ≤ 100 of hσzi i on
the A and B sublattices of the infinite heavy hexagon lattice. The
initial state is jZþi ¼ j↑↑ % % %↑i and is evolved under the Ham-
iltonian in Eq. (1) with h ¼ 0.2J. Gray dotted lines indicate the
quasiparticle masses mi (and mass differences mi;j ¼ jmi −mjj)
extracted from the eigenvalues of the confinement matrix in
Eq. (3). (c) Masses (dashed grey lines) extracted from the
confinement matrix for a range of h=J. Data points represent
masses extracted from the Fourier transform of the dynamics of the
magnetization calculated using iBP-TNS for 10 ≤ tJ ≤ 100.
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FIG. 3. Top panels: Error ωc — see Eq. 2 — from two- and three dimensional tensor network simulations of a glassy quantum
annealing protocol with di!erent annealing times ta = 7ns and ta = 20ns. The simulation is identical to that performed in Ref.
[17], with the same N = 20 disorder realizations. Error bars correspond to ±ε/

→
N , i.e. the standard error on the mean. The

tensor network is time-evolved with a simple belief propagation-based evolution protocol with a maximum bond dimension ϑBP

used. Expectation values are then obtained from the TNS with either cylindrical message passing or BP loop corrections with
configurations up to a maximum size lmax. a) Cylindrical lattice geometry with ϑBP = 32 and the final state truncated, under
the BP approximation, to ϑ = 10. Message passing is performed with r = 2ϑ. b) Diamond lattice geometry withϑBP = 16 and
the final state not truncated such that ϑ = 16. c) Cubic lattice geometry with ϑBP = 16 and the final state truncated, under
the BP approximation, to ϑ = 10. Bottom panels: Time to run di!erent contraction protocols, on a single Intel Skylake CPU,
versus number of qubits for the di!erent lattice geometries at given annealing times. Tensor network used is that obtained at
the end of the time-evolution protocol (i.e. at t = ta). The state is that obtained following the final truncation, if one was
performed, and has the bond dimension ϑ described above. For MPS messaging passing the MPS rank used is r = 2ϑ.

results from Ref. [17] and a noticeably lower error than
the QPU when using a su!ciently large ω, even for the
longest quench with ta = 20ns. This is because the ex-
tensive two-dimensional tensor network simulations per-
formed in [17], were limited in bond dimension during the
evolution due to the use of more sophisticated, compu-
tationally complex gate-application methods. By solely
using belief propagation during the evolution we are able
to reach a much larger bond dimension ωBP and keep
up with the entanglement generated during the quench
before truncating the final state at the end. Moreover,
instead of taking samples to generate observables we di-
rectly measure them with cylindrical MPS message pass-
ing, allowing us to avoid statistical errors in the observ-
ables we measure whilst maintaining computational ef-
ficiency and computing all O(L2) observables in O(L2)
time.

Error vs System Size - In Fig. 3 we consider all three
lattices and compute the error in our simulations versus

system size. In all cases we perform BP-based gate evolu-
tion before using more sophisticated contraction schemes
to measure observables. In the cylindrical case we com-
pare both MPS message passing and loop corrected con-
traction schemes to compute the relevant observables on
a wavefunction which has been truncated down from with
Belief propagation from ωBP = 32 to ω = 10. In the
three-dimensional cases we compare di”erent levels of
loop corrections, accounting for configurations up to a
certain number lmax of antiprojectors.

In the cylindrical system we observe an error from
message passing which decreases exponentially with the
cylinder size. This is due to the nature of the BP approx-
imation being made on the circumference of the cylinder,
although it should eventually saturate to a non-zero value
commensurate with the bond dimension used for the gate
evolution and the boundary mps rank used to compute
observables. For both annealing times we see the error
scaling to one below that obtained from the Quantum
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FIG. 3. Error ωc — see Eq. 2 — from two- and three-dimensional tensor network simulations of a glassy quantum annealing
protocol for annealing times ta = 7ns and ta = 20ns. We use the same n = 20 disorder realizations as those used in Ref. [20].
Error bars correspond to the standard error on the mean. The tensor network is time evolved with a simple BP-based evolution
protocol with a maximum bond dimension εBP. Expectation values are then obtained from the TNS with either cylindrical
message passing or BP loop corrections with configurations involving a maximum number lmax of antiprojectors (see Eq. (S5)).
a) L → L cylindrical lattice geometry with εBP = 32 and the final state truncated, under the BP approximation, to ε = 10.
Message passing is performed with MPS rank R = 2ε. b-c) Three-dimensional diamond cubic and dimerized cubic lattice
geometries with εBP = 16 and εBP = 8 respectively. The final states are not truncated further (i.e. ε = εBP). The circled
data point is annotated with the average clock time for simulating the dynamics (Tevo) on an Intel Xeon Gold 6244 CPU and
for measuring a single two-point z ↑ z correlator (Tmeas) on an Nvidia RTX A6000 GPU.

observables and thus serves as an ideal benchmarking
method.

We utilize the same error metric as in Ref. [20]

ωc =

√√√√
∑

i>j (cij → c̃ij)
2

∑
i>j c̃

2
ij

, (2)

where cij = ↑εz
i ε

z
j ↓ is computed from our simulations

and c̃ij denotes the corresponding ground truth values
from a converged MPS simulation. The bond dimension
required for the MPS approach to achieve fixed accuracy,
however, scales exponentially with system size in two-
and three-dimensional setups — meaning it cannot be
used at scale [20].

In Fig. 2 we show our results from a cylindrical tensor
network of size 8↔8 for several di!erent annealing times.
There, we use a maximum bond dimension of ϑBP = 32
for the simple BP-based time evolution protocol and then
truncate the tensor network down to the final bond di-
mension ϑ with BP and perform MPS message passing
with MPS rank R = 2ϑ to obtain all two-point observ-
ables. We observe markedly lower errors compared to the
2D-TNS results from Ref. [20] and a lower error than the
quantum annealer when using a su”ciently large ϑ, even
for the longest quench time ta = 20ns. We believe the
explanation is that the extensive two-dimensional tensor
network simulations performed in Ref. [20] were limited
in bond dimension during the evolution due to the use of
more sophisticated, computationally expensive gate ap-
plication methods. By solely using BP simple update
during the evolution we are able to reach a much larger

bond dimension ϑBP and keep up with the entanglement
generated during the quench before truncating the final
state at the end. In the Appendix we show explicitly
how a significant improvement in the error is obtained
by setting ϑBP = 32 in comparison to ϑBP = ϑ in our
simulations. In other words, we find that it is bene-
ficial to truncate less aggressively during the evolution
in exchange for truncating more aggressively at the end
before taking measurements. Moreover, instead of tak-
ing samples to calculate observables, we directly measure
them with cylindrical MPS message passing, allowing us
to avoid statistical errors in the observables we measure
while maintaining computational e”ciency. All O(N2)
correlators are computed in O(N2ϑ8) time when setting
the MPS rank to R = 2ϑ — which is su”cient for ob-
taining accurate results for the problem considered.

In the inset of Figure 2 we also show the anticipated
growth of the squared spin glass order parameter [52] for
a single disorder instance ↑q2↓ = 2

N(N→1)

∑
i>j↑ε

z
i ε

z
j ↓

2

with total annealing time ta, computed from the correla-
tors ↑εz

i ε
z
j ↓ obtained at the end of the annealing process.

The results for larger annealing times indicate the glassy,
quantum order captured by our cylindrical tensor net-
work ansatz and are in agreement with converged MPS
simulations to two significant figures.

In Fig. 3 we consider the cylindrical lattice along-
side the diamond cubic and dimerized cubic lattices and
compute the error in our simulations as a function of
system size. In the cylindrical case we compare both
MPS message passing and loop-corrected contraction
schemes to compute the relevant observables. In the
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FIG. 5. Scaling collapse of the correlation function follow-
ing the dynamics induced by Eq. (1) on a cylindrical lattice.
A two-dimensional tensor network approach is used, with a
Belief-Propagation based time evolution protocol of the Trot-
terised circuit implemented with a maximum bond dimension
ωBP = 32 and truncate down, with BP, to a final state of bond
dimension ω = 8 and use cylindrical Boundary MPS with a
MPS rank of r = 16 to calculate →εz

i ε
z
j ↑ ↓i, j for all pairs of

spins that are aligned along the same column of the cylinder.
The correlation function is then extracted via Eq. (3) and
plotted in the top panels, along with fits to the squeezed ex-
ponential C(d) ↔ a0 exp(↗a1d

ω). Bottom panels: We rescale

the distances as d̃ = ϑ
1
µ
a d to obtain collapse. The annotated

value of µ is the one which provides a best fit to the squeezed
exponential C(d̃) ↔ a0 exp(↗a1d̃

ω).

CONCLUSION

In this work we have demonstrated that structured two
and three-dimensional tensor networks, when contracted
with message-passing based schemes, can be used to e!-
ciently simulate the complex, quantum dynamics induced
by the annealing Hamiltonian in Eq. (1) on various lat-
tices. Our simulations are scalable, with a desired accu-
racy in a given two-point observable reachable with re-
sources that scale only linearly in the system size. This
scalability allows us to reach system sizes on the order of
400 qubits and observe scaling collapse of the correlation
function following the driving of the system through a
dynamical phase transition. For the largest systems we
simulate we obtain a value for the Kibble-Zurek exponent
consistent with very recent Monte-Carlo based simula-
tions [35] and with the collapse of the Binder cumulant
performed in Ref. [17].

For the glassy problem at hand, our classical ap-
proach demonstrably outperforms other methods, specifi-
cally other classical tensor network approaches, machine-
learning based approaches and the quantum approach
employed by the D-Wave Advantage 2 system [17].

Our approach here, which combines a simple belief

propagation-based approach to simulating time evolution
with a final truncation and correlated message-passing
to obtain observables, represents the state-of-the-art for
quantum simulation in two and three-dimensions and
opens up the possibility of classically simulating a wide-
range of out-of-equilibrium two and three-dimensional
quantum systems at scale. Moreover, the e!ciency and
scalability of this approach will continue to improve with
new algorithms which leverage the exhaustive body of
literature on message-passing and the continued growth
of processing power of classical computers.

Tindall, Mello, Fishman, EMS, Sels, arxiv:2503.05693 (2025)
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Prediction: claims of quantum advantage on 
structured problems are premature

Examples of structure – all benefiting simulations
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New Possibilities
Simulating quantum dynamics in two-dimensional lattices with tensor network

influence functional belief propagation

Gunhee Park (쫘ᅫ레뭐ᅰ),1 Johnnie Gray,2 and Garnet Kin-Lic Chan2

1Division of Engineering and Applied Science, California Institute of Technology, Pasadena, California 91125, USA
2Division of Chemistry and Chemical Engineering,
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Describing nonequilibrium quantum dynamics remains a significant computational challenge due
to the growth of spatial entanglement. The tensor network influence functional (TN-IF) approach
mitigates this problem for computing the time evolution of local observables by encoding the sub-
system’s influence functional path integral as a matrix product state (MPS), thereby shifting the
resource governing computational cost from spatial entanglement to temporal entanglement. We
extend the applicability of the TN-IF method to two-dimensional lattices by demonstrating its con-
struction on tree lattices and proposing a belief propagation (BP) algorithm for the TN-IF, termed
influence functional BP (IF-BP), to simulate local observable dynamics on arbitrary graphs. Even
though the BP algorithm introduces uncontrolled approximation errors on arbitrary graphs, it pro-
vides an accurate description for locally tree-like lattices. Numerical simulations of the kicked Ising
model on a heavy-hex lattice, motivated by a recent quantum experiment, highlight the e!ectiveness
of the IF-BP method, which demonstrates superior performance in capturing long-time dynamics
where traditional tensor network state-based methods struggle. Our results further reveal that the
temporal entanglement entropy (TEE) only grows logarithmically with time for this model, resulting
in a polynomial computational cost for the whole method. We further construct a cluster expan-
sion of IF-BP to introduce loop correlations beyond the BP approximation, providing a systematic
correction to the IF-BP estimate. We demonstrate the power of the cluster expansion of the IF-
BP in simulating the quantum quench dynamics of the 2D transverse field Ising model, obtaining
numerical results that improve on the state-of-the-art.

I. INTRODUCTION

Describing nonequilibrium quantum dynamics is a
formidable challenge, even in one-dimensional systems,
due to the exponential growth of the Hilbert space with
system size. For equilibrium properties, the area-law
scaling of spatial entanglement allows for the e!cient rep-
resentation of ground states using tensor network (TN)
states [1]. In nonequilibrium settings, however, the situ-
ation is markedly di”erent. In generic thermalizing sys-
tems, the entanglement entropy typically grows linearly
in time, even when starting from an initially weakly en-
tangled state [2, 3]. This growth results in an exponential
increase in computational cost for simulating quantum
dynamics with TN states.

To circumvent the exponential cost, numerous meth-
ods have been proposed to simulate the dynamics of lo-
cal observables without requiring a full representation
of the quantum state [4–12]. Among these, we focus
on the tensor network influence functional (TN-IF) ap-
proach [13–28]. The influence functional (IF) concept
originates from the open quantum system description of
quantum dynamics [29], where the system is divided into
a subsystem and a bath. The subsystem contains the
degrees of freedom associated with the observable of in-
terest, while the IF captures the time-nonlocal influence
of the bath through a path integral over the subsystem’s
trajectories after tracing out the bath. Recent studies
have demonstrated that the IF can often be e!ciently

represented as a compact, low-rank matrix product state
(MPS) along the time direction. Most prior work has fo-
cused on IFs derived from Gaussian baths [15–17, 23–28],
one-dimensional (1D) interacting baths [13, 14, 17–21], or
separable interacting baths [22].

This paper aims to extend the TN-IF method’s ap-
plicability to two-dimensional (2D) lattice models. To
address the complexity inherent to 2D systems, we begin
by constructing the TN-IF for dynamics on tree lattices.
The absence of loops in tree lattices ensures that the
structure of the IF closely resembles that found in 1D
systems. Building on this tree construction, we intro-
duce a belief propagation (BP) algorithm adapted to the
IF, which we refer to as influence functional BP (IF-BP),
for simulating dynamics on arbitrary graphs. The BP al-
gorithm, originally developed for probabilistic graphical
models [30–32], has recently been explored in the context
of general tensor network contractions [33–39]. While the
BP algorithm introduces an uncontrolled approximation,
it often achieves reasonable accuracy on locally tree-like
lattices with large loops.

The e!cacy of the proposed approach is illustrated
through numerical simulations of the kicked Ising model
on a heavy-hex lattice, inspired by recent quantum exper-
iments with IBM’s superconducting qubit processor [40].
The large-loop structure of the heavy-hex lattice facili-
tates the application of TN states and TN operators with
BP approximations. These methods have shown high ac-
curacy in classical simulations, successfully capturing the
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FIG. 1. Tensor network diagram illustrating dynamics on a one-dimensional lattice. (a) Tensor network diagram for a local
observable expectation value →Ô(m)↑ = →ω(m)| Ô |ω(m)↑ where m = 4 in this figure. The initial state |ω0↑ is given by a matrix
product state (MPS) (light gray squares), and time evolution is carried out by a matrix product operator (MPO) (light blue
circles). (b) A folded tensor network (folded TN), where the folding occurs along the dashed line in (a). The darker shaded
tensors denote doubly grouped tensors from (a). Tensors from the same spatial site are grouped together as T or T

Ô
, shown

with the light gray shading. (c) We contract the folded TN in (b) along the transverse direction around the site with Ô. The
boundary tensors are approximated by an MPS with a fixed bond dimension during the transverse contraction. The final MPS
I (pink squares) is called an influence functional MPS (IF-MPS). (d) One-dimensional structure of the IF-MPS propagation
after grouping tensors by spatial sites.

(a) (b)

T

=

(c)

T

FIG. 2. Tensor network diagram illustrating dynamics on a tree lattice. (a) The initial state is a tree tensor network state, and
its time evolution is carried out by a tree tensor network operator. (b) After folding the TN →Ô(m)↑, we group tensors in the
same spatial site as T . (c) A grouped tensor T within a tree tensor network.

to tree lattices.

B. Dynamics on tree lattices

Now we consider dynamics on tree lattices. We assume
that the initial state is a tree tensor network state, and
a time evolution step is carried out by a tensor network
operator with the same connectivity as the tree lattice,

i.e., a tree tensor network operator, Û in Fig. 2a. The
folded TN for →Ô(m)↑ = →ω(m)| Ô |ω(m)↑ is constructed
analogously to in 1D lattices. By grouping the column
of tensors on the same site as T (Fig. 2b), we have a
tree tensor network composed of the grouped tensors T

(Fig. 2c).

Like in the 1D case, this tree tensor network has an e!-
cient contraction path. Therefore, we can use the bound-
ary contraction algorithm in conjunction with this path

folded messages 
computed



Thoughts & Future Directions

Tensor networks helping define boundary between 
hard vs. easy high-dimensional problems

New tools for 
• dynamics of 2D and 3D quantum systems  
      - as well as - 
• learning tensor networks from data 
• high-dimensional functions (PDE's, large-scale Hartree-Fock)

Exciting physics and science do

Radically new algorithms
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Intuitive understanding of BP approximation is 
viewing its convergence as 

BP Approximation

If correlations do not transit around a loop,  
loop might as well not be there

honeycomb lattice



Top view:

Side-on view helpful to understand quantum case

Belief Propagation

Side view:

Quantum messages are matrices


