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・We study the basic statistics of the cosmological dispersion measure 
such as its mean, variance, probability distribution, 

and angular correlation function
using the state-of-the-art hydrodynamic simulations, IllustrisTNG300.

Abstract

・We then provide an analytical model of the DM statistics 
using fitting functions of the cosmological free-electron distribution
calibrated with TNG300.
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Cosmological dispersion measure （DM）

FRB

ionized gas in IGM & intervening galaxies

radio signal

observer

DM = $𝑑ℓ 𝑛( （= column density of free electrons）

𝑛(: free-electron number density
ℓ : distance along the line of sight 

gas is almost （~90%） fully ionized after H & He reionization  

excluding the Milky Way & host-galaxy contributions 

（Ioka 2003; Inoue 2004）



・ analytical approach

（e.g., McQuinn 2014; Masui & Sigurdson 2015; Shirasaki+ 2017; 
Madhavacheril+ 2019; Dai & Xia 2020）

using cosmological hydrodynamic simulations  
（e..g, Dolag+ 2015; Zhu+ 2018; Pol+ 2019; Jaroszynski 2019; Batten+ 2020; 

Zhang+ 2021）

Previous theoretical woks on the DM statistics

using the halo model （e.g., Cooray & Sheth 2002）

need to be validated with numerical simulations
the free-electron distribution in halos is assumed

the most reliable tool to investigate the non-linear 
free-electron distribution in the universe

・ numerical-simulation approach



Main purpose of our study

1) model the two-point statistics of DM
using the hydrodynamic simulations, IllustrisTNG300 

2) validate our analytical model 
against mock DM measurements

first measure the free-electron abundance 
& the power spectrum of its spatial fluctuations 

because the DM statistics are fully determined 
by the free-electron statistics



IllustrisTNG300
・ the state-of-the-art hydrodynamical simulations
・ follow gravitational evolution & astrophysical processes  

（star formation, gas cooling, stellar & AGN feedback）

・ simulation data is publicly available at z=0-12

box size L=205Mpc/h (~300Mpc) 

hydro. runs                  

← dark-matter-only run        

（e.g., Nelson+ 2018）

・ reproduce fee-electron distribution in the universe 



IllustrisTNG300
・ the state-of-the-art hydrodynamical simulations
・ follow gravitational evolution & astrophysical processes  

（star formation, gas cooling, stellar & AGN feedback）

box size L=205Mpc/h (~300Mpc) 
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・ simulation data is publicly available at z=0-12
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 0.9

 0.95

 1

fe(z)

z

TNG300−1
TNG300−2
TNG300−3
fitting curve

 0

 0.05

 0.1

 0  2  4  6  8

fe(z)

z

TNG300−1
TNG300−2
TNG300−3
fitting curve

redshift

free-electron fraction
=(# of free electrons)/(total # of electrons) 

fe ~ 0.95 at z<1

← hydrogen reionization

（high res.）

（low res.）



102

103
P

   
  ×

k
(k
)

2
(M

p
c/
h
)

z=0

TNG300−1
TNG300−2
TNG300−3
TNG300−1−Dark

0.1

1.0

 0.1  1  10

P
   

  ×
k

(k
)

2
(M

p
c/
h
)

z=0

TNG300−1
TNG300−2
TNG300−3
TNG300−1−Dark

k (h/Mpc)

b e
(k
)

2

fee-electron power spectrum

free electron

dark matter P(k)

ra
tio

 to
 

da
rk

 m
at

te
r P

(k
) ← dark matter only 

halofit
bi

as
2

fitting curve

wavevector



102

103
P

   
  ×

k
(k
)

2
(M

p
c/
h
)

z=0

TNG300−1
TNG300−2
TNG300−3
TNG300−1−Dark

0.1

1.0

 0.1  1  10

P
   

  ×
k

(k
)

2
(M

p
c/
h
)

z=0

TNG300−1
TNG300−2
TNG300−3
TNG300−1−Dark

k (h/Mpc)

b e
(k
)

2

fee-electron power spectrum

free electrons

dark matter P(k)

ra
tio

 to
 

da
rk

 m
at

te
r P

(k
)

strongly damped
due to stellar & 
AGN feedbacks  

← dark matter only 

halofit
bi

as
2

fitting curve
free electrons trace
dark matter

wavevector



102

103
P

   
  ×

k
(k
)

2
(M

p
c/
h
)

z=0

TNG300−1
TNG300−2
TNG300−3
TNG300−1−Dark

0.1

1.0

 0.1  1  10

P
   

  ×
k

(k
)

2
(M

p
c/
h
)

z=0

TNG300−1
TNG300−2
TNG300−3
TNG300−1−Dark

k (h/Mpc)

b e
(k
)

2

fee-electron power spectrum

free electron

dark matter P(k)

ra
tio

 to
 

da
rk

 m
at

te
r P

(k
) ← dark matter only 

halofit
bi

as
2

fitting curve

wavevector

our analytical model uses these fitting functions
for the free-electron abundance & power spectrum



Making mock sky maps of DM

1. place simulation boxes along the line of sight

2. emit 54002 light rays in a field of view 6x6 deg2
(angular resolution = 4arcsec = 6deg/5400)

3. calculate free-electron column density along each ray path   

based on a standard ray-tracing technique 
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probability distribution of DM
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angular two-point correlation function of DM

𝜉 𝜃 ≡ DM �⃗�- DM �⃗�. − DM .

𝜃 = �⃗�- − �⃗�.

DM(�⃗�-)

≈ 2400
𝜃
deg

9-
pc./cm>

𝜉 𝜃 will be detected using thousands of FRBs 

DM(�⃗�.)

for 𝜃 ≳ 1 deg

FRB1

FRB2

& 𝑧* ≳ 0.3



angular correlation function for full-sky measurement
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Numerical code written in C
computes
the free-electron statistics （its abundance & power spectrum）
the DM statistics （its variance, angular power spectrum 

& angular correlation function）

freely available 



Conclusions
・We provided an analytical two-point statistical model 

of DM calibrated with IllustrisTNG300 

・We validated it against mock DM measurements

・ Angular correlation function of DM will be measured 
when >103 FRBs are available

based on free-electron abundance & its power spectrum 

・We provided a source redshift-DM relation, which will be 
useful for inferring source redshift from measured DM   





FRB

ionized gas in IGM & intervening galaxies

radio signal
observer

Milky Way host galaxy

at 𝑧*

DM ≈ DM9:*; =

time lag ∆𝑡 ∝ 1 + 𝑧E
frequency ν ∝ 1 + 𝑧G 9-

DM∝ Δ𝑡 𝜈A

1000𝑧* pc/cmF DM9:*;,H3*; IHJK3
1 + 𝑧*

decrease ∝ 1 + 𝑧* 56
increase ∝ 𝑧*

DMMN ≈
30 − 200 pc/cmF

estimated from
pulsar observations

cosmological DM dominates at 𝑧P ≳ 0.3



Cosmological dispersion measure （DM）

FRB

ionized gas in IGM

radio signal

observer

DM = $𝑑ℓ 𝑛( （= column density of free electrons）

𝑛(: free-electron number density

From the frequency dependence of arrival time, 
dispersion measure （DM） is measured  

ℓ : distance along the line of sight 

（intergalactic medium）

gas is almost （~90%） fully ionized after H & He reionization  

DM is an unique probe of cosmological baryon  
distribution （including “missing baryons”）

（Ioka 2003; Inoue 2004）
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Macquart+ 2020
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