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Ostrogradsky theorem for L(¢%, %, p%)

e L =L(¢% p% p%) Woodard, 1506.02210
¢« ¢t =¢% (t)anda=1,--'n

_ d°L (
Clb_aq'baaq'bb

Kinetic matrix)

v’ Ostrogradsky theorem
det K + 0 = H is unbounded



v Ostrogradsky theorem
det K + 0 = H is unbounded

» Hamiltonian analysis ok
Leq — L(Qa: Q4, ¢a) + Aa(Qa — q'ba) )
[l (Q% ¢, 44)
¢" P
(Pg, Tq, p°)
0°L
Kab = ad')aa('l')b



v’ Ostrogradsky theorem
det K + 0 = H is unbounded

« Hamiltonian analysis ok
Leg = L(Qa: QY ¢a) + 2,(Q% — %) ”a 4
Canonical momenta (Q% &% 14)

— oL

P,
Pa= % — det (aQb) 0 (P, 1, %)

T, = —ﬂ.a = Qa — Qa(Pi Q' (:b)

| pT = Primary constraints (C1)

_ 0°L
- aq'[)aa('l')b




v’ Ostrogradsky theorem
det K + 0 = H is unbounded

« Hamiltonian analysis ok
Leg = L(Qa: QY ¢a) + 2,(Q% — %) ”a 4
Canonical momenta (Q% &% 14)

— oL

P,
Pa= % — det (aQb) 0 (P, 1, %)

| T, = —Ay = Q% =Q*(P,Q,¢)

| p*=0 Primary constraints (C1)

{Ta + 24, pb} — 65

— Second class. No secondary constraints (C2)
= n healthy + n ghost DOFs

_ 0°L
- aq'[)aa('l')b

Kab



v’ Ostrogradsky theorem
det K + 0 = H is unbounded

» Hamiltonian analysis ok

Leq — L(Qa: Q4, ¢a) + Aa(Qa — q'ba) )

Canonical momenta (Q% 9% 4a)

i Fo = aaQ'La det (SQPCZ) # 0 (Pg, g, p%)

| T, = —Ay = Q% =Q*(P,Q,¢)

| p*=0 Primary constraints (C1)

Hamiltonian
H = Hy(P,Q,¢) + m,Q"
m, shows up only linearly. H is unbounded.
K,, = ..aZL..
ab 929 pb



v’ Ostrogradsky theorem
det K + 0 = H is unbounded

? No-ghost condition
K,, = 0=> H is bounded




v’ Ostrogradsky theorem
det K + 0 = H is unbounded

l
v'K,, =0 H is bounded

I Different

? No-ghost condition
K,, = 0=> H is bounded

... though it is a part of no-ghost conditions
“1st degeneracy condition” (DC1)




. . ha
L(¢p%, %, %) HM, Suyama, 1411.3721 qﬁ

a a A
H=H0+naQa (Q )?) a)
¢ DC1 Kab =0 (Pa,n.a’pa)
— Additional C1: ¥, =P~, — F,(Q,¢$) =0
v Fixed

Still r,, is not fixed.



. . ha
L(¢p%, %, %) HM, Suyama, 1411.3721 qﬁ

a a /‘[
H=H0+naQa (Q )?J a)
¢ DC1 Kab =0 (Pa,n.a’pa)
— Additional C1: ¥, =P~, — F,(Q,¢$) =0
v Fixed

¢ DC2 Mab 259 {Lpa, "Ijb} =)
= C2. YV, =n,—-G,(0,¢9) =0

v Fixed
v We eliminated all the ghosts. H is bounded.

v The most general Lagrangian: L ~ G(¢%, ¢%)



v Ostrogradsky theorem
det K # 0 = H is unbounded

v"No-ghost condition (DC1 & DC2)
K,, =0&M,, = 0= H is bounded

_ 0%L
Clb_a('l')aa('l')b

_ 0%L . 0%L
ab—a('l')aad,b a('l')baq'«)a




v Ostrogradsky theorem updated
det K # 0 ordetM # 0 |= H is unbounded

v"No-ghost condition (DC1 & DC2)
K,, =0&M,, = 0= H is bounded

_ 0%L
Clb_a('l')aa('l')b

_ 0%L . 0%L
ab—a('l')aad,b a('l')baq'«)a




v Ostrogradsky theorem updated
det K # 0 ordetM # 0 |= H is unbounded

v"No-ghost condition (DC1 & DC2)
K,, =0&M,, = 0= H is bounded

Highest Next-highest

v EL eq v
Kool + (Kab + Mab)gbb = (terms up to ¢ )
— 2nd-order system



Arbitrary higher-order derivatives

1411.3721
o L= L(¢%@D, a1, p) M, Suyama, 1411.3

e p?=¢% t)anda=1,--n

%L 0%L %L

ab — a¢a(d)a¢b(d)’ Mab — a¢a(d)a¢b(d—1) o a(l)b(d)ad)a(d—l)

v Ostrogradsky theorem updated
det K # 0 ordetM # 0 |= H is unbounded

Kap =0 — v $2CD fromELeq  Highest
Mgp =0 — v 2221 from EL eq Next-highest

 Still remain ghosts from lower (> 2) derivatives.



Eliminating Ostrogradsky ghost

v L(. ¢, ) = L($,¢)
v L(¢p% %, %) = L(¢%, ¢p%) HM, Suyama, 1411.3721

. L(¢a(d), gba(d—l), . ¢a)



Eliminating Ostrogradsky ghost

v L(¢, 9, $) = L(¢, P)
v L($%, d%, %) = L(p%, p%) HM, Suyama, 1411.3721
o L(qba(d), ¢a(d—1), . ¢a)

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
* L(p, ¢, 959, 9)
* L($,d$5¢59D) ~ &+ g
* L(¢% 9% 0% 45q) ~ ¢%+ g



HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
ra J.a a. Al 1
L(¢% ¢%,¢%:9°,q) I |
. | (Q%. ¢%q" 1,)
* Hamiltonian analysis

| o . }
Leq = L(Qa’ Qa’ d)a; ql' ql) + Aa(Qa R d)a) (Pa; g Di, pa)
Canonical momenta

qba

[ Py =La
_ Pi = Lqi
g = —Ag
p® = — Primary constraints (C1)
Hamiltonian

H = HO(P) Q; (p'p' q) + T[aQa
m, shows up only linearly. H is unbounded.



HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355 qba

L(¢p% ¢%, 0% ¢ qY) I |

7 o8 (Qa’ ¢a; ql; Aa)
H=H,+r,Q¢ detL;iz # 0 t
* DC1: Lgags — LquaL;ilququb 30 (P, Tq, Pir )
= Additional C1: ¥, =P, — F,(Q,¢,p,q) =0

v’ Fixed
« DC2: My, ={¥Y,, ¥} =0
= C2: YV, =mn,—G,(0Q0,p,p,q) =0
v Fixed
v We eliminated all the ghosts. H is bounded.
v EL eqs = 2nd-order system

v Applies for a wide class of theories



Applications

_ _ _ Crisostomi, Klein, Roest, 1703.01623
v' Field theory in flat spacetime

v SU(2) Allys, Peter, Rodriguez, 1609.05870

v Boson-Fermion Kimura, Sakakihara, Yamaguchi, 1704.02717

v' Scalar-tensor theories Langlois, Noui, 1510.06930, 1512.06820
Crisostomi, Koyama, Tasinato, 1602.03119
Achour, Langlois, Noui, 1602.08398
Achour, Crisostomi, Koyama, Langlois, Noui, Tasinato, 1608.08135

v Vector-tensor theories
Kimura, Naruko, Yoshida, 1608.07066

v' Tensor theories
Crisostomi, Noui, Charmousis, Langlois, 1710.04531



Eliminating Ostrogradsky ghost

v L(p, b, $) = L(d, $)
v L($%, d%, %) = L(p%, p%) HM, Suyama, 1411.3721
o L(qba(d), ¢a(d—1), . ¢a)

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
v L(p b, $: 4, 9)
VL), b ;659D ~ &+ g
v L(9% % 9% 40D ~ ¢ + g



Eliminating Ostrogradsky ghost

v L(¢, b, ¢) = L(¢, )
v L($%, d%, %) = L(p%, p%) HM, Suyama, 1411.3721
R L(qba(d), ¢a(d—1), . ¢a)

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
vV L(¢. &, ¢:4,9)
v L($ ;450D ~ D+ gy
v L(9% 0% 0% 4q) ~ ¢+ gy

HM, Suyama, Yamaguchi, 1711.08125; in prep.

* LW, Y4 qY)
© LAY YT 6% 0% 9% G qh)
o L(¢ptald+l) . pia-1(d) . . plo hlo)



HM, Suyama, Yamaguchi, 1711.08125 detA:: = 0
. ] e i ij
Quadratic model with Y™, ¢ detc, . # 0

L = %an + %bnmlpnl])m + %Cnml/)nl/)m l/)n(t)

+2 A "+ G + g 4O

1 s 1 . . L . .
+54;;4'q’ +5Bijq'q’ + Ci;q°q’ + “nl

Equivalent form

Leq = L(Q,0Q, R ,q4,q) + & (Y™ — R™) + 1, (R™ — Q™)

| i
Canonical momenta
B PQ" — aan'm + aniq.i + eanm
p; = an Q™ + A;;q7 + Ciiq’
Ppn = Ay, Tyn = &n | _Primary
pr, =0, ps, =0 constraints (C1)




HM, Suyama, Yamaguchi, 1711.08125 _ l])'n l/.Jn
Quadratic model with Y™, ¢* 1

H = Hy + PpnQ™ + mynR" (@™ R, ¥".q", 4. 61)

* DT g = GG, =0 (PQ"'PR”'T[IZ"JPD A P, )
= Additional C1: ¥, = P,n —--- =0
v Fixed

« DC2: {¥,,¥.,,}=—-2|le;m, —]=0
= C2: YV, =Ppn—--=0

v Fixed
« DC3: {YV,,Ynl=-bym—-=0
= C3: Ay =myn—+-=0

v Fixed

We eliminated all the ghosts? NO!



HM, Suyama, Yamaguchi, 1711.08125 l])" l/')n

Quadratic model with ¥™, gt 1 |
H = Hy + PpnQ™ + mynR"™ (0".R "/’1"’"1"’5")
| AllDCs and Cs

] ] . (PQn’ PRn’ T[l/)n’ Pi, pAn' pfn)
H: linear in 0" = Hidden ghosts appeared

Y -




HM, Suyama, Yamaguchi, 1711.08125 l])'n l/.Jn

Quadratic model with ¥™, gt 1 |
H = Hy + PpnQ™ + mynR"™ (0".R "/’I’q"ln’fn)
| AllDCs and Cs

] ] . (PQn’ PRn’ T[l/)n’ Pi, 'Dln’ pgn)
H: linear in 0" = Hidden ghosts appeared

+ DC4: {An, P} =2(fum — ) =0
= C4: O, =c,,, 0" —--=0
v Fixed
« Condition to complete Dirac procedure:
detZ,,, = det{Q,,¥,,} # 0

v We eliminated all the ghosts. H is bounded.



HM, Suyama, Yamaguchi, 1711.08125
Quadratic model with ¥, ¢

 Dirac matrix C1

Oz O U,y QU YT Ay
d,1 0 —1 * * *
., 1 0 0 0 0 0
W, * 0 0 —Znn 0 0

D =
Q.1 = 0 Z,m * * *
A, = 0 0 * —Lnm X
detZ,,,, # 0

— det D # 0 ; All constraints are second class
— Healthy (N + 1) DOFs

v' L can be transformed to a lower-derivative L.



Eliminating Ostrogradsky ghost

v L(. ¢, ) = L($,¢)
v L(¢p% %, %) = L(¢%, ¢p%) HM, Suyama, 1411.3721

v L(qba(d), ¢a(d—1), . ¢a)

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
vV L(¢. &, ¢:4,9)
v L($ ;450D ~ D+ gy
v L(9% 0% 0% 4q) ~ ¢+ gy

HM, Suyama, Yamaguchi, 1711.08125; in prep.

L@, 9;45q)
VL@ P Y Y 0%, 0%, 0% ¢ )
v L(ptald+l) . pla-1(d@) . - plo gplo)



Summary

Ostrogradsky ghosts appear as
* L 3 2nd-order time derivatives = H: linearin P
which can be removed by degeneracy conditions.

The analysis of L(¢%, ¢%, ¢%; g%, g") applies for a wide
class of model buildings.

We found that for quadratic model with /™, '
« L 3 3rd-order time derivatives = H: linearin P,

We constructed the first ghost-free model with 3rd-
order time derivatives in L.

The analyses of general L and field theory are work
INn progress.



