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Solving stationary string equations in
the Kerr-NUT-(A)dS background



Killing-Yano objects

Conformal KY tensor (CKY) of rank p in D dims:

1 1
Xo(V A o)+ XA (Vew)+0,
p+1 e sh=Eq

V, o=

Killing tensor (KYT): Vew ~ 0w =0;

Closed conformal KY tensor (CCKY): VA®w~dw=0.
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Properties:
e (KYT)=CCKY

® x(CCKY)=KYT

® CCKY A CCKY=CCKY



Principal tensor = non-degenerate rank 2 CCKY tensor
D=2n+¢
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Non-degenerate: There are exactly n non-vanishing
"eigenvalues” (r,x,) that are functionally independent
in some domain. In this domain none of the gradients

of them is a null vector.



A metric which admits a principal tensor
is off-shell Kerr-NUT-(A)dS metric.

It contains n arbitrary functions of 1 variable.

On-shell: Einstein equations are satisfied =
Kerr-NUT-(A)dS solution.



& is a primary Killing vector: L,g=Lh=0;
h'’ =1h"/ is a CCKY 2 —form;

f/) =«h" is a KY (D-2j) form
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¢y=k; 6, (j=0,..,n—1+&=m)are commuting
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P2 o 3 rank 2 Killing tensor;

~Cppja

(secondary) Killing vectors;

Koy =9

Frobenius theorem: £=0,, ¢, =6%;
(r,xﬂ,r,wj) are canonical coordinates;

[, are principal null directions; their integral lines

are geodesics.



Geodesic equations are completely integrable:
There exist D integrals of motion for a free particle,

(n+ &) first order ¢ ,p and n second order pek , *p.

Q: If instead of a particle one has a string:
Are Nambu-Goto string equations completely
integrable in the Kerr-NUT-(A)dS geometry?

A: In a general case - No.

If a string is stationary - Yes.



Stationary strings in Kerr-NUT-(A)dS

Killing vector £ =0. , coordinates - (t,y')
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ds’ =—F(dt + Ady')" + p,dy'dy’.
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Nambu-Goto action for a string
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String configuration y'(o) is a geodesic in (D —1)—

dimensional space with metric p, = Fp,.



If metric g, admits the principal tensor it has
n+ ¢ Killing vectors and n rank 2 Killing tensors.
This gives D =2n + ¢ integrals of motion for a

free particle.

The reduced ref-shifted metric p, does not admit
a principal tensor, However, when £ is a primary
Killing vector, it has n—1 + ¢ Killing vectors and n
rank 2 Killing tensors. This gives D=2n—-1+¢
integrals of motion. Thus, the stationary string

equations are completely integrable.

[V.F. and David Kubiznak (2008)]



Principal Killing Strings

¢, =B, is atangent vector to a principal

null geodesic in the affine parametrization:
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Frobenius theorem implies that a ST is foliated
by 2-D (Killing) surfaces X. Coordinates Y? =(z%,y’).
Equations of a given X are y' = const.

z* =(v,A,) are coordinates on X, such that
é::@vﬂ gi :a/L_r‘



TheKilling surfacein the off - shell Kerr -NUT - (A)dS
metricis minimal.

Induced 2-D metric: dy’ =y,,dz"dz° =&*d A7 —2dvdA, .

n(, are (D-2) mutually orthogonal unit vectors normal

to X,. The extrinsic curvature is:
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Incoming principal Killing string:

A==r, w;=—=P"(r),= x =const,
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String equation in the null incoming coordinates
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String’s stress-energy tensor In
In-coming coordinates
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Applications to Myers-Perry ST
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J=Projection(t)

e, and é are unit vectors along x, and y;; @' and @' are dual unit

forms. J= ZZMaza)'/\c?)',x,—O o= Dlage
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2" string segments =2""" "infinite captured strings"



Instead of Summary...






