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Motivation

Inflation is the leading paradigm for early Universe and structure formations.

Basics predictions of inflation: The CMB perturbations are

Nearly scale-invariant

Nearly Gaussian

Nearly adiabatic

These predictions are in good agreement with the Planck data.

Planck 2013
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Asymmetry vs. Anisotropy
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FIG. 8: Upper panel : QML reconstruction of the
g(n̂) primordial power quadrupole, for the WMAP V-band
foreground-reduced data to l

max

= 400. Also shown is the
preferred quadrupole direction of (l, b) = (130o, 10o) found by
Ref. [17] (‘⇥0), using incorrect il1�l

2 factor) and the eclip-
tic north pole at (l, b) = (96o, 30o) (‘⇧0). Lower two panels:
Isotropic and anisotropic components of a CMB simulation
with g

2m given by the QML reconstruction, smoothed with a
WMAP V-band beam. This gives an intuitive understanding
of the e↵ects induced by this form of anisotropy. The RMS
deviations of the isotropic and anisotropic components are
90µK and 1µK respectively.

contaminated by beam asymmetry e↵ects, which must be
corrected for to obtain true constraints on any primor-
dial modulation. That the signal strongly varies between
the D/As indicates either that the simulation of Ref. [41]
are not encapsulating all of the relevant beam e↵ects,
or that there is an additional unknown systematic. In
any case the significant variations between D/As at the
same frequency provide strong evidence that the signal is
systematic rather than primordial or foregrounds; in all
cases the preferred direction is close to the ecliptic.

A full analysis with beam asymmetries is beyond the
scope of this paper, however we note that in the QML
approach beam asymmetry e↵ects can simply be incorpo-
rated into the simulation pipeline. They will then appear
as a contribution to the “mean field” term, and be sub-
tracted from the reconstruction. In principle it is neces-
sary to include the correlation due to beam asymmetries
in the inverse variance filter, which is too computation-
ally expensive to perform in general. If the instrumental
noise can be approximated as white on the timescales
which separate pixel visits, however, then the fast algo-
rithm presented by Ref. [28] can be used for the forward
convolution operation, which should only slow the appli-
cation of the inverse variance filter by a constant factor
of O(20). Alternatively one could attempt to correct the
maps for the beam asymmetries, for example by estimat-
ing the anisotropic contribution by forward convolutions
of the observed sky, then iteratively subtracting o↵ the
part due to beam asymmetries.

C. Local primordial modulation

Finally, we consider the case where the primordial per-
turbations �

0

(x) are modulated in real space, so that the
primordial perturbation field is

�(x) = �
0

(x)[1 + �(x)]. (28)

The primordial Gaussian field �
0

is assumed to be sta-
tistically homogeneous. Similar modulations have been
considered before [19]. We consider the modulating field
�(x) to be fixed, so the aim is to reconstruct the large-
scale � field by looking at the induced modulation of
smaller-scale perturbations. To leading order in � the
primordial covariance is given by
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Note that the modulated field (with fixed �) is no longer
statistically homogeneous. Expanding the exponentials
using

eik·x = 4⇡
X
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iljl(kx)Ylm(x̂)Y ⇤
lm(k̂), (30)

and using Eq. (19) to relate the primordial perturbations
to the observed temperature multipoles, the covariance
is then
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Hanson & Lewis, 2009

Hoftuft et al,  2009.

Asymmetry observed by PLANCK

A Fundamental Question: Is the Universe isotropic?

PLANCK has reported anisotropies on CMB map

Power Asymmetry: the power spectrum measured in one direction is di⇥erent
than the opposite direction

A brief History:

After the release of WMAP first year data, Eriksen et al (2004) suggested the existence
of hemispherical asymmetry. They found that the Southern hemisphere has more power
than the Northern hemisphere.

Gordon et al (2005) proposed a dipolar modulation of hemispherical asymmetry

�T (n̂) = �T (n̂)(1 + A n̂.p̂)

in which p̂ is the preferred dipole direction.

Fitting WMAP 3-year Eriksen et al (2007) found A = 0.114.

PLANCK : A = 0.07± 0.02 for 2⇥ � � 64
with (l , b) = (227�,�21�)

� = �
4HM2

P

cos↵ = k̂ · q̂
Observationally |g⇤| . 10�2 , Komatsu-Kim, 2013



Anisotropic Inflation from Gauge Field Dynamics
The model contains a U(1) gauge field minimally coupled to gravity
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⇤
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Here 1/f (⇤) is the time-dependent gauge kinetic coupling.

We turn on the background gauge field Aµ = (0, Ax (t), 0, 0)
The background metric is

ds2 = �dt2 + e2�(t)
“
e�4⇤(t)dx2 + e2⇤(t)(dy2 + dz2)

”

= �dt2 + a(t)2dx2 + b(t)2(dy2 + dz2)

In this view H ⇥ �̇ is the average Hubble expansion rate and
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ȧ

a
, Hb ⇥

ḃ
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The anisotropy in the system is measured by
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The background equations are too complicated to be solved !

Wednesday, November 6, 2013

The attractor solution

With this choice of f (⇤) one makes sure that the energy density of
the gauge field is sub-dominant but non-decaying

⇤ The Attractor Solution

One can show that during the attractor solution
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This means that the back-reactions of the gauge field
on the inflation field change the e�ective mass

of the inflaton m2
e� =

m2
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The inflaton trajectory is given by
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Watanabe, Kanno, Soda, 09
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A realization of Power Asymmetry 



Mechanisms to generate primordial anisotropies and asymmetries 

Consider a spherical cow in the vacuum …..



Primordial anisotropies from defects during inflation

We consider various defects during inflation:

1- Domain walls, 2- Massive defects, 3- Cosmic strings

4- Bubble nucleation

R

r0
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θ
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Figure 1: The setup for CMB sphere and massive defect. The defect is at the center of

coordinate system and its distance from the center of CMB sphere is denoted by r
0

. Left:

The case where the massive defect is outside the CMB sphere. Right: The massive defect is

inside the CMB sphere.

this configuration see Fig. 1. If r
0

> R, then the defect is outside the CMB sphere while the

defect will be inside the CMB sphere when r
0

< R.

The center of this CMB sphere is located at comoving distance r
0

from the position of the

monopole while any point on the CMB sphere is identified with two angles ✓ and �. Because

of the azimuthal symmetry, the latter does not play any role and we have

r = |x| = R
p
1 + ↵2 � 2↵ cos ✓ , (31)

in which ↵ ⌘ r
0

/R. Plugging this into Eq. (30) we obtain

�hR2(r)i ⇡ µ2

668

8(2⇡)2
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0

ln
�

↵2 + 1� 2↵ cos ✓
�

+ C
0

, (32)

where P
0

= (H2/2⇡�̇)2 is the homogeneous power spectrum. Here we comment that in order

for our perturbative analysis to be correct, we require that the corrections in variance to be

smaller than the isotropic and homogeneous one, i.e. �hR2(r)i ⌧ hR2(r)i(0). Assuming that

the logarithmic term is not hierarchically much di↵erent than unity, this requires 10 µ2 ⌧ 1

which is well consistent with our approximation in which µ ⌧ 1.

To calculate the dipole and higher multipoles for the variance of the curvature perturba-

tions, we decompose �hR2(r)i in terms of the Legendre polynomials as

�hR2(r)i = P
0

X

`

a`P`(cos ✓) . (33)
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Figure 1: (a): The original coordinate system in which the string is orientated along the

ẑ direction where we have calculated the corrections in power spectrum. (b): The new

coordinate in which we perform numerical analysis for variance. The direction of dipole

asymmetry is towards the �ẑ direction. In galactic coordinate we have ẑ = (l, b) = (44�, 22�)

and x̂ = (44�,�68�).

Taking the integral and being careful on sign functions gives the following result for the

asymmetric variance

�hR(x)2i
asym. = � ⇡3✏

(2⇡)6
(
H2

�̇
)2 ⇥ 4(�2⇡3)Re
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Z

⇢/L

dk

k
exp(ik)
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8⇡3

✓

H2

�̇

◆

2

ln(⇢/L)

= � ✏

2⇡
P (0)

R ln(⇢/L) . (36)

Interestingly, we see that our approximate result Eq. (34) is well consistent (up to a factor

of 2) with the exact result in Eq. (36).

In the next section we estimate the observational bounds on the model parameters by

comparing Eq. (36) with the Planck data.
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FIG. 2. The setup for the CMB sphere and the domain wall. Left: The case where the CMB sphere does not intersect
the domain wall and is located entirely on one side of the wall, corresponding to  ⌘ r/z0 < 1. Right: The case where
the CMB sphere intersects the domain wall, corresponding to  > 1.

any z-dependence comes from as how one regularizes the IR divergences for qz, kz, q
||

! 0. Performing the
rescaling qz ! zqz, kz ! zkz and q

||

! zq
||

the variance in Eq. (45) becomes
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One can check that the integral (45) is UV convergent while it is logarithmically divergent in the IR region. To
impose the IR cuto↵ we assume the rescaled momenta satisfy q

||

, |kz|, |qz| � |z|/L, where L is the size of a box
encompassing the observable universe [72]. Defining
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and using the symmetry properties of the trigonometric functions, we have
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↵
= ��P
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Z
1

|z|/L

dQ
⇥
Q3F (Q)2 �QG(Q)2

⇤
. (48)

As discussed before, the z-dependence of the variance comes from the IR cuto↵, while it has only a very mild
dependence on the UV cuto↵. One can check numerically that the variance is logarithmically divergent in the
IR region. We have checked that, to a very high accuracy, the IR divergence of the variance is given by

�
⌦
R2(x)

↵
' �P

0

ln

����
z

L

����+ C, (49)

where the constant C depends mildly on the UV cuto↵.
To investigate this theory’s predictions for the CMB, we consider a two-dimensional sphere with a fixed

comoving radius r centered at z = z
0

. The setup is plotted in Fig. 2. The center of this CMB sphere is located
at comoving distance z

0

from the position of the wall. For any other point on the CMB sphere we have

z = z
0

+ r cos ✓, (50)

where ✓ is the angle between the point x on the CMB sphere and the direction perpendicular to the wall (the
z axis). Because of the Z

2

symmetry of the background geometry, we can consider z
0

� 0 without loss of
generality. This corresponds to the configuration in which the center of the CMB sphere is above the domain
wall. However, we allow for the case where some points on the CMB have z < 0, i.e., the domain wall intersects
the CMB sphere. This occurs when z

0

< r, as presented in the right panel of Fig. 2.
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Figure 1: Left: the diagram of bubble evolution in conformal time, in which the regions of

true vacuum (T. V.) and false vacuum (F. V. ) are separated by the bubble wall, denoted by

the curved solid line. Right: the evolution of the bubble with respect to the CMB sphere in

spacetime. rf is the final radius of the bubble in comoving scale.

background fall into the interior regions. Our assumption is that the observable CMB sphere

is outside the formed bubble. But as the bubble expands rapidly, it will hit the CMB sphere

and can encompass the entire or parts of CMB sphere, depending on relative kinematical

configuration.

In Fig. 1 we have plotted the relative positions of the bubble at the time of formation and

the CMB sphere. In this picture, r
0

is the comoving radius of bubble at the time of formation

⌘
0

, R is the comoving radius of the observed CMB sphere, d
0

is the distance between the

center of CMB sphere and the center of bubble, 1/H is the radius of the Hubble patch and

rf is the final comoving radius of the bubble. We work in the coordinate system in which the

origin is located at the center of the bubble and ⌘ is the conformal time.

On the physical ground, the physical radius of the bubble can not exceed the Hubble

radius which defines the causal patch in dS background, so a
0

r
0

< H�1, in which a
0

is the

value of the scale factor at the time of bubble formation. Looking at Fig. 1 the hierarchies

a
0

R < H�1 and a
0

d
0

< vH�1 hold between various radii in this configuration in which v

(' 1) is the asymptotic velocity of the bubble wall. Correspondingly, we define the following

dimensionless kinematical parameters in our model

� ⌘ a
0

r
0

H < 1 , ↵ ⌘ 1

v
a
0

d
0

H < 1 , � ⌘ 2Ra
0

H

v
< 1 . (1)

Note that in the CL mechanism, the physical size of the bubble at the time of formation is

related to the bubble tension � via a
0

r
0

= 3�
�V

.

We have two important intermediate instants of time in our setup. ⌘C is when the bubble

first hits the CMB sphere on one side. Assuming that the bubble has reached its asymptotic
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Topological defects in primordial Universe

Kibble Mechanism :
Topological defects are formed from symmetry breaking:

Domain walls and monopolies are cosmologically
catastrophic as they rapidly over close the Universe.

Cosmic strings are viable as they reach
the scaling regime. By 1990’s cosmic string was
a rival candidate to inflation as the origin of
perturbations and structure formation in
early Universe.

http://www.damtp.cam.ac.uk/research/gr/public/cs_top.html



Anisotropies from Cosmic Strings

Motivation for cosmic strings:

A cosmic string produces a deficit angle around itself.
This may be used to observe cosmic string via lensing
or via KS e↵ect in CMB maps.

A network of cosmic string reaches the scaling regime in a
cosmological background. The constrains from
CMB anisotropies suggest the upper bound Gµ . 10�7

for the tension of string µ.

If cosmic strings are from string theory then they are either
Fundamental string (F-strings) or D1-brane (D-strings).

The evolution of a network of cosmic string crucially depends on
the intercommutation probability P. For ordinary gauge string
P ⇠ 1. However, for cosmic superstrings of di↵erent types
it can be significantly smaller, say 10�3 < P < 1;
(Jackson, Jones, Polchinski, hep-th/0405229).



Motivation for bubble nucleation

Vacuum bubble nucleation has played important roles in the development of
inflationary cosmology and beyond:

Guth Old Inflation, 1981, Sato et al 1981, 1982.

The basic picture is based on Coleman-de Luccia formalism:

Euclidean classical solutions with the topology of a four-sphere.

Vacuum Decay
Thin-shell approximation

SIDNEY COLEMAN 15

For the example of Eq. (4.4), the condition for
the validity of the approximation is

p, '/- Z)) 1,
and the approximate expression for J3 is

2 12

6~ 3'

(4.20)

(4.2].)

p(t=0, x) = P(&=0,x),
a—g(t=0, x)=0.et

(5.1)

(5.2)
Afterwards, it evolves according to the classical
field equation,

(5 3)

V. THE FATE OF THE FALSE VACUUM

In Sec. II, I gave the semiclassical description
of the decay of a false ground state in particle
mechanics: The classical particle makes a quan-
tum jump from the local minimum of the potential
to the escape point, q(7 =0). When it appears at
the escape point, its momentum, q, is zero.
Afterwards, it propagates classically.
Mutatis mutandem, this description applies to

field theory; The classical field makes a quantum
jump (say at t=0) to the state defined by

(5.5)

(This situation is shown graphically in Fig. 4.)
Typically, we would expect R to be a microphysi-
cal number, on the order of a fermi, give or take
a few orders of magnitude. This means that by
macrophysical standards, once the bubble mater-
ializes it begins to expand almost instantly with
almost the velocity of light.
(3} As a consequence of this rapid expansion, if

a bubble were expanding toward us at this moment,
we would have essentially no warning of its ap-
proach until its arrival. This is also shown in Fig.
4. The stationary observer, 0, cannot tell a bub-
ble has formed until he intercepts the future light
cone, W, projected from the wall at the time of its
formation. A time R later, that is to say, on the
order of 10"sec later, he is inside the bubble.
(4) The rapidity expanding bubble wall obviously

carries a lot of energy. How much? A section of
bubble wall at rest carries energy S, per unit area.
Because any part of the bubble wall at any time is
obtained from any other part by a Lorentz trans-
formation, a section of wall expanding with velo-
city v carries energy S,(1—v') 'hperunitarea.
Thus, at a time when the radius of the bubble is
~x ~, the energy of the wall is given by

(5.6)
The first of these equations implies that the

same function, Q(p), that gives the shape of the
bounce in four-dimensional Euclidean space
also gives the shape of the bubble at the
moment of its materialization in ordinary
three-space. Indeed, it does more; because the
Minkowskian field equation, (5.3), is simply the
analytic continuation of the Euclidean field equa-
tion, (3.1), back to real time, the desired solu-
tion of Eq. (5.3) is simply the analytic continuation
of the bounce:

By Eq. (5.5),

dlxl (Ixl' —R )' '
dt lxi

Thus,

E„„,=4 I I S,/R =4 g[x['/3,

(5.7)

(5.8)

(5.4)

[As a consequence of Eq. (3.3), &f& is an even func-
tion of p, so we need not worry about which branch
of the square root to take. ]
We can immediately draw some very interesting

consequences from Eq. (4.4}:
(1) O(4) invariance of the bounce becomes O(3, 1)

invariance of the solution of the classical field
equations. In other words, the growth of the bub-
ble, after its materialization, looks the same to
any Lorentz observer.
(2} In the case of small q, discussed in Sec. IV,

there is a thin wall, localized at p=R, separating
false vacuum from true vacuum. As the bubble
expands, this wall traces out the hyperboloid

fx[

FIG. 4. A space-time diagram of the classical growth
of the bubble of true vacuum after its materialization.
The hyperbola is the path traced out by the bubble wall.
The observer 0 only receives warning that the bubble
is expanding toward him when he crosses the light cone
W.



Primordial anisotropies from domain wall

Consider a domain wall in our Hubble patch during inflation. To simplify the analysis
assume the DW has zero thickness with tension �.

Assuming the DW is extended along x-y plane, the metric ansatz is

The total energy density is

Solving the Einstein fields equations Gµ⌫ = Tµ⌫/M2
P we obtain

The curvature perturbation as usual is given by R = �H
�̇
��.

The DW modifies the background geometry, a↵ecting the inflaton perturbations

3

and the variance in real space, focusing in subsection IVA on theoretical calculations, while discussing the
implications of this model for observations in subsection IVB. We compare our predictions for the multipole
structure of the variance to CMB observations, finding results that are consistent with observations while
providing tight constraints on the parameters of the model. We derive the CMB angular power spectra in
section V, where we discuss how they can be used in the future for a proper statistical analysis of the model
using CMB data. We conclude in section VI.

II. BACKGROUND GEOMETRY IN THE PRESENCE OF A DOMAIN WALL

In this section we present and discuss our background setup. We would like to study the e↵ects of a domain
wall present during inflation. This breaks translational invariance and leads to a modification of the curvature
spectrum.

We assume inflation is driven by a single scalar inflaton � slowly rolling down a flat potential V (�). The
domain wall has surface energy density �. We assume the dominant source of energy is from the inflaton
potential, so the energy of the wall over a Hubble radius is small compared to that of the inflaton potential,
� ⌧ V/H ⇠

p
VM

Pl

, where M
Pl

is the reduced Planck mass. This allows us to treat the contribution of
the domain wall perturbatively. We assume that the domain wall is created dynamically during inflation and
subsequently disappears either during or at the end of inflation. At this level, we do not provide a dynamical
mechanism for the formation and annihilation of the domain wall, which is an interesting question but beyond
the scope of the present work.

The wall is assumed to be extended in the x�y plane. Therefore, translational symmetry along the direction
perpendicular to the domain wall is broken, and we are left with a two-dimensional symmetry in the directions
parallel to it. This indicates a violation of the Copernican principle and can provide a setup for the mechanism
considered in Ref. [64] to generate dipole asymmetry in the CMB temperature map from tensor polarizations.

To simplify the analysis, we assume the inflationary background is a de Sitter space, generated by a constant
potential V . This is of course a simplification: one can consider the more realistic case in which V has a mild
dependence on �, but this brings slow-roll suppressed corrections. Since the anisotropies which interest us are
generated even in the presence of a constant potential, we neglect these slow-roll corrections. Furthermore,
because the domain wall’s energy is subdominant to the inflaton’s, we can model its gravitational e↵ect as
a small perturbation to de Sitter space. Therefore, our first job is to determine the spacetime metric in the
presence of a domain wall in a de Sitter background. This analysis was performed in Refs. [65, 66]. Here we
review the main results.

A. The background metric

Assuming the domain wall is extended in the x� y plane, we consider the ansatz

ds2 =
1

f(⌧, z)2
�
�d⌧2 + dx2

�
, (2)

where ⌧ is conformal time. With a constant scalar potential and the domain wall localized at z = 0, the
energy-momentum tensor is

Tµ
⌫ = �V �µ⌫ � �

p
gzz

diag (1, 1, 1, 0) �(z). (3)

The factor 1/
p
gzz comes from the determinant of the metric on the worldvolume of the wall, which is three

dimensional while the bulk space is four dimensional. The notation diag (1, 1, 1, 0) means that the wall is
extended along the ⌧ , x, and y directions.
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a small perturbation to de Sitter space. Therefore, our first job is to determine the spacetime metric in the
presence of a domain wall in a de Sitter background. This analysis was performed in Refs. [65, 66]. Here we
review the main results.

A. The background metric

Assuming the domain wall is extended in the x� y plane, we consider the ansatz

ds2 =
1

f(⌧, z)2
�
�d⌧2 + dx2

�
, (2)

where ⌧ is conformal time. With a constant scalar potential and the domain wall localized at z = 0, the
energy-momentum tensor is

Tµ
⌫ = �V �µ⌫ � �

p
gzz

diag (1, 1, 1, 0) �(z). (3)

The factor 1/
p
gzz comes from the determinant of the metric on the worldvolume of the wall, which is three

dimensional while the bulk space is four dimensional. The notation diag (1, 1, 1, 0) means that the wall is
extended along the ⌧ , x, and y directions.
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Suppose there exists a domain wall (DW) during inflation.

Treating the e↵ects of DW perturbatively the metric becomes

ds2 ' 1
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��d⌘2 � 2�sgn(z)d⌘dz + dz2 + dx2 + dy2�

We are interested in inflaton power spectrum
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The corresponding Feynman diagram is

The corresponding interaction Hamiltonian density is

HI = � �

H2⌘2
��0@z��sgn(z)

+

7

The e↵ects of the domain wall in Eq. (23) are contained entirely in the quantity h��
k

��
q

i.1 Here the e↵ect of
the wall is to modify the background space from exact de Sitter to the space given by the metric (22), breaking
translational invariance in the z direction. The quantum fluctuations of the inflaton are, as usual, taken to be
the fluctuations of massless scalar fields, calculated in the background metric (22). This will produce corrections
from the wall in P

R

which enter at O(�).
The second-order Lagrangian for the scalar field fluctuations is

L =
p
�g

✓
�1

2
gµ⌫@µ��@⌫��

◆
, (24)

where we should use the metric (22). To O(�), the determinant and inverse of gµ⌫ are given by

p
�g =

1

↵4⌘4
, �g00 = g11 = g22 = g33 = ↵2⌘2, g03 = g30 = ��↵2⌘2sgn(z). (25)

Calculating the quadratic Lagrangian density, and noticing that ↵2 ⇡ V/3M2

Pl

= H2 to leading order in �, we
get

L =
1

2H2⌘2
�
��02 � (r��)2

�
+

�

H2⌘2
sgn(z)��0

@��

@z
, (26)

where 0 denotes a derivative with respect to conformal time, ⌘.
To use the perturbative in-in formalism [67–70] we have to calculate the interaction Hamiltonian. For this

we need to calculate the conjugate momentum, given by

⇧ =
��0

⌘2H2

+
�

H2⌘2
sgn(z)

@��

@z
. (27)

Correspondingly, the quadratic Hamiltonian density is

H = H
0

� �sgn(z)⇧@z��, (28)

where H
0

is the Hamiltonian density of the free field theory corresponding to � = 0. The second term in
Eq. (28) represents the interaction Hamiltonian density HI to leading order in �,

H
I

= ��⇧@z��sgn(z) = � �

H2⌘2
��0@z��sgn(z). (29)

Correspondingly, the interaction Hamiltonian HI is given by

HI = � �

H2⌘2

Z
d3x sgn(z)��0@z��. (30)

We calculate the correction to the power spectrum by taking HI as the leading interaction Hamiltonian. The
power spectrum is calculated in Fourier space, therefore, we need to calculate HI also in Fourier space. For this
purpose, we need the following representation of the sign function in momentum space:

sgn(z) =
1

i⇡

Z
1

�1

dp

p
eipz. (31)

In addition, the domain wall breaks the three-dimensional translational invariance to a two-dimensional sym-
metry. Therefore, it is instructive to decompose the momenta k and q into the tangential parts q

||

and k

||

and
the vertical parts kz and qz as follows:

k = k

||

+ kz ẑ , q = q

||

+ qz ẑ. (32)

Plugging these into the expression for HI in Eq. (30) we get

HI =
2�

H2⌘2(2⇡)4

Z
d2q

||

dqzdkz
qz

kz + qz
��(q)��0(�q

||

, kz). (33)

1 The presence of the domain wall will also introduce corrections to the background quantities H and �̇ through the metric (22).
However, we have checked that these corrections are O(�

p
✏), where ✏ is the slow-roll parameter, so these corrections can be

neglected compared to the O(�) terms which the domain wall induces in h��k��qi.
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In addition, the domain wall breaks the three-dimensional translational invariance to a two-dimensional sym-
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1 The presence of the domain wall will also introduce corrections to the background quantities H and �̇ through the metric (22).
However, we have checked that these corrections are O(�

p
✏), where ✏ is the slow-roll parameter, so these corrections can be

neglected compared to the O(�) terms which the domain wall induces in h��k��qi.
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The correction on inflaton power spectrum is given by

⇥

fi
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fl
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fiˆ
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˜fl
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the RHS yields

�
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d2q⇥||dq⇥zdk ⇥z
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»fi
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fl–

The final result for the power spectrum is

⌅RkRq⇧ =
2⇧2

k3
P0

»
(2⇧)3⇥3(k + q)� (2⇧)3

�

2q3

k2qz + q2kz

kz + qz
⇥2(q|| + k||)

–

As expected the translation invariance along the direction perpendicular to DW is
broken.

The Variance in Real Space

⇥
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R2(x)
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�

4
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q2
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(q2
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z )
3
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z )

3
2

ei(kz+qz )z

⇤ �P0 ln
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˛̨ z

L

˛̨
˛̨ + C

Note that z = z0 + r cos ⌅

S. Jazayeri,  Y. Akrami,  H. F. ,  A. Solomon,  Y. Wang,   JCAP,  2014



The Variance Multipoles

Expanding the variance in multipoles ⇥
˙
R2(x)
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Compare this plot with the results in Akrami et al,  arXiv: 1402.0870.       



The power spectra for the o�-diagonal moments are



Primordial Inhomogeneities from massive defects

Consider a local massive defects with the total mass M in a inflationary (dS)
background

ds2 = �
✓

1� GM

2a(t)r

◆2 ✓

1 +
GM

2a(t)r

◆�2

dt2 + a(t)2
✓

1 +
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2a(t)r

◆4

d~x2.

We work in the weak filed approximation : µ ⌘ GMH ⌧ 1.

The interaction Hamiltonian is

HI =
a3

2

✓

�4MG

ra
+

35M2G2

4r2a2
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��̇2 � a

2
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The inhomogeneous power spectrum is given by

hRkRqi =
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�̇
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Figure 1: The setup for CMB sphere and massive defect. The defect is at the center of

coordinate system and its distance from the center of CMB sphere is denoted by r
0

. Left:

The case where the massive defect is outside the CMB sphere. Right: The massive defect is

inside the CMB sphere.

this configuration see Fig. 1. If r
0

> R, then the defect is outside the CMB sphere while the

defect will be inside the CMB sphere when r
0

< R.

The center of this CMB sphere is located at comoving distance r
0

from the position of the

monopole while any point on the CMB sphere is identified with two angles ✓ and �. Because

of the azimuthal symmetry, the latter does not play any role and we have

r = |x| = R
p
1 + ↵2 � 2↵ cos ✓ , (31)

in which ↵ ⌘ r
0

/R. Plugging this into Eq. (30) we obtain

�hR2(r)i ⇡ µ2

668

8(2⇡)2
P

0

ln
�

↵2 + 1� 2↵ cos ✓
�

+ C
0

, (32)

where P
0

= (H2/2⇡�̇)2 is the homogeneous power spectrum. Here we comment that in order

for our perturbative analysis to be correct, we require that the corrections in variance to be

smaller than the isotropic and homogeneous one, i.e. �hR2(r)i ⌧ hR2(r)i(0). Assuming that

the logarithmic term is not hierarchically much di↵erent than unity, this requires 10 µ2 ⌧ 1

which is well consistent with our approximation in which µ ⌧ 1.

To calculate the dipole and higher multipoles for the variance of the curvature perturba-

tions, we decompose �hR2(r)i in terms of the Legendre polynomials as

�hR2(r)i = P
0

X

`

a`P`(cos ✓) . (33)
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McVittie, 1933
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The leading interaction Hamiltonian (linear in µ) is

HI = � 2MG

(2⇡)3(2⇡2)

Z

d3kd3q

|k+ q|2 ��
0(k)��0(q).

The first order correction in power spectrum is
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Im
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��0
q(⌧)��

0
k (⌧)��

⇤
q (⌧e)��

⇤
k (⌧e)

i

+ k $ q

= 0

To calculate the corrections in power spectrum we have to work with terms G2M2,
i.e. second order in µ. Calculating the in-in integrals to second order we obtain

hRkRqi =
�H2

�̇

�2
n 1

2k3
(2⇡)3�3(k+ q)� µ2⇡2

2|k+ q|
h 35

kq(k + q)3
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k.q
�

k2 + q2 + 3kq
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k3q3(k + q)3
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+
128µ2

⇡

Z

d3p
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|p� q|2
1
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p2

�

p2 + 2(k + q)p + (k2 + q2 + 3kq)
�

kq(p + q)2(p + k)2(k + q)3

o

(1)

The induced power spectrum maximally breaks the homogeneity, i.e. there is no
�3(k+ q). However, the power spectrum is still isotropic, as expected.

H. F.,  A. Karami,  T. Rostami, JCAP, 2016



Variance

�hR2(r)i ⇡ 668µ2

8(2⇡)2
P0 ln
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+ C0.
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One can check the curious reflection symmetry in which ↵ ! 1/↵ and rnew0 = 1/r0.

R

r0
r

R

r0 r
θ

Z

Figure 1: The setup for CMB sphere and massive defect. The defect is at the center of

coordinate system and its distance from the center of CMB sphere is denoted by r
0

. Left:

The case where the massive defect is outside the CMB sphere. Right: The massive defect is

inside the CMB sphere.

this configuration see Fig. 1. If r
0

> R, then the defect is outside the CMB sphere while the

defect will be inside the CMB sphere when r
0

< R.

The center of this CMB sphere is located at comoving distance r
0

from the position of the

monopole while any point on the CMB sphere is identified with two angles ✓ and �. Because

of the azimuthal symmetry, the latter does not play any role and we have

r = |x| = R
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in which ↵ ⌘ r
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/R. Plugging this into Eq. (30) we obtain
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where P
0

= (H2/2⇡�̇)2 is the homogeneous power spectrum. Here we comment that in order

for our perturbative analysis to be correct, we require that the corrections in variance to be

smaller than the isotropic and homogeneous one, i.e. �hR2(r)i ⌧ hR2(r)i(0). Assuming that

the logarithmic term is not hierarchically much di↵erent than unity, this requires 10 µ2 ⌧ 1

which is well consistent with our approximation in which µ ⌧ 1.

To calculate the dipole and higher multipoles for the variance of the curvature perturba-

tions, we decompose �hR2(r)i in terms of the Legendre polynomials as

�hR2(r)i = P
0

X

`

a`P`(cos ✓) . (33)
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Figure 2: Left. Values of the variance dipole (a
1

), quadrupole (a
2

) and octupole (a
3

), scaled

by 1/�, as functions of ↵. Right. The ratios of the quadrupole (a
2

) and octupole (a
3

) to the

dipole (a
1

) as functions of ↵.

Correspondingly, the multipoles a` for ` � 1 (i.e. neglecting the monopole which contains the

unknown parameters C
0

), are given by

a` =
2`+ 1

2

Z

1

�1

d(cos ✓)�hR2(r)iP`(cos ✓)

/ 2`+ 1

2

Z

1

�1

d(cos ✓)P`(cos ✓) ln
�

↵2 + 1� 2↵ cos ✓
�

. (34)

Combining this decomposition with Eq. (32), the dipole (a
1

), quadrupole (a
2

) and oc-

tupole (a
3

) are obtained to be

a
1

=
3�

16↵2
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. (37)

in which we have defined � ⌘ 668µ2/4(2⇡)2. As discussed before, the consistency of our setup

requires µ < 1 so we require � < 1.

One interesting feature of the above results is that ai are symmetric under ↵ ! 1/↵. This

has interesting interpretation. Suppose r
0

> R so the massive defect is outside the CMB

sphere and ↵ > 1. Now consider a situation in which ↵ ! 1/↵ so the defect is inside the

CMB sphere with rnew
0

= 1/r
0

. Then the variance for any point on the CMB sphere remains

unchanged. This reflection symmetry can be verified from Eq. (34) for all values of ` � 1.

Indeed, upon changing ↵ ! 1/↵, the right hand side of Eq. (34) yields

a` � ln(↵)
2`+ 1

2

Z

1

�1

d(cos ✓)P`(cos ✓) . (38)
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Combining this decomposition with Eq. (32), the dipole (a
1

), quadrupole (a
2

) and oc-

tupole (a
3

) are obtained to be

a
1

=
3�

16↵2

h

(↵2 � 1)2 ln
�

�

�

1 + ↵

1� ↵

�

�

�

� 2↵(1 + ↵2)
i

, (35)

a
2

=
5�

96↵3

h

3(↵2 � 1)2(1 + ↵2) ln
�

�

�

1 + ↵

1� ↵

�

�

�

� 2↵(3� 2↵2 + 3↵4)
i

, (36)

a
3

=
7�

768↵4

h

3(↵2 � 1)2(5 + 6↵2 + 5↵4) ln
�

�

�

1 + ↵

1� ↵

�

�

�

� 2↵(15� 7↵2 � 7↵4 + 15↵6)
i

. (37)

in which we have defined � ⌘ 668µ2/4(2⇡)2. As discussed before, the consistency of our setup

requires µ < 1 so we require � < 1.

One interesting feature of the above results is that ai are symmetric under ↵ ! 1/↵. This

has interesting interpretation. Suppose r
0

> R so the massive defect is outside the CMB

sphere and ↵ > 1. Now consider a situation in which ↵ ! 1/↵ so the defect is inside the

CMB sphere with rnew
0

= 1/r
0

. Then the variance for any point on the CMB sphere remains

unchanged. This reflection symmetry can be verified from Eq. (34) for all values of ` � 1.

Indeed, upon changing ↵ ! 1/↵, the right hand side of Eq. (34) yields

a` � ln(↵)
2`+ 1

2

Z

1

�1

d(cos ✓)P`(cos ✓) . (38)
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Gravitational waves

The metric perturbations for tensor modes are given by

ds2 = �
✓

1� GM

2a(t)r

◆2 ✓

1 +
GM

2a(t)r

◆�2

dt2 + a2
✓

1 +
MG

2a(t) r

◆4
�

�ij + hij
�

dxi dxj

hij (k) =
X

s

hs(k)esij (k) ,

ki e
s
ij (k) = 0, erij (k)e

s⇤
ij (k) = �rs , esii (k) = 0 .

The interaction Hamiltonian for GW comes from the Einstein-Hilbert term and after
integration N and Ni in ADM formalism.

H
(1)
I = �2µ⇡

M2
P

H

Z

d3x �(r)(hij )
2,

H
(2)
I = �2µ

M2
P

H

Z

d3x @j@k

✓

1

r

◆

hij hik ,

H
(3)
I =

9

8
µM2

PHa
2
Z

d3x
1

r
h2ij ,

H
(4)
I = µ

M2
Pa

2

8H

Z

d3x
1

r
ḣ2ij
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Because of the isotropy we choose

k = k(0, 0, 1) q = q(0, sin , cos )

The inhomogeneous GW power spectrum is

�
⌦

hr (k)hs(q)
↵(i)

= i

Z te

�1
dt

D h

H
(i)
I , hr (k)hs(q)

i E

= �2 Im

Z te

�1
dt

⌦

H
(i)
I , hr (k)hs(q)

↵

. (2)

Calculating the in-in integrals yield

�hh⇥(k)h⇥(q)i = � 2⇡2µH2

M2
Pk

3q3
cos 

✓

8� 9
k2 + q2

|k+ q|2
◆

� 32⇡2µH2

M2
P

sin2  

k2q2|k+ q|2

�hh+(k)h+(q)i = ⇡2µH2

M2
Pk

3q3
(cos2  + 1)

�

8� 9
k2 + q2

|k+ q|2
�

+
32⇡2µH2

M2
P

sin2  cos 

k2q2|k+ q|2 ,

The total inhomogeneous tensor power spectrum is

�
total

D

h(k)h(q)
E

= � ⇡2µH2

M2
Pk

3q3
(1� cos )2

k2 + q2 + 32kq + 16kq cos 

k2 + q2 + 2kq cos 
.

Unlike the scalar perturbations, the inhomogeneous tensor perturbations is linear in µ.



The geometry in the presence of cosmic string is given by

ds2 = �dt2 + a(t)2
⇣

d⇢2 + (1� 4Gµ)2⇢2d�2 + dz2
⌘

,

Or alternatively,

ds2 = �dt2 + a(t)2
⇣

dx2 � ✏

⇢2
(x2dy2 + y2dx2 � 2x y dx dy)

⌘

in which ✏ = 8Gµ.

The interaction Hamiltonian is

HI = � a(t)✏

2(2⇡)6

Z

d3x d3k d3q
��k��q

x2 + y2
(ykx � xky ) (yqx � xqy )e

i(k+q).x

Plugging this inside in-in integrals the corrections from cosmic string is

⌦Rk(te)Rq(te)
↵

=
⇣H2

�̇

⌘2
"

(2⇡)3

k3
�3(k+ q)� ✏⇡

⇣k2 + q2 + kq

k3q3(k + q)

⌘

�(kz + qz )⇥

⇥
h

2⇡2k? · q?�2(k? + q?) +
2⇡k? · q?
(k? + q?)2

+
4⇡

(k? + q?)4
(kxqy � kyqx )

2
i

#

. (3)

	 	

! 

"	

#	

$%	 &	

(a) (b)

(c)

Figure 1: (a) The configuration of the CMB sphere and straight cosmic string and the co-

ordinate in which we calculate CMB anisotropies. (b) The coordinate in which we work out

variance analysis. �ẑ lies towards the dipole asymmetry direction (which we take it as a

priori to be observer-cosmic string direction). (c) angular power spectrum of the variance

anisotropies. Here we have put ✏ = 1.
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There are two di↵erent contributions from cosmic string on CMB:

1- Qudarupole anisotropy

g⇤ = �3✏

8

Constraints from Planck date implies g⇤ . 10�2.
As a result, we obtain ✏ . 10�2.

2- Inhomogeneities ! Power asymmetry

at the lower cuto↵ of the integral, i.e. it appears at the IR cuto↵ of the integral. Using this

insight, we rescale all momenta by |x?| writing the asymmetric variance as

�hR(x)2i
asym. = �8⇡✏

✓

H2

�̇

◆

2

Z

|k?,q?|> ⇢
L

d2k?d2q?

(2⇡)6k2

?q
2

?
ei(k?+q?).ˆx?

1

(k? + q?)2

⇥
h1

2
k?.q? � 1

(k? + q?)2
k?.(k? + q?)q?.(k? + q?)

i

. (31)

Here ⇢ ⌘ x? =
p

x2 + y2 is the perpendicular distance from the point x on the CMB sphere

to the string and L represents the IR comoving cuto↵ of the setup, the size of an imaginary

box which is bigger than the observable Universe.

The scaling of the integrand above suggests that the dominant contribution in Eq. (31)

comes from the IR region in which k, q approaches their IR lower end. Using this insight, we

can easily obtain the order of magnitude of the above integral. For example, for the first term

in big bracket above we have

Z

d2k?d2q?

k2

?q
2

?

k?.q?

(k? + q?)2
=

Z

d�
1

d�
2

dk? dq?
cos(�

1

� �
2

)

k2

? + q2? + 2k?q? cos(�
1

� �
2

)

⇠
Z

k?,q?> ⇢
L

dk?dq?
1

k2

? + q2?

=
⇡

2
ln
⇣ ⇢

L

⌘

(32)

Note that in the second line we have neglected the integrals over �
1

and �
2

, the angular

directions of k? and q?, which do not change the IR behavior of the integral. Similarly, for

the second term in big bracket in Eq. (31) we obtain

Z

k?,q?> ⇢
L

dk?dq?
k?q?

(k2

? + q2?)
2

' ⇡

2
ln
⇣ ⇢

L

⌘

. (33)

Combining the asymptotic results Eqs. (32) and (33) we obtain

�hR(x)2i
asym. ⇠ � ✏

16⇡3

⇣H2

�̇

⌘

2

ln
⇣ ⇢

L

⌘

. (34)

Indeed, the above result can be confirmed by taking the integral in Eq. (31) analytically.

With some e↵orts one can take the integral over k
2

and q
2

in Eq. (31), obtaining

�hR(x)2i
asym. = � ⇡3✏

(2⇡)6

⇣H2

�̇

⌘

2

Z

dk
1

dq
1

ei(k1+q1)⇢

(k
1

+ q
1

)2

⇥
⇣

sgn(k
1

+ q
1

) + sgn(k
1

)
⌘⇣

sgn(q
1

) + sgn(2k
1

+ q
1

)
⌘

(35)

=
�⇡3✏

(2⇡)6

⇣H2

�̇

⌘

2

Z

dkdq
1

eik⇢

k2

⇣

sgn(k) + sgn(k � q
1

)
⌘⇣

sgn(q
1

) + sgn(2k � q
1

)
⌘

,
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Figure 1: (a): The original coordinate system in which the string is orientated along the

ẑ direction where we have calculated the corrections in power spectrum. (b): The new

coordinate in which we perform numerical analysis for variance. The direction of dipole

asymmetry is towards the �ẑ direction. In galactic coordinate we have ẑ = (l, b) = (44�, 22�)

and x̂ = (44�,�68�).

Taking the integral and being careful on sign functions gives the following result for the

asymmetric variance

�hR(x)2i
asym. = � ⇡3✏

(2⇡)6
(
H2

�̇
)2 ⇥ 4(�2⇡3)Re

⇣

Z

⇢/L

dk

k
exp(ik)

⌘

= � ✏

8⇡3

✓

H2

�̇

◆

2

ln(⇢/L)

= � ✏

2⇡
P (0)

R ln(⇢/L) . (36)

Interestingly, we see that our approximate result Eq. (34) is well consistent (up to a factor

of 2) with the exact result in Eq. (36).

In the next section we estimate the observational bounds on the model parameters by

comparing Eq. (36) with the Planck data.
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parts. The first part is homogenous and has the form of a quadrupolar statistical anisotropy.

Comparing with the Planck constraints on the amplitude of quadrupolar anisotropy we ob-

tain the upper bound Gµ . 10�2 so the energy scale of the underlying theories generating

cosmic string can not be significantly higher than the GUT scale. The second contribution

of a cosmic string to the curvature power spectrum breaks the translation invariance in the

plane perpendicular to string. This contributes to asymmetry in the variance of curvature

perturbations. The resulting constraint on the tension of cosmic string Gµ ⇠ 10�1 is about

an order of magnitude weaker than the constraint from the quadrupolar anisotropy.

By comparison, we comment that the bound on the tension of cosmic strings in a network

formed in a symmetry breaking after inflation is much stronger, Gµ . 10�7. This bound is

obtained by assuming that the network of cosmic strings generates a fraction of temperature

anisotropies in CMB maps, say less than ten percent of total power spectrum, see for example

[53, 54, 55, 56]. However, in our picture the assumption is that the primordial string evapo-

rates during reheating so it doe not contribute actively to the temperature anisotropy in the

subsequent evolution of the Universe. In addition, a network of cosmic string formed after

inflation generates a featureless plateau in the CMB angular power spectrum predominantly

on high `. But, as we have seen, the primordial string in our picture generates power asym-

metry and quadrupolar anisotropy on low ` regions. Therefore, the contributions of a network

of string formed after inflation and the primordial string during inflation on the CMB power

spectrum are quite distinct. Therefore, our results can only constrain the scale of symmetry

breaking responsible for the formation of strings during inflation.

We have calculated the contribution of the above mentioned two terms in CMB angular

power spectrum. Because isotropy and homogeneity are broken, we will have o↵-diagonal

contributions in the angular power spectrum. The contribution of the inhomogeneous part

rapidly falls o↵ with ` for both diagonal and o↵-diagonal parts. A dedicated data analysis is

required to investigate the full e↵ects of strings on CMB temperature and polarization maps.

In our analysis we have considered the simple picture of an infinite straight string in a

Hubble patch. In a realistic situation, one may encounter a network of cosmic strings during

inflation. So it is an interesting question what would be the imprints of a network of cosmic

strings with a mix of loops and long strings on the inflationary power spectrum. During

inflation the strings are diluted quickly so if one waits for few e-folds then our picture of a

long straight string is justified. However, during the short transient regime when the strings

are being diluted, the imprints of a network of cosmic strings in inflationary power spectrum

would be much more complicated than our results. It may be an interesting question to look

for the transient e↵ects of a network of cosmic string during the early stage of inflation and

to see whether a network of cosmic strings can address the anomalies on CMB maps.

Acknowledgments: We thank Yashar Akrami, Jaume Garriga, Martin Kunz and Alessio

Notari for useful discussions. H. F. would like to thank the University of Barcelona for

hospitality where this work was at its final stage. The computations were performed at
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Surface of constant variance

 = 0.5  = 2
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Figure 3: Angular power spectrum of the variance for dipole, quadrupole and octupole with

the normalization ✏ = 1.

disks that had more than 90 percent unmasked pixels to construct a variance map and ignored

other disks. Finally, we computed alm for all of our variance maps and tried to maximize the

likelihood function over the parametric space. Since alm decays rapidly for large `, we looked

only at their values for ` < 10. The best fit values extracted out of this procedure for our

parameters are (✏,, ) = (0.2250, 1.000, 1.639), see Fig. 5.

There are two points to make. First, we see that this best fit value, ✏ = 0.2250, obtained

from the dipole asymmetry is an order of magnitude weaker than the constraint ✏ . 10�2

obtained from the constraints on quadrupole statistical anisotropy. Second, the best fit value

 = 1 corresponds to the configuration in which the string is attached to CMB sphere. In

realistic situation, it requires fine-tunic so one expects  to be somewhat di↵erent than unity.

5.2 Angular spectrum of TT map

Here we perform the analysis of CMB angular two point function.

Computing the angular two point function of the TT map with the primordial curvature

power spectrum Eq. (22) is straightforward. The details of the formulas are reported in

Appendix A. It is useful to decompose the primordial spectrum into two parts as represented

in Eq. (42). The first part does not violate the translational invariance and as mentioned

before is simply a quadrupole term, while the second part breaks the translational invariance.

These two parts have di↵erent contribution into the angular power spectrum, hence in the

following we compute and plot each contribution separately.

The results shown in Fig. 6 are plotted for the best fit values found in Fig. 5, namely

16

5 Numerical results and comparison with observations

Having obtained the analytical estimate for the variance of curvature perturbation in Eq.

(36) in this section we look for the constraints on the model parameters by comparing our

analytical result for the variance with the Planck data.

5.1 Variance of the TT map

In [10], the authors have constructed a map of variance out of the TT map of the Planck

data. They have obtained the best fit values for the direction of the variance asymmetry as

well as the multipole moments of the variance map. In their analysis they have assumed the

SO(2) symmetry for the map of the variance of temperature fluctuations. However, in our

model by locating an infinite cosmic string near our Hubble patch during inflation, we have

spontaneously broken all rotational symmetries as well as the two-dimensional translational

group on the plane perpendicular to string. Nevertheless, in order to constrain our model’s

parameters with the actual data and especially with the results of [10], we average over

the direction of cosmic string to resume the SO(2) symmetry and thereby to compute the

multipole moments of anisotropies in the map of variance.

Since we average over the orientation of sting in a two-dimensional plane, the preferred

direction is now the direction perpendicular to this plane. We change the coordinate system

such that now the third axis is perpendicular to this plane. One particular realization of

string is identified by the angle  measuring the angle of string with the new x̂ direction. For

a schematic view of the orientation of string in the old and the new coordinate system look

at Fig. 1.

In the new coordinate system, the anisotropic correction in variance of curvature pertur-

bation from Eq. (36) (after removing the constant isotropic piece) is given by

Var(✓,�|✏,, ) = � ✏

4⇡
ln
⇣

1 + 2 sin2 ✓ sin2(��  ) + 2 cos2 ✓ + 2 cos ✓
⌘

, (37)

in which we have defined  ⌘ r/⇢
0

where ⇢
0

is the distance between string and the center of

CMB sphere and r is the comoving radius of CMB sphere as shown in Fig. 1. In Fig. 2 we

have plotted the curves of constant variance on the CMB sphere. These curves are obtained

by intersecting the hypersurfaces of constant ⇢ with the CMB sphere.

Now we need to average over the string direction to compute an angular spectrum for the

map of variance. In order to do this, firstly we compute the alm multipoles associated with

(37):

alm ⌘
Z

d⌦ Y ⇤
lm(✓,�)V ar(✓,�) . (38)

Summing over m should give us a good measure for asymmetry. In other words, this sum-

mation removes the string direction, leaving the observer with the averaged angular power
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Figure 1: (a): The original coordinate system in which the string is orientated along the

ẑ direction where we have calculated the corrections in power spectrum. (b): The new

coordinate in which we perform numerical analysis for variance. The direction of dipole

asymmetry is towards the �ẑ direction. In galactic coordinate we have ẑ = (l, b) = (44�, 22�)

and x̂ = (44�,�68�).

Taking the integral and being careful on sign functions gives the following result for the

asymmetric variance

�hR(x)2i
asym. = � ⇡3✏

(2⇡)6
(
H2

�̇
)2 ⇥ 4(�2⇡3)Re

⇣

Z

⇢/L

dk

k
exp(ik)

⌘

= � ✏

8⇡3

✓

H2

�̇

◆

2

ln(⇢/L)

= � ✏

2⇡
P (0)

R ln(⇢/L) . (36)

Interestingly, we see that our approximate result Eq. (34) is well consistent (up to a factor

of 2) with the exact result in Eq. (36).

In the next section we estimate the observational bounds on the model parameters by

comparing Eq. (36) with the Planck data.
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Figure 6: Some elements of the first (homogenous) and second (inhomogeneous) parts of the

power spectrum Eq. (22) for the angular power spectrum matrix, C
(l,m)(l0,m0

)

, evaluated for

the best fit values found by variance analysis in Fig. 5. (a): the diagonal part of the first

contribution with the sum overm. (b): the diagonal part of the second contribution evaluated

for di↵erent m. Since the computational cost of calculating this part is very high, we did not

sum over all m. (c): the l
2

= l
1

+ 2 elements of second part of the angular power, evaluated

for di↵erent m. (d): the l
2

= l
1

+ 2 element (the only non zero o↵ diagonal element) of the

first contribution

justified. However, during the short transient regime where the strings are being diluted, the

imprints of a network of cosmic strings in inflationary power spectrum would be much more

complicated than our results. It may be an interesting question to look for the transient e↵ects

of a network of cosmic string during early stage of inflation and to see whether a network of

cosmic strings can address the anomalies on CMB maps.

Acknowledgments: We are grateful to Yashar Akrami for many helpful discussions and

correspondence. We also thank Martin Kunz for useful discussions. The computations were

performed at University of Geneva on the Baobab cluster.
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contribution with the sum overm. (b): the diagonal part of the second contribution evaluated
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justified. However, during the short transient regime where the strings are being diluted, the

imprints of a network of cosmic strings in inflationary power spectrum would be much more

complicated than our results. It may be an interesting question to look for the transient e↵ects

of a network of cosmic string during early stage of inflation and to see whether a network of

cosmic strings can address the anomalies on CMB maps.
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correspondence. We also thank Martin Kunz for useful discussions. The computations were

performed at University of Geneva on the Baobab cluster.
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Bubble nucleation during inflation

Quantum tunneling from a false vacuum
to a true vacuum leads to bubble formation.

The early universe can have a complicated
potential with many maxima and minima. This
is partly motivated by landsacape hypothesis.

We are interested in a situation that more than
one field is involved during inflation: the spectator
field  and the inflaton field �. The potential
along the spectator field has a false vacuum and
a true vacuum. Originally  is locked in its false
vacuum. However, it tunnels to its true vacuum
resulting in bubble nucleation during inflation.

The bubble has a small initial radius. It expands
relativistically and asymptotically reaches its
comoving radius 1/H.

 

    F. V.      T. V.  

 

 𝑅 

 𝑟0 

Figure 1: Left: the diagram of bubble evolution in conformal time, in which the regions of

true vacuum (T. V.) and false vacuum (F. V. ) are separated by the bubble wall, denoted by

the curved solid line. Right: the evolution of the bubble with respect to the CMB sphere in

spacetime. rf is the final radius of the bubble in comoving scale.

background fall into the interior regions. Our assumption is that the observable CMB sphere

is outside the formed bubble. But as the bubble expands rapidly, it will hit the CMB sphere

and can encompass the entire or parts of CMB sphere, depending on relative kinematical

configuration.
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3 Bubble wall expansion

As described above, the bubble wall expands relativistically after formation, dividing the

spacetime into two FRW backgrounds. The interior is filled with the true vacuum while the

exterior regions are still in false vacuum. In the limit that we neglect the subleading slow-roll

corrections, the interior and the exterior regions can be approximated by dS spacetimes with

constant Hubble expansion rates H
�

and H
+

. We consider the situation where the di↵erence

in the values of the potential at the true and the false vacuum is small, �V ⌧ Vinf , in

which Vinf is the inflationary potential yielding the background (exterior region) expansion

Vinf = 3M2

PH
2

+

.

Our goal in this section is to determine the dynamics of the expansion of the bubble

wall into the false vacuum. This is required for our purpose to determine what an observer

outside the bubble (false vacuum) expanding with a time-like trajectory sees when swept by

the bubble, entering the true vacuum inside the bubble. To answer this, first we need to know

how the bubble a↵ects the background equations. Then, we will investigate the correction

terms due to bubble as a perturbation to the background equations of motion. For related

works dealing with the expansion of bubble in cosmological backgrounds and its cosmological

implications see [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39].

Suppose the bubble wall, denoted by the time-like hypersurface ⌃, divides the whole

spacetime V into two regions V +, the exterior of bubble, and V �, the interior of bubble. Let

nµ denotes the unit normal to ⌃. To have a consistent solution of Einstein’s field equations,

we require that the induced metric on the three-dimensional hypersurface ⌃ to be continuous

while the extrinsic curvature Kµ⌫ = nµ;⌫ on ⌃ satisfies the Israel’s junction condition [40]

[Kij] = �8⇡G

✓
Sij �

1

2
hijS

◆
, (6)

where G = 1/8⇡M2

P is the Newton constant, hij denotes the induced 3-metric on ⌃, Sij

representing the surface energy density with S being its trace and the symbol [ ] denoting the

discontinuity across ⌃. For our bubble wall with surface energy density �, we have

Sij = ��hij , S = �3� . (7)

For the line elements on the exterior region V + and the interior region V �, we take them

to be dS spacetimes with the metrics

ds2 = �dt2
+
+ a2

+
(t+)

�
dr2

+
+ r2

+
d⌦2

�
, (8)

and

ds2 = �dt2� + a2�(t�)
�
dr2� + r2�d⌦

2

�
, (9)

in which d⌦2 = d✓2 + sin2 ✓ d�2 represents the angular part of the metric which is the same

in both spacetimes. Note that we have allowed the coordinates (t, r) to be di↵erent on V ±,

as their relations will be fixed after imposing the junction conditions.
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The induced metric on the bubble wall ⌃ has the form

ds2 = �d⌧ 2 +R2(⌧)d⌦2 , (10)

where R(⌧) represents the radius of the bubble as measured by the time ⌧ accessible to the

observer confined on ⌃.

The unit normal nµ is given by

nµ =
�
⌥a(t

±

) r0
±

,±a(t
±

) t0
±

, 0, 0
�
, (11)

where a prime indicates the derivative with respect to ⌧ .

The conditions of the continuity of the metric on ⌃ require that

R(⌧) = R
+

(⌧) = R
�

(⌧) , (12)

where R
±

⌘ a(t
±

)r
±

, and

d⌧ 2 = dt2
+
� a(t

+

)2dr2
+
= dt2� � a2�(t�)dr

2

� . (13)

The latter equation yields

t0
±

2 � a(t
±

)2r0
±

2 = 1 . (14)

The relevant component of extrinsic curvature is given by

K±

✓✓ = R

✓
a(t

±

)�1

@R

@r
±

t0
±

+ a(t
±

)R0r0
±

◆
. (15)

Now, using the condition (14) we obtain

(K±

✓✓)
2 = R2

✓
R0

2 + (1� 2m
±

R
)

◆
, (16)

where we have defined the Misner-Sharp mass [41, 42] as

m
±

=
R

±

2G
(1� gµ⌫

±

@µR±

@⌫R±

)

=
R3H2

±

2G
. (17)

Finally from equations (16) and (17), the equation of motion of the shell is obtained to be

R0

2 + 1 =

✓
m+ �m�

4⇡�R2

◆
2

+

✓
m+ +m�

R

◆
+ 4⇡2�2R2 . (18)

The above equation can be written as

A2R2 �R02 = 1 , (19)
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w

+

-

where we have defined

A2 ⌘ �2

16M4

P

+
H2

+

+H2

�

2
+

M4

P

�2

(H2

+

�H2

�

)2 . (20)

In our picture, the di↵erence between the two Hubble expansion rates H
±

is small so we

define H
+

= H
�

(1 + ✏) in which ✏ is a small dimensionless parameter. Correspondingly, the

di↵erence between two minima �V is given by

�V = 3M2

P (H
2

+

�H2

�

) = 6MP 2H✏H = 2✏V . (21)

On the other hand, the initial physics size of the bubble is related to �V via a
0

r
0

= 3�/�V

[1]. This can be used to express � in terms of the dimensionless parameter � defined in Eq.

(1) as

� = 2✏M2

pH
2

�

� . (22)

Plugging this relation in the definition of parameter A defined in Eq. (20) yields

A2 = H2

�

⇣ 1

�2

+ (1 + ✏) + ✏2�2

⌘
. (23)

In our analysis below, we express the physical results to linear order in ✏ ⌧ 1.

Before proceeding to next section, there is one comment in order. In writing the metric

of the exterior region V + we have assumed that the bubble has no e↵ective mass. Otherwise,

the metric of the exterior region should be in the form of dS-Schwarzschild solution. On the

physical ground, we do not expect this to be the case. The simple reason is that the regions

far from the bubble shell have not felt the formation of the bubble. Therefore, based on

causality, the metric in the region V + can not be a↵ected by the shell and they should retain

their original dS metric with the Hubble expansion rate H
+

. Technically speaking, based on

energy conservation, the negative energy inside the bubble is canceled by the positive tension

of the bubble’s wall. This cancellation is exact in Minkowski spacetime and is expected to

hold to leading order in M�2

P [3].

4 The relations between two coordinates

In this section, we find the relation between the coordinates (t
�

, r
�

) and (t
+

, r
+

) for the

interior and the exterior regions of the shell.

The solution of shell expansion from Eq. (19) is given by

R(⌧) =
1

A
cosh(A⌧) , (24)

in which we have absorbed an unimportant phase by shifting the origin of ⌧ .
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dipole part, cancels from every observable [52, 53]). Therefore, we conservatively conclude

that the quadrupole and octupole constraints from CMB imply that ✏�2 . 10�5. In the real-

istic situation that ✏ is not unnaturally small, say taking ✏ ⇠ 10�2, we conclude that � ⌧ 1.

Therefore, in the rest of our analysis we work to leading order in �, discarding higher powers

of �. A small � corresponds to a small size of bubble at the time of formation. In this limit,

according to (32), the bubble wall rapidly reaches the speed of light.

6 Interaction Hamiltonian

Our goal is to calculate the corrections in curvature perturbations power spectrum induced

by the formation of bubble. The logic is similar to [23, 24, 25] and [43] where the imprints

of various topological defects during inflation on curvature perturbations are studied, see

also [44, 45, 46, 47, 48] for related works on defects during inflation. In our picture, the

bubble is essentially a defect with a surface energy density which is expanding in the exterior

dS background. As in the case of topological defects, the bubble modifies the background

geometry. This modification in geometry is felt by the inflaton field, inducing a correction

in Hamiltonian which leads to modifications in the curvature perturbation power spectrum.

Our goal in this section is to calculate the interaction Hamiltonian to leading order in model

parameters, namely ✏ and �.

As in [43, 23, 24, 25], we neglect the gravitational backreaction of the inflaton field on the

background geometry. The gravitational backreaction of inflaton modifies the dS geometry

at the order of slow-roll parameter ✏H = �Ḣ/H2. Noting that ✏H ⇠ �̇2/M2

pH
2, the combined

contribution of slow-roll correction (i.e. gravitational backreaction of inflaton) and the bubble

induces correction of order ✏
p
✏H in curvature perturbation power spectrum. In the slow-roll

limit, ✏H ⌧ 1, this can be neglected compared to direct contribution of bubble on dS geometry

which will be at the order ✏.

The metric outside of the bubble has its original form, i.e. the form before bubble for-

mation. However, the metric of the interior is di↵erent than the exterior as was obtained in

section 4. To calculate the whole action, it is better if we express the metric of the interior

region in terms of the exterior coordinates using the relations between the two coordinates

obtained in section 4. The metric of the interior of the bubble, expressed in terms of the

exterior coordinate, is given by

ds2 = �
⇣dt

�

dt
+

⌘
2

dt2
+

+ exp
⇣
2H

�

t
�

(t
+

)
⌘h�dr

�

dr
+

�
2

dr2
+

+ r
�

(r
+

)2d⌦2

i
, (44)

= (�1� 2✏)dt2
+

+ exp(2H
+

t
+

)
h⇣

1 + 2✏(1 + �2)
⌘
dr2

+

+ r
�

(r
+

)2d⌦2

i
.

Now the whole spacetime can be expressed in terms of the exterior (original) coordinates

t
+

, r
+

as follows

ds2 = �dt2 + exp(2H
+

t)(dr2 + r2d⌦2) + �gµ⌫✓(t� t
0

)✓(R(t)� r)dxµdx⌫ , (45)
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where to simplify the notation we have removed the subscript “+00 so t and r actually mean

t
+

and r
+

respectively in the following analysis.

In this coordinate system, the correction in metric geometry induced by the bubble is

given by

�g
00

= �2✏ (46)

�grr = 2a2✏(1 + �2) ' 2a2✏ (47)

�g✓✓ = sin�2 ✓�g�� ' 2a2r2✏
⇣
1� �

2Hr

⌘
(48)

In the third equation, we have used Eq. (34) to express r
�

(r) in terms of r
+

. Also we have

discarded O(�2) corrections as explained at the end of section 5.

In the new coordinate which is smooth over the bubble, the background inflaton field is

homogeneous h�i = �(t). Neglecting the gravitational backreaction, the interaction Hamilto-

nian for the inflaton perturbations is given by

HI = ✓(t� t
0

)

Z
d3x

⇣p
�g

1

2
�gµ⌫@µ��@⌫��+ �

p
�g

1

2
gµ⌫@µ��@⌫��

⌘
. (49)

Now using

�
p
�g = ✏

p
�g

⇣
6� �

Hr

⌘
, (50)

the interaction Hamiltonian to leading order in ✏ and � is obtained to be

HI(t) = 2✏✓(t� t
0

)

Z rW (t)

0

a3r2drd⌦
h��̇2

2
(�1 +

�

2Hr
) +

(r��)2

2a2
� �(@r��)2

4a2Hr

i
, (51)

in which t
0

represents the time of the formation of bubble and rW (t) represents the time

dependent comoving radius of bubble. In our approximation where the bubble has reached

its final expanding stage, from Eq. (32) we have

rW (t) = rf + v⌘ . (52)

in which ⌘ = �1/aH is the conformal time.

In obtaining the interaction Hamiltonian Eq. (51) we have neglected the terms at the order

✏�2 but we have kept terms at the order ✏�. This is because inside the bubble 0 < r < rW (t),

and the asymptotic value for rW (t) is given by 1/2A ⇠ �/2H, hence ✏�/Hr > 2✏. Therefore,

this term is not negligible even near the surface of the bubble.

7 The e↵ects of bubble on curvature perturbations

Having obtained the interaction Hamiltonian, we are ready to calculate the corrections in the

curvature perturbation two point function. Since R is proportional to inflaton perturbations
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dependent comoving radius of bubble. In our approximation where the bubble has reached

its final expanding stage, from Eq. (32) we have

rW (t) = rf + v⌘ . (52)

in which ⌘ = �1/aH is the conformal time.

In obtaining the interaction Hamiltonian Eq. (51) we have neglected the terms at the order

✏�2 but we have kept terms at the order ✏�. This is because inside the bubble 0 < r < rW (t),

and the asymptotic value for rW (t) is given by 1/2A ⇠ �/2H, hence ✏�/Hr > 2✏. Therefore,

this term is not negligible even near the surface of the bubble.

7 The e↵ects of bubble on curvature perturbations

Having obtained the interaction Hamiltonian, we are ready to calculate the corrections in the

curvature perturbation two point function. Since R is proportional to inflaton perturbations
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��, we need to calculate the corrections in inflaton two point function. More specifically, with
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7.1 In-In formalism

Using the standard in-in formalism [49, 50], the corrections in inflaton’s two point correlation

induced by bubble to leading order in ✏ is given by
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⌦
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0)��k(te)��q(te)
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in which te indicates the time of end of inflation.

To proceed further, we need to calculate HI in Fourier space. We present the Fourier

transformation of the three types of terms in HI separately as follows:
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0

r2drd⌦(r��)2 =

Z
d3kd3q

(2⇡)6
�4⇡k.q

|k+ q|3 ��k��q

⇥
⇣
sin(|k+ q|rW (t))� rW (t)|k+ q| cos(|k+ q|rW (t))

⌘
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1� cos(|k+ q|rW (t))

⌘
. (57)

The Fourier transformation of the term (@r��)2 is more involved, so before integrating

over k,q, we use a new coordinate such that

k+ q = |k+ q|k̂ , k = k cos k̂ + k sin ĵ , q = q cos(↵�  )k̂ + q sin( � ↵)ĵ , (58)

where ↵ is the angle between k,q while  is the angle between k and k + q. It is easy to

verify that

cos =
k + q cos↵

|k+ q| , sin =
q sin↵

|k+ q| , cos(↵�  ) =
q + k cos↵

|k+ q| . (59)
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First, let us check if there is any strong amplification in two point function in the limit

k + q ! 0. This configuration arises if the translation invariance holds, requiring k + q = 0

from the momentum conservation. This configuration contributes to the diagonal components

of the CMB temperature power spectrum. Of course, in the presence of the bubble the

translation invariance is lost so there is no requirement of having k+q = 0. Interestingly, all

of the apparent singularities in HI in the limit k+ q ! 0 cancels, yielding

lim
k+q!0

HI = k2��k��q
⇡r3W
3

(2� rf
rW

) + 2⇡r2W ��0

k��
0

q(
rf
2

� rW
3
) , (66)

in which, rf is the final asymptotic comoving radius of the bubble.

Correspondingly, the result of the in-in integral, including the time dependence of rW (t),

in this limit is obtained to be

lim
k+q!0

�h��k��qi = �⇡✏H2rf
6k5

(6r2fk
2 + 25)� ⇡✏H2rf

6k5

(2r2fk
2 + 3) ,

=
�2⇡✏H2r3f

3k3

(2 +
7

k2r2f
) . (67)

Now we focus on the o↵ diagonal elements. To simplify the analysis further, we assume

configurations in which the size of CMB sphere is much smaller than the final size of the

bubble. In such cases the CMB observer can probe only the small modes with |k+q|rf � 1.

In this limit, the Hamiltonian simplifies to

lim
|k+q|rf�1

HI =
2⇡

|k+ q|2 ��
0

k��
0

q

⇣
(rW � rf ) cos(|k+ q|rW ) + rf

⌘

� 2⇡kqrf
|k+ q|4 ��k��q

⇣
2kq + (k2 + q2) cos↵ +

cos(|k+ q|rW )[kq + kq cos2 ↵ + k2 cos↵ + q2 cos↵]
⌘

+
2⇡kq cos↵

|k+ q|2 rW (⌧) cos(|k+ q|rW )��k��q . (68)

Even with these simplifications, the result of the in-in integral is too complicated to report for

a general shape. However, there is a window of momenta in which the power spectrum may

peak sharply. Let us define K ⌘ |k+ q|. Using (68) one can easily see that when K = k + q

there is a potential place for resonance between the expression exp(ik⌧) exp(iq⌧) inside the

in-in integral and the classical behavior cos(K(rf �⌧)) in the interaction Hamiltonian. In this

limit, we only keep the oscillatory cosine term in HI and neglect the other terms. In addition,

we also neglect the mild time dependence in coe�cient of the oscillatory terms. With these
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simplifications the oscillatory part of the two point function is calculated to be

�h��k��qiosc =
�2⇡H2 ✏ rf sin

2 ↵

K4kq

cos(Krf )

(K + k + q)(K � k � q)
⇥

h
K(K + k + q)(K � k � q)ln(

K + k + q

K � k � q
) + 2(k + q)(k2 + q2 + kq �K2)

i
,

=
�2⇡✏H2rf sin

2 ↵

kqK4

cos(Krf )

⇥
h
K ln(

K + k + q

K � k � q
) +

2(k + q)(k2 + q2 + kq �K2)

K2 � (k + q)2

i
. (69)

From this calculation we see that the aforementioned resonance (in ↵ ! 0 limit) disappears.

The high oscillatory term cos(Krf ) in the limit Krf � 1 can not be taken too seriously.

The reason is that this high oscillatory pattern is the artifact of our assumption that the the

bubble wall has no thickness. Considering a realistic situation in which the bubble wall has a

finite thickness, then rapid oscillations for the wavelength shorter than the width of the shell

thickness disappear.

The non-oscillatory contribution to two point function is given by

�h��k��qinon�osc =
�4⇡✏rfH2

K2(k + q)kq
+

4⇡✏rfH2

k2q2K4(k + q)
(k2 cos↵ + q2 cos↵ + 2kq)(k2 + q2 + kq).(70)

Comparing (69) and (70) with (67) we observe that in the limit |krf | � 1, the diagonal

elements of the two point function in Fourier space induced by the the bubble scales like (krf )3

while the o↵-diagonal terms scales like krf . Naively this suggests that for these (short) modes

the approximate homogeneity holds and the o↵-diagonal terms can be neglected to leading

order. However, one should note that the leading r3f in Eq. (67) can not be distinguished

from the overall isotropic COBE normalization. To see this, suppose that we quantize the

mode k in a box with the size rf . In this box we can replace (2⇡)3�3(k+ q) with r3f . So the

total Power spectrum is

Pk = P
0

⇣
1� 28⇡✏

3k2r2f

⌘
, (71)

where P
0

= (
H2

2⇡�̇
)2(1� 8⇡✏

3
) is the isotropic power spectrum. As just mentioned, we see that

the leading r3f correction in Eq. (67) only modifies the normalization of P
0

. Therefore, the

observable scale-dependent corrections in power spectrum is given by the subleading term in

Eq. (67) which induces correction in Pk scaling like 1/(krf )2.

The above formula suggests that the corrections in diagonal components of the curvature

perturbation two point function is negative and falls o↵ rapidly on small scales. In addition,

the o↵-diagonal corrections to the two point function are at the same order, 1/(krf )2. There-

fore, the e↵ect of the bubble can be viewed as due to violation of homogeneity. A careful CMB

data analysis is required to study the predictions of this model and to see if the contributions

of the bubble to diagonal and o↵-diagonal components improve the fit to the data which can

also be used to constrain the model parameters.

17
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The effect of bubble on curvature perturbation is 

There are corrections to diagonal parts and the off-diagonal parts

The corrections in diagonal part is 

The corrections in off-diagonal parts are more complicated
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the approximate homogeneity holds and the o↵-diagonal terms can be neglected to leading

order. However, one should note that the leading r3f in Eq. (67) can not be distinguished

from the overall isotropic COBE normalization. To see this, suppose that we quantize the

mode k in a box with the size rf . In this box we can replace (2⇡)3�3(k+ q) with r3f . So the

total Power spectrum is

Pk = P
0

⇣
1� 28⇡✏

3k2r2f

⌘
, (71)

where P
0

= (
H2

2⇡�̇
)2(1� 8⇡✏

3
) is the isotropic power spectrum. As just mentioned, we see that

the leading r3f correction in Eq. (67) only modifies the normalization of P
0

. Therefore, the

observable scale-dependent corrections in power spectrum is given by the subleading term in

Eq. (67) which induces correction in Pk scaling like 1/(krf )2.

The above formula suggests that the corrections in diagonal components of the curvature

perturbation two point function is negative and falls o↵ rapidly on small scales. In addition,

the o↵-diagonal corrections to the two point function are at the same order, 1/(krf )2. There-

fore, the e↵ect of the bubble can be viewed as due to violation of homogeneity. A careful CMB

data analysis is required to study the predictions of this model and to see if the contributions

of the bubble to diagonal and o↵-diagonal components improve the fit to the data which can

also be used to constrain the model parameters.
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Conclusion

Inflation is the leading paradigm for early Universe
and for generating

There are evidences for power asymmetry on
CMB maps. However, the statistical significance of
this detection is under debate.

A domain wall during inflation breaks the translation
invariance and can generate large scale dependent
dipole asymmetry and sub-leading quadrupole and higher
multipoles power asymmetry.

A massive defect maximally breaks translational invariance
while leaving the isotropy intact. A scale dependent
dipole asymmetry is generated while the higher multipoles
can be suppressed.

Cosmic string induces both statistical anisotropies and
power asymmetry. The primary constraint on the tension
of strings comes from the quadrupole anisotropy
yielding Gµ . 10�2.

Vacuum bubble from tunneling generates non-trivial
power anisotropies which can be tested on CMB.


