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M?2 nonrenormalizable
— /dtddx R

e

M2
- —P/dtddx (hij0hij + R*Ch +...)

SEH —

2

Stelle (1977)
/ (MZR + R, R* + R?)

e (MZhi;Ohi; + hijOhi; + ...

\

dominates at &£ > Mp

The theory is renormalizable and asymptotically free !

Fradkin, Tseytlin (1981)
Avramidi, Barvinsky (1985)

But has ghost poles =B no unitary interpretation



Never give up

Horava (2009)
/dt ddI(hijhij = hw<—A>zhm S )

x b—(z—l—d)
e 4o bl 2y

x—blx, t— b %t
Critical theory in z =d

LI is necessarily broken.We want to preserve as many
symmetries, as possible

Tt — T(x, t) o> vi; N, i=1,...,d
t — t(t) ’ N

We consider projectable models with N=1 in what follows



Foliation preserving diffeomorphisms  z* s 7'(x,t) , ¢~ £(t)

ADM metric decomposition

ds? = N2dt? + ~;;(da’ + Ndt)(da?d + Nidt) ,  4,j=1,...,d

ya
space

dimensionality

Scaling transformations and scaling dimensions

2= ATt ATF, NT S APTINT v o i,

[x] = -1, [t] = —2, [N]=2—-1, [v;]=0, [K;]=-=

. 1 d ¥ 2
Horava gravity S = %/ dt d’z /AN (Kij KV — AK? = V(7))
action 1.

Kij = 55 (Yij — VilNj — ViIN;)

V() =2A—nR+ pR® 4 R iRV + v1R? + 1o RR;;RY
Potential

term +v3RERLRY + vV RV'R + vs VR VIRIF + ..

Extra structures in non-projectable theory, reduction of structures
for detailed balance case



dd+1p

N = d=+ 1 — 2N = physical dimensionality

Deg of div/
(r)

@ p= (w,k), p?— w?+k?*

dw d°k

— z+d— 2zN = scaling dimensionality
(wQ - kQZ>

Deg of div/ .

physical dimensionality # scaling dimensionality



Counting degree of divergences and dimensionalities

Tr In ( — 024 (D) + ) ‘div

oods > ; VQkRnaerp
_ (45 _s[-2H(-a)+.]| d,. 1/2 i
6/ : e t N ded Ty Z D
D:d+z_2(n_|2_k)_(p+r)z degree of [s] = [e] = —22
~ divergence
D<O0, p>2 =2z2>d z=d critical value

Log divergent potential terms
k—+n
d

r+p=0 D=1-— =0 =>k+n=4d [V?*R"]=2d

Vd=2) (1) = 24 — R + 1 R?

VI=3)(y) = 24 — nR 4 1 R? 4+ O(R3, RV?R)



So what about renormalizability
or why power-counting is not enough ?

Divergences are local and are removed by local counterterms
of dim < 2d that/are already present in the action

this is not guaranteed 0 gauge invariance

1D £ (k) —
/H H 1 (P (m)(k))
[ 11 aw®ak® Fowio ] !
=1 =1 A (0 (W) 4 Bin (KW (k))

Generalization of BPHZ renormalization theory (subtraction of
subdivergences) works only for A,,>0 and B,,>0 (orA,,<0
and B,<0) \ Y :

depends on gauge fixing




Toy model: d=2

| .
S=55 [ dt d*x(Ki; K7 — AK? — uR?)

propagates a single scalar that is well-behaved at A < 1/2or) > 1

linear combination
of the fields

"\

Lof = ——FiQ;; F

2G \

invertible operator

We need to fix the gauge:

not to spoil p.c. B> (L] =
f O, islocal W [0;;]>0 o [F'] <2



F'=N', Oy =6

Ps(w, p) .
s\W,p) = —
J L w? + pgy v

4k2(1 — \)

(hij(PYht(=p)) = ————5—0ij0k1 Ps(p) .
542 w2 O(*)Ps(p) 1
+(5z‘k;5jl + 010k — 25@151@1)? T/MQ w?

Ps(p)
2 5
(5ijpkpl + P@‘pjfskz)]@ — PiPjPEPL| — 5

1—A
1 -2\

—|—].6H:2[,b[

= (..) x|t (x)
Analogy: Coulomb gauge in QED and YM theory

What is the analogue of relativistic gauges?



Regular gauges for HG

L, must be non-local

Use guidance from the relativistic case
F'UJ:&/hu,u—l—... ’ Fi:Ni—l—ajhji—i—...

For HG put additional spatial derivatives on h;; to preserve
the homogeneous scaling. For d=2:

F'= N* + &1 Al + egxohh + 630,001
B =3 g (0] =2

Oi; = — (0 + £0;9;)



The choice

| - 1 A

o 20

Oz 0k

decouples N’ from £;; in the quadratic action

iy regular propagators for all fields (including
Faddeev--Popov ghosts)

two free gf. parameters o, §

Straightforward generalization to d > 2 ,e.g.

Ogisz — A_l (513A + f(?z-(?j)_l



Diagrammatics in brief

* induction in the number of loops

* subdivergences are cancelled by counterterms introduced
at the previous steps

* introduce the degree of divergence D defined as the
scaling of the diagram under stretching the loop momenta

. d
and frequencies Kioop — 0 Kioop s Wioop F 0 Wioop

@prepagators s> diagrams with D < 0 converge

 diags. with D > (0 require local counterterms of scaling
dimension at most 2d




What about gauge invariance ?

this is tricky ...
Gl is explicitly broken by the gauge-fixing. Instead, we have to

rely on the Slavnov-Taylor identities 0 BRST symmetry.

The latter gets deformed at each loop order and requires non-

linear field renormalization to restore ...

Use the background-field method
(why it works is in the second part of the talk)



Yij = Yij + hij | N* = N* + n’
covariantize everything with respect to 7;; :

O@'j = —(Aﬁ/ij o9 £vi@j)—1 etc.

NB. Nonlocality can be resolved by introducing an auxiliary field

effective action is manifestly invariant w.r.t. background
= gauge transformations

* one-loop counterterms are manifestly gauge-invariant

* at higher loops, the renormalization of quantum
fields is fixed

Abbott (1981), Barvinsky,Vilkovisky (1988)
Grassi (1996),Anselmi (2014)
Barvinsky, Blas, Herrero-Valea, Steinwachs, S.S. (to appear)



Non-Projectable model

one more variable N =1+ ¢ + one more equation

o still TT + a single scalar
Good: w?ox +k* at k—0

Bad: at £ — o

1
(¢pgp) = regular + 12d

/

present even in o¢ - gauges
physical: shows up in the interaction of local sources

Blas, Pujolas, S.S. (201 1)
Blas, S.S. (2011)
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Outlook

Projectable HG is renormalizable in arbitrary number of
spacetime dimensions. Remains true with addition of
Lifshitz matter

Key tools: gauges leading to regular propagators
+ background field method

To do: explicit computation of quantum corrections. Is the
theory asymptotically free or runs into a Landau pole ?

Toy model to study the role of (spatial) diffeomorphisms
in quantum gravity. E.g. does absence of local observables
imply non-locality ?

New ideas are needed to address renormalizability of the
NP model
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Renormalization of gauge theories in background-
field approach

Task: to prove that counterterms are covariant local functionals of
the original gauge field

Gauge-breaking and ghost terms — counterterms to them?

Background covariant gauge conditions: success of the one-loop
approximation —what is beyond?

Preservation of the BRST structure and counterterms covariance
by 1) UV renormalization and 2) gauge field reparametrization
(DeWitt, Tuytin-Voronov, Batalin-Vilkovisky, Kallosh, Arefieva-
Faddeev-Slavnov, Abbot, Henneaux et al)

40+ years old topic! So what is new here?




Background field extension of the BRST operator

Inclusion of generating functional sources into the gauge fermion

J

BRST structure of renormalization via decoupling of the
background field

Quantum corrected gauge fermion is a generating functional of the
field reparameterization

No power counting or use of field dimensionalities
Extension to Lorentz symmetry violating theories

Extension to (nonrenormalizable) effective field theories




BRST formalism

Gauge theory:

5S
p=v" S=Slel, S Ra=0

Generators of gauge transformations:

Ry = Ro(p), dep” = Rie,

b
5R5 R SR?

Ra e~ R5 5

— Y b
_CoeBR’Y
X

structure constants

DeWitt summation rule: o= (A,z), F, = / dz FA(2)W 4 ()



Feynman-DeWitt-Faddeev-Popov functional integral

W] — /dc,o o—S[p1=5xOupxP—J¢ (dethﬁ)l/Qdet<5X Rﬁ)

0p?
\ Y J | |
gauge-breaking measure Faddeev-Popov

term % f operator

XY L\
Sle]l = Z[®] = S[y ]+baxa(¢)—_oaﬁbabﬁ_w@ (5>;QRB)wd

(10& — ¢ = ()Oaa w@,@@, bO{

BRST functional e_W[J] _ /dgbe__g[gp]_

integral



Y[@]=Slel+s¥[P] BRST action
0 5 |
s = (3@5)35, sc=20 nilpotent BRST operator

BRST transformations of @&

1
sP . s(pa’ = Rg{(go) we, sw = ECE‘W wﬁwfy,

S(:)a =ba, Sbazo .

—_ 1 _
v[e] = Woz(Xa(‘ﬂ) —5 o’ 65) gauge fermion
! t
gauge gauge-fixing

conditions matrix



Assumptions on the class of theories

generators: linear 50" = R%(9) e, R (p) = P% + R%,©"
closed algebra 02, 0y " = S0 ¥ = C%, P
Ireducible R*e*=0 = =0
Examples:

YM: 5€AL = fijkAzbek + (9u€i
GR: 6.9, =0 S B’
D 0eGuy = €7 ONGuy + GuAOvE™ + GuaOuE

Also higher-derivative gravity, also non-relativistic (Lifshitz)
theories

Counterexample:

Supergravity (the algebra does not close off-shell)



Background gauge-fixing
* choose g.f.function X (¢, ?) = x5 (0) (¢ — ©)" to be

invariant under BGT: 0-¢" = Raa(@)ia 0P = Raa(gb)sf
0
Jol

anticommuting auxiliary field,
controls dependence of g.f. on background

e promote s >  — s+ ("—

> gf term at tree level: QU
Lagrange
auxiliary (anti-)fields coupled to s¢“, sw”  antighost multiplier

/\ 1& l

¥y = (3 = @ax3(8)) (0 — O T Cats® — 25n0° (0)b

—

e

Ya



Introduction of sources

\7 — Jaa éOéa fgayaa Ya, COM Qa%
\

\ J J
| |

7 AN

backgrpound
source

sources for @ = ¢, W™, &, ba sources for sp?, sw®

exp{—%WO[j]}

— /d@ exp{ — %(ZO -+ Ja((pa o qba,) + é_‘a{w(.lf + fa@@ + yaba) }

Yol®,T] = Slel+Q¥[2,T]

1
Vol 0w, 3,0, 8,7, 1 = G (XG (@) (" = 67) = Z0%(9) bg)

—Ya (" — &%) + Caw®




More on background gauge transformations — linear representation of
the gauge group

5ep% = R%(p)e® ,  8:6% = R%() "

5Raa

0:(% — %) = (cp ) fundamental representation
ox“

de X = ) 6 BeY  adjoint representation

eX 50 e ‘|‘ 5gba’ e 5FYX J P

B.g.t. of sources:
OeYa = —’bebaasO‘ . 0w = —Caﬁ,y whe?

564-05 _— CBOBO&’Y‘SFY? 68904 — RabaQbsa

U

55!p0 — O, 6520 =0



Renormalization at a glance

generating 1
functional W|J] = —hlog f d® exp [_ g(S[i)] i J(I))]
mean fields, oW

effective action (@) = 5T [[(®)] =W — J(D)

subtraction Sien = Sp[P| — j L loop (D] — hQFQ_IOOp[G[)] —

div \/ div

local

Apply it to a gauge theory:

L-th order renormalization: / quantum field

2L[¢7¢;77 Ca Q] — ZJL—]. o hLFL,OO[@a (,b,’)/,g, Q]



Main result

L-th order generating functional:
reparameterized fields

N\

— /d@exp { — %(EL -+ Ja(gp'aL — %) + g_a&}L + £%%0a + yozba) }

exp{ — %WL[\T] }

BRST structure of the renormalized action

EL[¢7¢777C7Q] = SL[QO] _I_QSPL[@,Qb,'Y,C,Q]

only original
Renormalized gauge fermion gauge field

- R 1 _
U, =Yrle,w,0,7,¢, 2] - EwaOQ’B(gb)bﬁ L-th loop order

Uy = —Fa(0?® — %) + Caw® tree level



Local reparameterization of quantum fields to composite

operators including external sources
(15% — @L(@awaéa;}?aCa ‘Q) C&% — Q%(wawaqﬁa?aCa Q)

Gauge fermion is a generating function of the field redefinition

i} sU, . Uy
a _ 40— _ | oY = 7L
oL ¢ 07Ya L 0Ca

Applies to (non-renormalizable) EFT --nonlinear
dependence on sources -y and C

For renormalizable theories:
U, = —3aU (¢, 0) + CawﬁVLg(% ¢)  linear inY and ¢

FL=0"+U(p0) , BF =V (p,@)w’ Dol

of other sources
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I think you should be a little
more specific, here in Step 2



Slavnov-Taylor and Ward identities

' 6
BRST — - J -|- + _|_ _] =0
| e+ eyt
b.g,t, —> 5e¢—¢ + 5&75] =0 — all sources
j=J§£?€)y)’73 C)‘Q

reduced R @ 5 5
effective WoI—>1D'=1I- (b Qawa(s a) ( ale—¢)" — Oa bﬁ)
action ¢

5

ﬁ:F[Qovwagba:)\/aCaQ]v a—’Ya_@aX?p 5() =0

Slavnov-Taylor and Ward identities for I’



Decoupling of background fields in Iy;,
0

trivial conomology of (2—— Batalin and

Vilkovisky (1985)

e I N\

gauge invariant single ghost term BRST exact
field counterterm term (not yet the
original one!)
5S Al —0
@Ra}x(s@) =0 w=0

Applies to nonrenormalizable  Truncate in number of derivatives + locality + fermionic

EFT within gradient statistics of 2 wge 0 < k<K
expansion




A= Z w™ . .wo‘k/l{k}

Structure of 4

ST+W identities: (qo -+ Q1) A=0

(q0)? = (q1)° = qoq1 + q190 = O
oS o ) 1 )
— 5, R% —, — ——C’Y a B~
0 0p®d7a Yalta(0) dCa o 2 af® dw?
\ J
|

Kozhul-Tate differential has a trivial cohomology under the assumption

of local completeness and irreducibility of gauge generators for

Al =0 T
W :f}/:C:O Batalin, Vilkovisky (1985)
Henneaux (1991)
Vandoren, Van Proeyen (1994)

= [egsoyo] ‘ qoX =0, X‘w:fyzg:o =0
= X = qOY

I oo =SLlel + QLY N/

local




L-th order subtraction and Q, — Q transition via field redefinition

Srl®, ¢,7,¢, 2] = 1 — hE Iy o + O(RF T

gauge fermion L L
renormalization U, =%, 1—h TL

gauge invariant

field redefinition @ — @' counterterm
3
Z1L[d§7 ¢, G, Q] — [SL_]_ —h SL + QWL] P
Soa, A0 — _5LPL(Q5’) a 55[/L(q'5’)
5’703 ’ 5Ca

Gauge fermion is a generating function of the field
redefinition



The power and beauty of nilpotent BRST charge

5
Q—>Qext=s-|—(2—¢—J5

EP—)WethLP—I—yw

S+ C+£— Qext =0

2= Dext = 2 — J—+§—<+§w+yb—S+Qext!pext

e~ W/h — ] 15 o~ (5+ Qe Wext) /1




Example: 2D O(N) gauge model

1 1 PP .
Slp] = —/d2az {— [6-- ‘7] O 0 Ot ) } i=1,..N
292 e I e

Abelian gauge invariance  d:¢'(z) = ¢'(z) e(x)

One-loop renormalization

1 % o
sl[go]=(?+ . 2))/d2 { [ “‘;"?] %ww}

T A h [¢2(902+¢2) o 2% ¢z’]
(- )2 0y

\ essentially nonlinear




()
e

Conclusions and Outlook

Background field method is not only a convenient
calculational tool, but is also efficient for general analysis
of the structure of renormalization

BRST structure (gauge invariance) is preserved by
renormalization for non-anomalous theories whose gauge

algebra:

i) has linear generators

ii) closes off-shell can be relaxed (?)
iii) is locally complete

iv) is irreducible can be relaxed

Generalizations: open algebras, supersymmetry, composite
operators, anomalies



The power and beauty of the nilpotent BRST operator

"The beauty of this is that it is only of
theoretical importance, and there is no way
it can be of any practical use whatsoever."
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Asymptotic freedom in (2+1)-dimensions

1 g
S =5 / dtd®c N\ (KK — \K? + uR?)

T+ s/dt w7 [KijKY — \K? — uR?|

§G = —2G%:, SA=0, &u=—4Gue

3le

Essential coupling constants: A G




background split Yij = Vij + hijs N; =0+ n;

ng —_ %/dtd%& \/’_Y F?l OZJFZ

gauge-fixing term

_ L 1ok -
o, £ —free parameters Fy = o + Dy O, (V¥h;, — AV/h)

O = [y 4+ £V,V,] 77

—1

g 2
localization of the —/dtdt T~/ Oy 3 , _8t'”’j =
kinetic term by 2G . %’JlA TEViV;
ilairy field O g gt
auxilairy field 7 %/dtd%c\/f? (_%ﬂ_z Oz’jlﬂ-j -—wzc’%n@-)
Sgh - — /dt dzx\/’??[&t (%jatcj) - WEWAQ(’% CJ) — imAVkV@ck
action 20 J 20

A - j | '
of ghosts: +2AV,V i — 26 (viVjAc] + V;V; Vi V/ k_ QAViAVjcj) }
o

ol



T =
C

Diagrammatic technique in terms of hija n;, T;, C ,

1 1 -=-2A\
Propagators X Ps(w,p) = 5 1—) 4 7= 8u(l —N)
W +4ﬂ1__2)\p 5__1—2/\
o 2(1=))
particular gauge
parameters

15 — 14X /1 — 2\
OA= —gar \/1—Ag

(16 —33X418)%) [1—)A ;2
6471(1 — \)2 1— 2

Bg =



Renormalization flows:

g

1/4-

strongly coupled f. point
~ G
R Y
(-2 a2
64n(1—1)3/2

Bz =

Non-unitary

AF UV fixed point
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MANY PRODUCTIVE YEARS, GIFTED STUDENTS
AND HAPPINESS TO YOUR FAMILY!

And let your best seminal work be still ahead!



