
Ricardo Waibel, ITP Heidelberg, 19.02.2024

Non-Linear Dynamics 
Simulation for LISA 
Satellites



Ricardo Waibel, ITP, Heidelberg University / 20

The LISA mission

2 from: www.esa.int



Ricardo Waibel, ITP, Heidelberg University / 20

• LISA = Laser Interferometer Space Antenna


• Mission led by ESA, collaboration with NASA and international 
team of scientists


• Builds on success of LISA Pathfinder mission


• Launch of the three satellites planned for 2035, duration of 4.5 + 
6 years


• Formal mission adoption 25th of January, 2024. This means 
industry contracts will be chosen over the next year and work on 
instruments will begin in 2025

The LISA mission
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The LISA mission
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Figure 2.2: Illustration of the primary LISA source classes in the gravitational wave (GW) frequency-amplitude plane.
Included are merging massive Black Hole binaries (MBHBs) and an extreme mass-ratio inspiral (EMRI) at moderate
redshift; stellar-mass Black Holes (sBHs), including potential multiband sources, at low redshift; and Galactic binaries
(GBs), including verification binaries (VBs), in the Milky Way. Chapter 3 presents each of these sources and their
science opportunities in detail. Solid teal, solid blue and dashed black lines denote sensitivity limits from instrumental
noise alone, the unresolved GW foreground, and their sum, respectively. The displacement of the cloud of resolvable
sources above the noise is due to the detection threshold being set to signal-to-noise ratio (SNR)=7. The grey shaded
area is the extrapolation of LISA’s instrumental noise below 0.1mHz. All quantities are expressed as Strain Amplitude
Spectral Densities (ASDs) in order to facilitate a unified plot. For deterministic signals, the ASD is not formally
defined but can be approximated as Af

p
f where Af is the Fourier amplitude and f is the Fourier frequency.

Spectral Densities

Spectral densities, which describe the distribution of signal energy as a function of frequency,
are a useful tool for expressing LISA’s instrument performance. Formally, the Power Spectral
Density is defined as the Fourier transform of the autocorrelation function. For a stochastic
signal x (t ) with units [·], the Power Spectral Density (PSD) gives the expectation value for
the variance of the Fourier transform, Sx (f ) / |hx̃ (f )i |

2 and has units [·]
2
/Hz. The PSD

is useful as it allows the strength of a potential GW signal to be compared to instrument
noise only over the relevant portion of the measurement band. In most of this document, the
Amplitude Spectral Density (ASD),

p
Sx (f ), with units [·]/

p
Hz, is used.

As with electromagnetic radiation, different science opportunities reside in different bands of the
gravitational wave spectrum but require distinct approaches to realise sufficiently sensitive instruments.
Figure 2.1 presents a schematic representation of the GW spectrum, spanning more than ten decades
in frequency. The millihertz frequency band targeted by LISA sits between the higher frequencies
covered by ground-based detectors and the lower frequencies observed by pulsar timing arrays.
LISA’s measurement band is expected to have a rich and diverse population of astrophysical –
and potentially cosmological – sources, and thus provides an extremely broad science case for GW
astronomy. Figure 2.2 provides an illustration of a selection of LISA sources in the GW frequency
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The LISA mission
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The LISA Satellites
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The LISA Satellites
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LISA Dynamics
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LISA Dynamics
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• EOM at the core of the 
closed-loop.


• Add measurement and 
actuation block, and 
noise.


• Add control transfer 
functions: 
[Inchauspé et al. 2022]


• Out-of-loop input / 
output ports.

https://link.aps.org/doi/10.1103/PhysRevD.106.022006


Ricardo Waibel, ITP, Heidelberg University / 20

LISA Dynamics
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Test mass longitudinal displacement:

Equations of Motion
LISA Dynamics
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Introducing relevant 
reference frames of 

observations 
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EOM - Expression in Coordinate Systems
LISA Dynamics
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A couple of rules as example:


• Angular velocity expressed in body frames  and .

• Test mass position in housing frames .

• Dot operator understood as derivative w.r.t. reference frames of 

expression.


State-space representation:

ℬ 𝒯
ℋ
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EOM - Expression in Coordinate Systems
LISA Dynamics

13

Test mass longitudinal displacement:
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Linearized


• time-averaged


• linearized around target point





with constant  and  into the discrete








d ⃗X
d t

= A ⃗X(t) + B ⃗u (t)

A B

⃗X(t(n+1)) = Adisc. ⃗X(t(n)) + Bdisc. ⃗u (t(n))
Adisc. = eA dt

Bdisc. = A−1 (eA dt − 1) B

State-Space Representation & Solving
LISA Dynamics
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Full Non-Linear


• solution of full system using 
numerical solver, e.g. Runge-
Kutta 4


Solve  with














d ⃗X
d t

= ⃗f(t; ⃗X)

⃗Xn+1 = ⃗Xn+
dt
6 ( ⃗k 1 + 2 ⃗k 2 + 2 ⃗k 3 + ⃗k 4)

⃗k 1 = ⃗f(t(n); ⃗Xn)
⃗k 2 = ⃗f(t(n) +

dt
2

; ⃗Xn +
dt
2

⃗k 1)
⃗k 3 = ⃗f(t(n) +

dt
2

; ⃗Xn +
dt
2

⃗k 2)
⃗k 4 = ⃗f(t(n) + dt; ⃗Xn + dt ⋅ ⃗k 3)
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S/C and TM guidances 
Simulation Experiments
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Guidance along H ,   and  ( f = 1 mHz) x1 ( f = 5 mHz) x2 ( f = 10 mHz)
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Capturing Non-Linearities
Simulation Experiments
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• Top: Linear discrepancy as 
linearized simulation cannot 
capture changing opening 
angle in MOSAs


• Bottom: Response to 
rotational excitement is 
dominated by quadratic term 
above certain amplitude
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• different arm 
lengths: laser noise 
does not cancel


• 6 independent 
phase-difference 
read-outs


• post-process signal 
by linearly 
combining them to 
cancel laser 
frequency noise

Time-Delay Interferometry
Lasers in Space

17
Time-Delay Interferometry, M. Tinto, S.V. 
Dhurandhar, Living Reviews in Relativity (2021)

from arXiv:2402.07571
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Figure 2.5: Schematic representation of LISA’s Time-Delay Interferometry (TDI) measurement scheme. Each
spacecraft records the phase of the interference between its local laser (solid signal) and the received signal, which
contains a time-delayed copy of the distant spacecraft’s laser noise (dashed signal) plus a GW signal. Combining
measurements from across the constellation with appropriate time delays allow the laser noise to be suppressed while
retaining the GW signal.

ment effort, it is only the beginning of the scientific inference that motivates building the observatory.
LISA’s catalogues will give scientists direct access to information including masses, spins, distances,
and sky positions for systems containing compact objects across a huge range of mass and distance,
providing information to constrain a broad range of theoretical models and to provide opportunities for
multimessenger astrophysics, fundamental physics, and cosmology. For some of the loudest signals,
LISA will also provide time-domain information in the form of alerts to facilitate contemporaneous
multimessenger observations of astrophysical objects such as accretion around merging massive Black
Holes.

2.5 Evolution of the LISA Concept
Concepts for a space-based GW observatory employing laser interferometry were first proposed in
the mid-1970s and were developed in academic institutions through the 1980s and 1990s. The first
mission concept studies were carried out by ESA from 1993-2000 [263] and by NASA in 1997 [187],
resulting in the establishment of the joint NASA/ESA LISA study which ran from 2001-2011 and
made substantial progress in refining the mission concept and developing of critical technologies [207,
265, 266].
The origin of today’s LISA is the proposal made to ESA [153] by the LISA Consortium which was the
basis for Mission Selection in 2017. That proposal built on decades of prior work, experience with
LISA Pathfinder, and progress in understanding of the science landscape to yield a mission concept
that delivered transformational science while minimising cost, complexity, and risk. The parameters
of that mission have remained largely stable during the subsequent study phase. Here we highlight a
few important changes:
Page 25/155
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Can Jitter be suppressed?
Post-Processing with TDI
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• Dynamics on, full 
simulation


• Dynamics on, w/o 
thruster noise


• No dynamics 
(LISANode master 
branch)


• Dynamics on, TMI off 
(filled with zero’s)
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Next Steps:


• Study of tilt-to-length couplings and mitigation


• Quantitative study of propagation of dynamical artefacts 
(glitches, micro-meteoroides impact) on S/C down to TDI


• Test control strategies

Full, complete time-domain LISA Dynamics simulation 
achieved.

Conclusion
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Thank you!
Especially to Henri Inchauspé and 

Lavinia Heisenberg!


