
Black hole thermodynamics in Horndeski and
Generalized Proca theories

Masato Minamitsuji
(Instituto Superior Tecnico, Lisbon)

with Kei-ichi Maeda (Waseda University and YITP)

PRD 108, 084061 (2023) [2308.01082] and work in progress

Gravity and Cosmology 2024

February 27, 2024



Introduction

I Many models of dark energy and modified gravity are included
in Horndeski theories known as the most general scalar-tensor
theories with the 2nd-order EOMs

I Horndeski theories have been extended to vector-tensor
theories, called Generalized Proca (GP) theories

I The purpose of this work is to provide the general framework
to discuss BH thermodynamics in Horndeski and GP theories
by applying the Iyer-Wald formulation

I Since theories beyond Horndeski/GP theories contain similar
BH solutions, our work could provide a direct hint for BH
thermodynamics in these extended theories



Horndeski theories

SH =

∫
d4x
√
−gLH =

∫
d4x
√
−g

5∑
i=2

LH(i),

LH(2) := G2(φ,X ),

LH(3) := −G3(φ,X )�φ,

LH(4) := G4(φ,X )R + G4X (φ,X )
[(
�φ
)2 −

(
φαβφαβ

)]
,

LH(5) := G5(φ,X )Gµνφ
µν

− 1

6
G5X (φ,X )

[
(�φ)3 − 3�φ

(
φαβφαβ

)
+ 2φα

βφβ
ρφρ

α
]

X := −1

2
gµνφµφν , φµ = ∇µφ, φµν = ∇µ∇νφ

=⇒ δSH =

∫
d4x
√
−g

(
E(g)µνδg

µν + E(φ)δφ+
5∑

i=2

∇µJµH(i)

)
Euler-Lagrange (EL) equations: E(g)µν = 0 and E(φ) = 0



Jµ
H(2) = −G2Xφ

µδφ,

Jµ
H(3) = −1

2
G3 (hφµ − 2hµνφν + 2∇µδφ) + δφG3X�φφ

µ + δφ∇µG3,

Jµ
H(4) = G4X�φ (hφµ − 2hµνφν) + 2G4X�φ∇µ(δφ)− 2∇µ (G4X�φ) δφ

+G4XX

(
φαβφαβ − (�φ)2

)
φµδφ+ G4X (2φµρφσ − φρσφµ) hρσ

−2G4Xφ
µν∇νδφ+ 2∇ν (G4Xφ

µν) δφ− hµν∇νG4 + G4∇νh
µν + h∇µG4

−G4∇µh− G4XRφ
µδφ,

Jµ
H(5) =

1

4
G5Xφ

αβφαβ (hφµ − 2hµνφν)− 1

2
hρσG5X�φ (2φσµφρ − φσρφµ)

−1

4
G5X (�φ)2 (hφµ + 2∇µδφ− 2hµνφν) +

1

2
∇µ
[
G5X (�φ)2

]
δφ

+
1

2
G5Xφ

αβφαβ∇µδφ− 1

2
δφ∇µ

[
G5X (φαβ)2

]
+ G5X�φφ

µν∇νδφ

−δφ∇ν (G5X�φφ
µν)− G5Xφ

µσφνσ∇νδφ+ δφ∇ν (G5Xφ
µσφνσ)

+
1

6
G5XX

[
(�φ)3 − 3�φ(φαβ)2 + 2(φαβ)3

]
φµδφ

+
1

2
G5Xφ

ν
σ (2φσµφρ − φσρφµ) hρν

where hµν = δgµν , hµν = gµρgνσhρσ, and h = gρσhρσ



Generalized Proca (GP) theories (up to ‘quartic’ terms)

SGP :=

∫
d4x
√
−gLGP =

∫
d4x
√
−g

4∑
i=2

LGP(i)

LGP(2) = G̃2

(
F , F̃ ,Y

)
LGP(3) = −G̃3(Y )∇µAµ

LGP(4) = G̃4(Y )R + G̃4Y (Y )
[

(∇µAµ)2 −∇ρAσ∇σAρ
]

with Fµν = 2∂[µAν], F̃µν :=
1

2
εµναβFαβ,

Y := −1

2
gµνAµAν , F := −1

4
FµνFµν , F̃ := −1

4
F̃µνFµν

For Aµ → ∇µϕ and Y → X = −1
2ϕ

µϕµ,
GP theories =⇒ shift-symmetric Horndeski theories

G2(X ) := G̃2 (0, 0,X ) , G3(X ) := G̃3(X ), G4(X ) := G̃4(X )



=⇒ δSGP =

∫
d4x
√
−g

(
E(g)µνδg

µν + E(A)µδA
µ +

4∑
i=2

∇µJµGP(i)

)

EL-equations: E(g)µν = 0 and E(A)µ = 0

JρGP(2) = −G̃2FF
ρσδAσ − G̃2F̃ F̃

ρσδAσ

JρGP(3) = G̃3(Y )

(
gρµAν − 1

2
Aρgµν

)
hµν − G̃3(Y )gρνδAν

JρGP(4) = G̃4(Y ) [∇ν (gρσhσν)−∇ρh]

+ G̃4Y (Y )Aα [gνρ∇σAα − gσν∇ρAα] hσν

+ G̃4Y (Y )∇νAν [2gρσδAσ − 2gρσAνhνσ + Aρh]

− 2G̃4Y (Y )

[
(∇σAρ) δAσ − Aν∇(σAρ)hνσ +

1

2
Aρ∇νAσhσν

]



Noether charge for the diffeomorphism invariance
I Horndeski and GP theories are diffeomorphism invariant
I Under the infinitesimal diffeomorphism xµ → xµ + ξµ(xµ),

h
(ξ)
µν = 2∇(µξν), δξφ = ξµφµ, and δξAµ = ξσ∇σAµ + Aσ∇µξσ

I With use of EL equations, the Noether current is obtained

JµH/GP(ξ) − ξ
µLH/GP = 2∇νK [νµ]

H/GP(ξ)

I Noether charge for Horndeski theories K
[νµ]
H(ξ) =

∑5
i=2 K

[νµ]
H(i)(ξ)

Kµν
H(2)(ξ) = 0

Kµν
H(3)(ξ) = −G3ξ

µφν

Kµν
H(4)(ξ) = 2G4X

[
�φξµφν − ξσφσµφν

]
+ 2ξµ∇νG4 + G4∇µξν

Kµν
H(5)(ξ) = −1

2
G5X

[(
�φ2 − φαβφαβ

)
ξµφν + 2 (ξρφρσ −�φξσ)φσµφν

]
+ξµ∇σ (φνσG5)− ξσ∇µ (φνσG5)− ξµ∇ν (G5�φ)

+
1

2
G5 (2ξσG

σµφν − 2(∇σξ
µ)φνσ −�φ∇µξν)



I Noether charge for GP theories K
[νµ]
GP(ξ) =

∑4
i=2 K

[νµ]
GP(i)(ξ)

Kµν
GP(2)(ξ) =

1

2

(
G̃2FF

µν + G̃2F̃ F̃
µν
)

Kµν
GP(3)(ξ) = −G̃3(Y )ξµAν

Kµν
GP(4)(ξ) = G̃4(Y )∇µξν + 2G̃4Y (Y )Aα (∇µAα) ξν

− 2G̃4Y (Y ) (∇αAα)Aµξν − 1

2
G̃4Y (Y )FµνAαξα

+ G̃4Y (Y ) (Aµ∇νAα + Aµ∇αAν) ξα

I Tensors dual to Jµ and Kµν
(ξ)

Θαβγ := Jµεµαβγ

Q(ξ)αβ := −εαβµνKµν
(ξ)



Black hole thermodynamics

I A static and spherically symmetric BH spacetime

ds2 = −h(r)dt2 +
dr2

f (r)
+ r2γabdθ

adθb

I h(r) > 0 and f (r) > 0 for r > rg , where h(rg ) = f (rg ) = 0

I Choosing ξµ to the timelike Killing vector,
the integration of δQ(ξ)αβ − ξνΘναβ on the boundaries of the
Cauchy surface provides the variation of the Hamiltonian
Wald (93); Iyer and Wald (94)

δHH/GP := δH∞ − δHH

= −

[∫
dΩ

(
δ

(
r2

√
h

f
K

[tr ]
H/GP(ξ)

)
+ r2

√
h

f
J

[t
H/GPξ

r ]

)]r→∞

r=rg



I Variation is taken for integration constants cj

htt = −
∑
j

∂h

∂cj
δcj , hrr = − 1

f 2

∑
j

∂f

∂cj
δcj , hab = 0,

δφ =
∑
j

∂φ

∂cj
δcj , δA0 =

∑
j

∂A0

∂cj
δcj , δA1 =

∑
j

∂A1

∂cj
δcj

I The variation at the horizon idenfied as that of the entropy

δHH = TH(H/GP)δSH/GP

with the Hawking temperature TH(H/GP) :=

√
h′(rg )f ′(rg )

4π
I The variation at the infinity idenfied as that of the

thermodynamic mass

δH∞ = δMH/GP

I The conservation of the Hamiltonian δHH/GP = 0
=⇒ the 1st law of BH thermodynamics

TH(H/GP)δSH/GP = δMH/GP



General Relativity (GR)

LGR =
R − 2Λ

16πG
=⇒ G2 = − 1

8πG
Λ, G4 =

1

16πG
, G3 = G5 = 0

=⇒ −δ

(
r2

√
h

f
K

[tr ]
GR(ξ)

)
− r2

√
h

f
J

[t
GRξ

r ] = −r2

√
h

f

δf

8πGr

Schwarzschild-(A)dS BHs as the unique vacuum solutions

f (r) = h(r) = 1− Λ

3
r2 − rg

r

(
1− Λ

3
r2
g

)
=⇒ TH(GR)δSGR = δMGR =

1

2G

(
1− r2

g Λ
)
δrg

TH(GR) =
1

4πrg
(1− r2

g Λ) Hawking temperature

Bekenstein-Hawking formula SGR :=
πr2

g

G

[
=

AH

4G

]
Thermodynamic mass MGR =

rg
2G

(
1− 1

3
Λr2

g

)
= MADM



Einstein-scalar-Gauss-Bonnet (EsGB) theories

LH =
R

16πG
+ ηX + k(φ)

(
R2 − 4RαβRαβ + RαβµνRαβµν

)
I hairy BH solutions

I standard Wald’s entropy formula

As a check, we check the recovery of the same entropy formula
from the equivalent description of EsGB theories

G2 = ηX + 8k(4)(φ)X 2 (3− lnX ), G3 = 4k(3)(φ)X (7− 3 lnX ),

G4 =
1

16πG
+ 4k(2)(φ)X (2− lnX ), G5 = −4k(1)(φ) lnX

Expansion of hairy BH solution near r = rg

h(r) = h1(rg ) (r − rg ) + h2(rg ) (r − rg )2 + · · · ,
f (r) = f1(rg ) (r − rg ) + f2(rg ) (r − rg )2 + · · · ,
φ(r) = ψH(rg ) + ψ1(rg ) (r − rg ) + ψ2(rg ) (r − rg )2 + · · ·



=⇒ TH(H)δSH =

√
f1(rg )h1(rg )

2G

(
rg + 32πGk(1)[ψH(rg )]

∂ψH(rg )

∂rg

)
δrg

with Hawking temperature TH(H) =

√
h1(rg )f1(rg )

4π

=⇒ δSH =
2πrg
G

(
1 +

32πGk(1)[ψH(rg )]

rg

∂ψH(rg )

∂rg

)
δrg

For the couplings with k(0) = 0

SH =
π

G

(
r2
g + 64πGk[ψH(rg )]

)
recovery of the standard formula



BCL solution
Babichev, Charmousis and Lehébel (17)

G2 = ηX − Λ

8πG
, G4 =

1

16πG
+ α(−X )

1
2 , G3 = G5 = 0

The unique hairy BH solution

f (r) = h(r) = 1− 8πGα2

r2η
− Λ

3
r2 − 1

r

(
rg −

8πGα2

ηrg
−

Λr3
g

3

)
,

φ(r) =

√
2α

η

∫
dr

r2
√

f (r)

=⇒ TH(H)δSH = δMH =
δrg
2G

(
1− r2

g Λ +
8πGα2

ηr2
g

)
Hawking temperature TH(H) = 1

4πrg

(
1− r2

g Λ + 8πGα2

ηr2
g

)
=⇒ SH =

πr2
g

G
, MH =

rg
2G

(
1− 8πGα2

ηr2
g

−
Λr2

g

3

)
= MADM



BHs with φ = qt + ψ(r)
Babichev and Charmousis (13)

G2(X ) = − Λ
8πG − ηX , G4(X ) = 1

16πG + βX , G3 = G5 = 0

I Schwarzschild solutions for Λ = η = 0 (G2 = 0)
I Stealth Schwarzschild solution

f = h = 1− rg
r
, ψ(r) = 2q

√
rg

[√
r −√rgarctanh

(√
rg
r

)]

=⇒ SH =
πr2

g

G

(
1− 8πGq2β

)
, MH =

rg
2G

(
1− 8πGq2β

)
I GR Schwarzschild BHs with φ = const

f = h = 1− rg
r
, φ = const =⇒ SGR =

πr2
g

G
, MGR =

rg
2G

I For the same thermodynamic mass MGR = MH

SH =
SGR

1− 8πGq2β
=⇒ SGR > SH (β < 0)



I Schwarzschild-(A)dS solutions for η 6= 0 and Λ 6= 0 (G2 6= 0)
I Horndeski Schwarzschild-(A)dS solutions

f (r) = h(r) = 1− Λ̄

3
r2 − rg

r

(
1− Λ̄

3
r2
g

)
, Λ̄ := − η

2β
,

ψ(r) = q

∫
dr

√
1− h(r)√
f (r)h(r)

, q =

√
Λ− Λ̄

8πGη
, ¯̀ =

√
3

|Λ̄|

=⇒ SH =
πr2

g

G

Λ + Λ̄

2Λ̄
, MH =

rg
2G

(
1−

Λ̄r2
g

3

)
Λ + Λ̄

2Λ̄

I GR Schwarzschild-(A)dS solution with φ = const

f (r) = h(r) = 1− Λ

3
r2 − rg

r

(
1− Λ

3
r2
g

)
, ` =

√
3

|Λ|

=⇒ SGR :=
πr2

g

G
MGR =

rg
2G

(
1− 1

3
Λr2

g

)



(1) Λ ≥ Λ̄ > 0 Schwarzschild-dS solutions (β < 0), SGR > SH

(2) Λ̄ ≤ Λ < 0 Schwarzschild-AdS solutions (β > 0)

(a) ¯̀/` = 0.9 (b) ¯̀/` = 0.1 (c) enlarged (b)

I Hawking-Page transition for smaller masses

I In most mass regions, SGR > SH

I For 0 < ¯̀/` < 0.48835, there is a region where SH > SGR



Stealth Schwarzschild solution in a class of GP theories

G̃2 = F , G̃4 =
1

16πG
+ βY , G̃3 = 0

I Arbitrary β ⇐⇒ counterparts in Horndeski with Aµ → ∂µϕ

h = f = 1− rg
r
, A0 = q, A1 = q

√
rrg

r − rg

=⇒ SGP =
πr2

g

G

(
1− 8πGq2β

)
, MGP =

rg
2G

(
1− 8πGq2β

)
same thermodynamic quantities as in Horndeski counterpart

I β = 1
4 Tasinato (16) =⇒ no counterparts in Horndeski theories

h = f = 1− rg
r
, A0 = q +

Q

r
, A1 =

√
Q2 + 2qQr + q2rrg

r − rg

=⇒ SGP =
πr2

g

G

(
1− 2πGq2

)
, MGP =

rg
2G

(
1− 2πGq2

)
Q does not contribute to BH thermodynamics



Schwarzschild-(A)dS solutions in a class of GP theories

G̃2 = F + 2m2Y − Λ

8πG
, G̃4 =

1

16πG
+ βY , G̃3 = 0

I Arbitrary β =⇒ counterparts in Horndeski with Aµ → ∂µϕ

h(r) = f (r) = − Λ̄

3
r 2 + 1− rg

r

(
1− Λ̄

3
r 2
g

)
, Λ̄ := −m2

β

A0(r) =

√
Λ− Λ̄

4m
√
πG

, A1(r) =

√
Λ− Λ̄

4m
√
πG

√
1− f (r)

f (r)

=⇒ SGP =
πr 2

g

G

Λ + Λ̄

2Λ̄
, MGP =

rg
2G

(
1−

Λ̄r 2
g

3

)
Λ + Λ̄

2Λ̄

same thermodynamic quantities as in Horndeski counterpart
I β = 1

4 Minamitsuji (16) =⇒ no counterparts in Horndeski theories

h(r) = f (r) = − Λ̄

3
r 2 + 1− rg

r

(
1− Λ̄

3
r 2
g

)
, Λ̄ := −4m2

A0(r) =
Q

r
+

1

4m
√
π

√
Λ− Λ̄

G
, Y (r) =

Λ− Λ̄

32πGm2

Q does not contribute to BH thermodynamics



Stealth Schwarzschild-(A)dS solutions
Cisterna, Hassaine, Oliva, and Rinaldi (16)

G̃2 = g2(Y ), G̃3 = g3(Y ), G̃4 =
1

16πG
BHs with the constant norm of the vector field Y = Y0

h(r) = f (r) =
8πGg2(Y0)

3
r 2 + 1− rg

r

(
1 +

8πGr 2
g g2(Y0)

3

)
,

A0(r)2 =
1

9

(
48πGY0g2(Y0) +

g2Y (Y0)2

g3Y (Y0)2

)
r 2 + 2Y0

+
1

r

(
−2rgY0

3

(
3 + 8πGr 2

g g2(Y0)
)
− 2Pg2Y (Y0)

3g3Y (Y0)

)
+

P2

r 4
,

A1(r) =
1

r 2f (r)

(
P − r 3

3

g2Y (Y0)

g3Y (Y0)

)

=⇒ SGP =
πr2

g

G
, MGP =

rg
2G

(
1 +

8πG

3
r2
g g2(Y0)

)
= MADM

I P does not contribute to BH thermodynamics
I SGR > SGP for a timelike vector field (Y0 > 0)



RN-(A)dS solutions in a class of GP theories

G̃2 = F − Λ

8πG
, G̃4 =

1

16πG
, G̃3 = g3(Y )

BHs with the constant norm Y = Y0 = const

h(r) = f (r) = −Λr2

3
+ 1− rg

r

(
4πGQ2

r2
g

+ 1−
r2
g Λ

3

)
+

4πGQ2

r2
,

A0(r) = q +
Q

r
, A1(r) =

1

f (r)

√
A0(r)2 − 2Y0f (r),

∂g3

∂Y
(Y0) = 0

the same first law for RN-(A)dS BH in Einstein-Maxwell theory

=⇒ SGP =
πr2

g

G
, MGP =

rg
2G

(
1 +

4πGQ2

r2
g

−
Λr2

g

3

)
= MADM

TH(H)δSGP = δMGP − ΦHδQ, ΦH := −4π (A0(∞)− A0(rg ))



Summary

I We provided general framework for thermodynamics of static
and spherically symmetric BHs in Horndeski and GP theories

I We applied it to several exact BH solutions including stealth
BHs

Future issues

I Extension to theories beyond Horndeski and GP

I BH thermodynamics associated with different propagation speeds

and effective horizons

Thank you !
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