
A conserved charge in general relativity

YITP long-term workshop  
“Gravity and Cosmology 2024” 
January 29 - March 1, 2024 

Yukawa Institute for Theoretical Physics, Kyoto University

CGPQIQI
Center for Gravitational Physics and 
Quantum Information
Yukawa Institute for Theoretical Physics, Kyoto University

Sinya AOKI 
Center for Gravitational Physics and Quantum Information,  
Yukawa Institute for Theoretical Physics, Kyoto University



This talk is based on

SA and K. Kawana, “Entropy and its conservation in expanding Universe’’,  
International Journal of Modern Physics A38 (2023) 2350072  [arXiv:2210.03323 [hep-th]].

SA, T. Onogi and T. Yamaoka, “Energies and a gravitational charge for massive 
particles in general relativity’’,  [arXiv:2305.09849 [gr-qc]].

SA, Y. Hidaka, K. Kawana and K. Shimada, “Geometric conservation in curved 
spacetime and entropy’’, arXiv:2312.09712[hep-th]

SA, T. Onogi and S. Yokoyama, “Charge conservation, Entropy Current, and Gravitation”,  
Int. J. Mod. Phys. A36 (2021)2150201.

Related references



I. Introduction



Motivation
Is there a covariantly conserved quantity in general relativity ? 
If exists, what is its physical meaning ?

SA and T. Onogi,  “Conserved non-Noether charge in general relativity: Physical definition vs. Noether’s 
2nd theorem”, Int. J. Mod. Phys. A36 (2022) 2250129, 

Some conclusions from our previous studies

1. There exists no covariant definition of conserved energy in general relativity, 
due to Noether’s 2nd theorem. 

I will not discuss this anymore in this talk,  due to the limitation of time.

Questions

Einstein’s pseudo-tensor (non-covariant), quasi-local energy (absence of local energy density)

2. A (matter) energy covaraintly defined in general relativity is not conserved in general.

For more details, please take a look at

Energy ?



Results in this talk

1. There exists a covariant and geometric conservation for a general class of 
energy momentum tensor in curved spacetime.

I.  Introduction 

II.　Set up 

III. Conserved current and conserved charge 

IV. Geometric conservation and entropy 

V. Conclusion

content

2. The geometric conserved charge becomes “entropy” for a perfect fluids. 



II. Set up 
(which may not be found in textbooks)



<latexit sha1_base64="Pf4Tx61sVqUpvC3AxPW/4YynqR4="></latexit>

Pµ⌫ : pressure tensor

This EMT covers standard classical matters in 3+1 dimensions.

Energy Momentum Tensor (EMT)

Hawking&Ellis 1973, Martin-Moruno&Visser 2018

1. Decomposition of energy momentum tensor

In this talk, we consider the EMT of the Hawking-Ellis type I, which is given by

<latexit sha1_base64="Kl1WD+3jPD1STQQzE46r08ogHH0="></latexit>

uµ: a time-like unit vector

<latexit sha1_base64="DV5Aj3ElTfLO+swdlCHEspCCHWI="></latexit>

rµT
µ⌫ = 0Conservation law

Other conserved currents such as electric charge or baryon number may exist:
<latexit sha1_base64="pbkBmkYFW8zsrYRoNZkRjyElu7o="></latexit>

rµN
µ
i = 0

<latexit sha1_base64="tOxdhsvIKiSWyz8/K7ii0OoyBfo="></latexit>

i = 1, 2 · · · , f

<latexit sha1_base64="b9UiFf9kK+1bvU0k5NRJwzkLhT8="></latexit>

Tµ⌫ = "uµu⌫ + Pµ⌫ , Pµ⌫u
⌫ = uµPµ⌫ = 0

<latexit sha1_base64="z7I5EeMLvSYhETqWbU533SvVuQU="></latexit>

": energy density



2. Initial hyper-surface

First we pick up an initial space-like hyper-surface   .ℋd−1
<latexit sha1_base64="ac/tp6+1/aUj+JVp33yKbNyocEQ="></latexit>

uµ(x)
<latexit sha1_base64="ac/tp6+1/aUj+JVp33yKbNyocEQ="></latexit>

uµ(x) EMT is non-zero on  :ℋd−1
<latexit sha1_base64="8PIK/En1RVUEGN4+Wi3+LjcaXDA="></latexit>

uµ(x) 6= 0 at 8x 2 Hd�1

<latexit sha1_base64="plTEqn3aJpBJRnnlzebJOF8K/HA="></latexit>

Hd�1

<latexit sha1_base64="xWNrohq1Zo/ps7OPaYMZT97miFg="></latexit>

ya

<latexit sha1_base64="HmrS94BJAVql+juRkn/L92vTIAc="></latexit>

yb

<latexit sha1_base64="/juufPuPaFfXt1v8oGNSmrFUu/I="></latexit>

xP (y)

<latexit sha1_base64="WWsC17C12Y4ZTn0mJypOes7cM4o="></latexit>

uµ(xP (y))

 is a  dimensional subspace of , 
which may not be necessarily connected.
Hd−1 d − 1 ℝd−1

Coordinate  on  .ya (a = 1,2,⋯, d − 1) ℋd−1

<latexit sha1_base64="qqNcQ4pheKyk89ryydfJqQIt1TA="></latexit>

Hd�1 = {x
µ
P (y) | y 2 Hd�1}

<latexit sha1_base64="2hZ5E753/lmm4PeXl2TAxu92WIk="></latexit>

Hd�1

 may not be connected.ℋd−1



3. Time-like curves and a foliation of hyper-surfaces

We define a time-like curve   starting from an arbitrary point  on  :xμ(τ, y) xP(y) ℋd−1

<latexit sha1_base64="By4hGnjCMiS5rYE3aqgZlTQeEzA="></latexit>

xµ(⌧, y)

<latexit sha1_base64="/O+pmcWfF6qvSJ94ajjyTbxn2zc="></latexit>

xµ(0, y)
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Hd�1(0)

<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

Hd�1(⌧)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ(⌧, y)

<latexit sha1_base64="HQT1wu9G+fwiCWBLoMgnoBd3Bec="></latexit>

uµ(0, y)

<latexit sha1_base64="68hSFTaJNlez5UIgtBtu/VaahR8="></latexit>

dxµ(⌧, y)

d⌧
= uµ(xµ(⌧, y)),

xµ(0, y) = xµ
P (y)

We can construct a foliation of hyper-surfaces  using time-like curves.ℋd−1(τ)
<latexit sha1_base64="eP526HxtwpdSzEqek8KKCcYwnoI="></latexit>

Hd�1(⌧) :=
�
x
µ(⌧, y) | 9

⌧,
8
y 2 Hd�1

 

Hereafter, we use simplified notations such as 
 .uμ(τ, y) := uμ(x(τ, y))

<latexit sha1_base64="97BhMYIedyGKlRawA85qG3ZB0FA="></latexit>

xµ(⌧, y) = xµ
P (y) +

Z ⌧

0
d⌘ uµ(x(⌘, y))

<latexit sha1_base64="npJHC+GKqP2/emEWVWpsRFXQ9ds="></latexit>

Hd�1(0) = Hd�1

 can be negative.τ

Assumption:  implies  
never end or emerge.

∇μTμν = 0 uμ(τ, x)



4. “3+1” decomposition

We consider a new coordinate (3+1 decomposition）as  :yA = (y0 = τ, ya)

<latexit sha1_base64="3q03VnwOQQMEaPxS0+WtCnY79zM="></latexit>

g̃AB =

✓
�1, Nb

Na, hab

◆

<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

Hd�1(⌧)

<latexit sha1_base64="RRVN/xq9V1bhKY2MhbhAlHNKjJ4="></latexit>

eµa(⌧, y)
<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ(⌧, y)

<latexit sha1_base64="+wwy4LLQD8nW8xQgHk0F/o5wt3U="></latexit>

nµ(⌧, y)

<latexit sha1_base64="kgFRyGjJYxh/uht7j4LiePwYGSg="></latexit>

unit normal to Hd�1(⌧):

On the other hand

Therefore

<latexit sha1_base64="IB3CBH/fjgtTwoNLjLxT/BWGJo0="></latexit>

g̃ABdy
AdyB = ��2d⌧2 + hab(dy

a +Nad⌧)(dyb +N bd⌧)

<latexit sha1_base64="HX8vU7OQGTr03VD3IZ/SY84me68="></latexit>

�2 := habN
aN b + 1

<latexit sha1_base64="6kyAjSarjinmk1YRPtqObqwK78M="></latexit>

g̃AB =
1

�2

✓
�1, N b

Na, �2Bab

◆

<latexit sha1_base64="Pk6e9fCuF3UuIbe3kxCyelp5Xls="></latexit>

Bab := gµ⌫
@ya

@xµ

@yb

@x⌫
= hab � NaN b

�2

<latexit sha1_base64="J5QrAb3ewvd1H6q7S/+ob/lKng0="></latexit>

ñA =
@xµ

@yA
nµ = �� �0A (� > 0)

<latexit sha1_base64="6/5OrDa3PPDwyrnOP5+q8/S+OLg="></latexit>

u · n = ũ · ñ = �� (� > 0)

<latexit sha1_base64="wMQi6i3oRIbxXI6J6Bo1E7N83VY="></latexit>

hab := gµ⌫e
µ
ae

⌫
b

<latexit sha1_base64="+GR2xTW/omwl4Kh43Nf117BmwVE="></latexit>

Na := gµ⌫u
µe⌫a

<latexit sha1_base64="g8piMX/knkumJDF34q9LJxqBsK4="></latexit>

e⌫a :=
@xµ

@ya

<latexit sha1_base64="Lx7lrCY1HYlTjC/v1ArgFEUdpdU="></latexit>

ũA =
@yA

@xµ
uµ = �A0



5. Evaluation of  K := ∇μuμ

For a latter use, we calculate    asK = ∇μuμ

<latexit sha1_base64="LKJa/D0jjQPvoOO6foIW65lJzE8="></latexit>

K = gµ⌫rµu⌫ =
1

2
gµ⌫(rµu⌫ +r⌫uµ) =

1

2
gµ⌫Lu(gµ⌫) =

1p
�g

Lu(
p
�g)

<latexit sha1_base64="WnSaJU0RNgOKiRQdMKcNmYpebMY="></latexit>

Lu: Lie derivative along with uµ
<latexit sha1_base64="p7uSdvoADA15Wu6xXs8JEGy/0EI="></latexit>

g := det gµ⌫

Since   is a constant vector in  coordinate, we haveũA = δA
0 yA

Here we use   with  .−g̃ := − det g̃AB = λ2h = (u ⋅ n)2h h := det hab

<latexit sha1_base64="DHaFSoSAboKYnvORBxWTY9ZTdUI="></latexit>

K =
1p
�g̃

@
p
�g̃

@y0
=

1

(u · n)
p
h

@

@⌧

n
(u · n)

p
h
o
=

@

@⌧
log

n
�(u · n)

p
h
o

<latexit sha1_base64="3q03VnwOQQMEaPxS0+WtCnY79zM="></latexit>

g̃AB =

✓
�1, Nb

Na, hab

◆



III. Conserved current and conserved charge 
(Our proposal)



This definition is coordinate independent.

We determine  in order to satisfy the conservation law  asζ(x) ∇μJμ = 0

1. Construction of conserved current

Conserved current

We construct the conserved current from the EMT using  asuμ(x)
<latexit sha1_base64="7tGeH0wrjJ7Sl0Kv3V3V3+0iyJI="></latexit>

Jµ(x) := Tµ
⌫(x)⇣(x)u

⌫(x) = �"(x)⇣(x)uµ(x)

refinement of the proposal in Aoki, Onogi & Yokoyama 2021

<latexit sha1_base64="l7p/lY5m8tYI07k3HD4HiPNqxSQ="></latexit>

rµJ
µ(x) = �uµ@µ(⇣")� ⇣"K = � @

@⌧
(⇣")� ⇣"K = 0

<latexit sha1_base64="2BPL1IYRCOASkCmG6aNXC9yNnbQ="></latexit>

⇣(⌧, y)"(⌧, y) = ⇣(0, y)"(0, y) exp


�
Z ⌧

0
d⌘K(⌘, y)

�
= ⇣(0, y)"(0, y)

(n · u)
p
h(0, y)

(n · u)
p
h(⌧, y)

The conserved current is determined as

<latexit sha1_base64="xvxHMxsvZuQhRVCKJoJVg/Gr1Qc="></latexit>

K =
@

@⌧
log

n
�(u · n)

p
h
o

<latexit sha1_base64="I9YzORCsLECZmKy+pE3mfA0UKmw="></latexit>

Jµ(⌧, y) = �⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y)

uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

where we use



2. Conservation law and conserved charge

<latexit sha1_base64="vekqnJdkzZDW4QFvIiQ9ap46r7U="></latexit>

Hd�1(⌧1)
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Hd�1(⌧2)

<latexit sha1_base64="FpcRc1ilK6MWU3GLF/i33+uvj8k="></latexit>

@sMd

<latexit sha1_base64="Wvfj4jzYb+Lfp/gQmH+GJeifNRU="></latexit>

Md(⌧1, ⌧2)
<latexit sha1_base64="DUKrkH9gKoE6IPvEGtzNL9RSZQM="></latexit>

nµ

<latexit sha1_base64="fvgUxby16o86sfCppIqG6z8plps="></latexit>

uµ

<latexit sha1_base64="uolEQd3Z0225trrw0dPfZUyzo6k="></latexit>

uµn
µ = 0

<latexit sha1_base64="nYEAXlTjUO4ulJqS6EGAoh2/5Jg="></latexit>

on @sMd

<latexit sha1_base64="LeD2VIm9tVfcvyXcvq2yK1kWiQU="></latexit>

Md(⌧1, ⌧2) := {Hd�1(⌧) | ⌧1  ⌧  ⌧2}We consider a foliation of  asℋd−1(τ)

<latexit sha1_base64="jFJWzUp7sMTjfXA0pMo8VygTKoI="></latexit>

= Q(Hd�1(⌧2))�Q(Hd�1(⌧1)) +

Z

@sMd

d⌃µJ
µ

<latexit sha1_base64="gtX0sVUqD7/KJEjymOk2bRlY/l4="></latexit>

Q(Hd�1(⌧)) :=

Z

Hd�1(⌧)
d⌃µ J

µwhere we define

By construction, the current is zero on   as∂sℳd

<latexit sha1_base64="+JSXgVsl7PEeIAu9adWn+wPvFrc="></latexit>

d⌃µ J
µ / d⌃µu

µ / nµu
µ = 0

<latexit sha1_base64="mHnmaUGZ4QoPmPK8BB5U+74l9LI="></latexit>

Q(Hd�1(
8⌧2)) = Q(Hd�1(

8⌧1)) := Q

conserved charge

Integral of conservation law on ℳd(τ1, τ2)
<latexit sha1_base64="vW5Zqvr1rh19NBLfqxaAwChLnAc="></latexit>

0 =

Z

Md(⌧1,⌧2)
ddx

p
�grµJ

µ



3. Explicit form of the conserved charge
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Q(Hd�1(⌧)) :=

Z

Hd�1(⌧)
d⌃µ J

µ

<latexit sha1_base64="FpcRc1ilK6MWU3GLF/i33+uvj8k="></latexit>

@sMd

<latexit sha1_base64="FpcRc1ilK6MWU3GLF/i33+uvj8k="></latexit>

@sMd

<latexit sha1_base64="vekqnJdkzZDW4QFvIiQ9ap46r7U="></latexit>

Hd�1(⌧1)
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Hd�1(⌧2)

<latexit sha1_base64="KZvhVc7AzzfbCjtLyeoWV0rUzhE="></latexit>

⌃
<latexit sha1_base64="ytqffd3UWoEkv/lxcXxMdbgeJh0="></latexit>

d⌃µ

<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="fvgUxby16o86sfCppIqG6z8plps="></latexit>

uµ

The charge  takes the same value even if we 
replace  with an arbitrary hyper-surface  
as in the left figure.

Q
ℋd−1(τ) Σ

<latexit sha1_base64="eUYllazU4rmBI1PkjLtxJPyL03g="></latexit>

Q(Hd�1(⌧)) = Q(⌃) = Q
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Jµ(⌧, y) = �⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y)

uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

<latexit sha1_base64="ys2eKCOjbZc387nbE9sSna8kOjA="></latexit>

d⌃µ = �dd�1y
p
hnµ

<latexit sha1_base64="tlcYLlty9AwzqkCspu1dGP5qAh8="></latexit>

Q(Hd�1(⌧)) = �

Z

Hd�1

dd�1y
p
h(⌧, y)nµ(⌧, y)J

µ(⌧, y) =

Z

Hd�1

dd�1y ⇣(0, y)"(0, y)nµ(0, y)u
µ(0, y)

p
h(0, y)

The charge is indeed  independent, and thus conserved.τ



IV. Geometric conservation and entropy 
(trivial conservation but non-trivial interpretation) 



1. (Special) initial condition for ζ

The conserved current depends on an initial value   .ζ(0,y)

geometric conserved charge 
(“gravitational charge”)

geometric conserved current

<latexit sha1_base64="IKUJmuMMVwX3LfmrWoiAM02HDMg="></latexit>

Q =

Z

Hd�1

dd�1y

These are coordinate independent, but depend on a choice of an initial hyper-surface ℋd−1 .

 is invariant under the volume preserving diffeo. of  .Q ya

The conserved current looks “trivial”. As we will show, however, 
”entropy current” in the case of perfect fluids.Jμ =

<latexit sha1_base64="I9YzORCsLECZmKy+pE3mfA0UKmw="></latexit>

Jµ(⌧, y) = �⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y)

uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

<latexit sha1_base64="B7g1jhts9l6NyKbLzcwNG8miIQU="></latexit>

Jµ(⌧, y) = � uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

We take the following (special) choice :
<latexit sha1_base64="1l82AB8LaRpwddqAoqPg+ZeTFeM="></latexit>

⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y) = 1

( We take the y-coordinate Cartesian or similar.)



2. Geometric conserved current
An essence of the geometric conservation law is an existence of time-like curves  
which never end or emerge as

uμ(τ, y)

<latexit sha1_base64="4JgYPFDaKN3towJX5ADqJZbE0u4="></latexit>

u
µ(⌧, y) 6= 0 at 8

⌧ for y 2 Hd�1

<latexit sha1_base64="PGhkrbhK+RNdlat1HrYFDeYfYvg="></latexit>

u
µ(⌧, y) = 0 at 8

⌧ for y /2 Hd�1

<latexit sha1_base64="df5e5pATk6pLjYbBFtIRrww2F7o="></latexit>

Hd�1

<latexit sha1_base64="NCJ/yLXsq0bU+/fRue+E4glbSEw="></latexit>

uµ(⌧, y)

<latexit sha1_base64="RRKaK88IiQ3fGKfcZxTN9Y85uo4="></latexit>y

<latexit sha1_base64="kds99dFXkXBGZQC77wbR7QDV9h0="></latexit>

Bab = gµ⌫
@ya

@xµ

@yb

@x⌫

<latexit sha1_base64="DSSuj3LtMDZ/y1Lb4STjdNtfmWE="></latexit>

detBab

det g̃AB
= g̃⌧⌧ = �1A cofactor 

<latexit sha1_base64="fnyu9ZH4oH1Fb/UurijarlvOkGg="></latexit>

b :=
p
detBab =

1p
�g̃

= � 1

(u · n)
p
h

<latexit sha1_base64="oO72EBwj6h0LhtND48IVUFONwlE="></latexit>

Jµ = buµGeometric current

Therefore  and  . Furthermore we see∇μJμ = 0 Jμ∂μya = 0

<latexit sha1_base64="khiuWoFOox4atCQKP00BFWLMqJU="></latexit>

Jµ = � 1

(d� 1)!

1p
�g̃

eµ↵1···↵d�1 ẽ0a1···ad�1@↵1y
a1 · · · @↵d�1y

ad�1Other representation 
(without derivation)

<latexit sha1_base64="HvUhSbL6p69OehRH1J6GoP8qb3I="></latexit>

Jµ / 1p
�g

<latexit sha1_base64="6kyAjSarjinmk1YRPtqObqwK78M="></latexit>

g̃AB =
1

�2

✓
�1, N b

Na, �2Bab

◆

implies



3. Effective field theory for perfect fluids

We extend an argument in Dubovsky, Hui, Nicolis & Son 2012 to a curved spacetime.

<latexit sha1_base64="pb46jFHDJ6tRAepSlM8MlkjtmrU="></latexit>

S =

Z
ddx

p
�gF (b, z)

：co-moving coordinate of fluids,  ：phase of a conserved quantity.ya(x) ψ(x)

Poincare symmetry,  volume preserving diffeo:   with ya → f a(y) det(∂b f a) = 1
phase transformation: ψ(x) → ψ(x) + c

Dynamical variable

Symmetry

low energy effective theory
derivative expansion

Conserved Noether current for  :ψ(x) → ψ(x) + c
<latexit sha1_base64="HcVluisaOuCIqwhNH/gZcz6tIZQ="></latexit>

Nµ
1 (x) :=

�S

�@µ 
= n1(x)u

µ(x)

<latexit sha1_base64="n3Fm2ka1atRadKF0No9dLsJDASQ="></latexit>

n1 = Fz := @zFcharge density

<latexit sha1_base64="EJ6FlXw+b9FMNIb/dPiUYJ89M2U="></latexit>

b =
p
detBab, z := uµ@µ =

Jµ

b
@µ 

<latexit sha1_base64="kds99dFXkXBGZQC77wbR7QDV9h0="></latexit>

Bab = gµ⌫
@ya

@xµ

@yb

@x⌫
<latexit sha1_base64="oO72EBwj6h0LhtND48IVUFONwlE="></latexit>

Jµ = buµ

<latexit sha1_base64="c5MUHSGZttWaYpfRdoe+3dfYJas="></latexit>

uµ : fluid 4-velocity



4. Entropy of perfect fluids

EMT
<latexit sha1_base64="guqqNkCP17p/ob/M5CUi3XrPkVc="></latexit>

Tµ⌫(x) :=
2p
�g̃

@S

@gµ⌫(x)
= gµ⌫F +

2Fz

b

@(Jµ@µ )

@gµ⌫
� 2(Fzz � Fbb)

@b

b@gµ⌫

<latexit sha1_base64="9j6kVY7N4NHn78Xvm21S2S/m604="></latexit>

@(Jµ@µ )

@gµ⌫
= �bz

2
gµ⌫

<latexit sha1_base64="lyeMHGefAUzPyi6qOpso9jrnsms="></latexit>

@b

@gµ⌫
= � b

2
gµ↵g⌫�Bab@↵y

a@�y
b = � b

2
(gµ⌫ + uµu⌫)

<latexit sha1_base64="4WOtlcKcr8/HeRR11y4+xfwERUY="></latexit>

= g↵� + u↵u�

<latexit sha1_base64="uO4gWnrlMf3voIeIPmXI41jCOkU="></latexit>

Tµ
⌫ = (F � Fbb)�

µ
⌫ + (Fzz � Fbb)u

µu⌫

P ε + P

<latexit sha1_base64="qerds3SH3huV6aJEA2j4g2gjVEo="></latexit>

" = Fzz � F

<latexit sha1_base64="5yb6Xqkqc0Lgo4qfsqN8M216+GA="></latexit>

P = F � Fbb

<latexit sha1_base64="Sgq+J3lj2KPoUbzZDPC7ah3pkkA="></latexit>

n1 = Fz<latexit sha1_base64="WibnXAkDTZ4UmiCZs6HSwLskX/0="></latexit>

d" = zdn1 � Fbdb

compared with thermodynamic relation dε = Tds + μ1dn1

<latexit sha1_base64="qplduvpnZETG85M/HjunF+hPdaY="></latexit>

s = b, T = �Fb, µ1 = z

 is an entropy density !b

 Other thermodynamics equation   automatically 
follows.

ε + P − μ1n1 = − Fbb = Ts

  chemical potential for μ1 : n1

+ charge density



V. Conclusion



Conclusion

1. Geometric conservation always holds in a curved spacetime. 

<latexit sha1_base64="IKUJmuMMVwX3LfmrWoiAM02HDMg="></latexit>

Q =

Z

Hd�1

dd�1y

conserved current

gravitational charge

2. The geometric conserved charge is entropy for perfect fluids.

<latexit sha1_base64="QNirLeZEZJISQv9jYu2Q5JoicGs="></latexit>

Jµ(⌧, y) =
�uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p
h(⌧, y)

Interpretation

1. A source of gravity is “entropy”, as the electric charge is the source of EM interaction.

c.f.  “Gravity is entropic force”. T. Jacobson 1995, E.P. Verlinde 2011.

2. Through Einstein’s equation  , the geometric conservation holds in 
spacetime . What is its meaning ?

Gμν + Λgμν = 2κTμν



A magic (universal) formula for “entropy” density

<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

Hd�1(⌧)

<latexit sha1_base64="RRVN/xq9V1bhKY2MhbhAlHNKjJ4="></latexit>

eµa(⌧, y)
<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ(⌧, y)

<latexit sha1_base64="+wwy4LLQD8nW8xQgHk0F/o5wt3U="></latexit>

nµ(⌧, y)

Please calculate entropy density 
in your favorite spacetime. 

<latexit sha1_base64="NddclOXylSRN80lZrT+jK1nfJVA="></latexit>

s(x(⌧, y)) =
�1

n(⌧, y) · u(⌧, y)
p
h(⌧, y)

<latexit sha1_base64="tUtJsbiPmGanEgNZau2WLffcnH4="></latexit>

h(⌧, y)

EMT

Future studies

1. What is a physical interpretation of the geometric conservation for dissipative fluids ?

In gravitational systems, instead of energy,  is entropy conserved ?

2. Applications of the geometric conservation.

Thank you for your attention.



Backup



B1. More general “3+1” decomposition

yA = (y0, ya), τ = f(y0), f′ (y0) > 0

<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

Hd�1(⌧)

<latexit sha1_base64="RRVN/xq9V1bhKY2MhbhAlHNKjJ4="></latexit>

eµa(⌧, y)
<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ(⌧, y)

<latexit sha1_base64="+wwy4LLQD8nW8xQgHk0F/o5wt3U="></latexit>

nµ(⌧, y)

ADM decomposition

<latexit sha1_base64="W1YmS23S4Oq0TkUHGgWcYAZS+Dk="></latexit>

g̃AB =

✓
�(f 0)2, f 0Nb

f 0Na, hab

◆

<latexit sha1_base64="WaDMPo9mFr0BMwfFsxCxcMZpj4Q="></latexit>

ũA =
�A0
f 0

Calculation of  K = ∇μuμ
<latexit sha1_base64="jifVdvyeF4UBhiHEF9u94+Orht0="></latexit>

K =
1p
�g̃

Lu

p
�g̃

<latexit sha1_base64="WfG+sMVljZJwNQHPRpGVWHK3MRQ="></latexit>

Lu

p
�g̃ = ũA@A

p
�g̃ +

d

dt
det

@yA

@(y0)B

����
t=1

=
1

f 0 @0
p
�g � f 00

(f 0)2
p

�g̃ = @0

p
�g̃

f 0

<latexit sha1_base64="VFli/mBXK0L1ELOXXMIXX9UIZug="></latexit>

y0 = y � tu

<latexit sha1_base64="K7Fb5CjWQoMbAbYUEUsxlLP9nvk="></latexit>

d

dt
det

✓
@yA

@(y0)B

◆
= 1� f 00

(f 0)2

<latexit sha1_base64="WKmOvP6hmG3zoHXaq3+tsRbLyvc="></latexit>

K =
1

(u · n)
p
hf 0

@(u · n)
p
h

@y0
= @⌧ log[�(u · n)

p
h] Same result as before

<latexit sha1_base64="F5u+YdlLOl0x9Pk4tR4J2XMUYj0="></latexit>

g̃AB =
1

(f 0�)2

✓
�1, f 0N b

f 0Na, (f 0�)2Bab

◆

<latexit sha1_base64="a86lzTZ5C05ZtZZhCmw1Fr+bYqw="></latexit>

ds2 = �(f 0�)2(dy0)2 + hab(dy
a + f 0Nady0)(dyb + f 0N bdy0)
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�g̃ = (f 0�)2h
<latexit sha1_base64="vXL6cffusbjkdr5myn/vjN48C9Y="></latexit>

ñA = �f 0� �0A

<latexit sha1_base64="p4N1loUw1JLxLn36Pq1JlksUYNE="></latexit>

u · n = ũ · ñ = ��


