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Gauge Formulation of Einstein Gravity Theory

• SL(2)×SL(2) Chern-Simons formulation
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• k ≡ l/(4G3), 1/l

2 ≡ −Λ, where Λ is a cosmological constant

• bulk metric gµν = 2Tr(eµeν), where A− Ā ∼ e, A+ Ā ∼ ω

• boundary conditions for the torus:
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Boundary Theory for Torus

• two-dimensional Schwarzian theory [Cotler, Jensen 2019]
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Liouville Theory

• consider a general Weyl transformation E± → exp(σ)E± on a

torus

• boundary conditions become:

(E+
θ At − E+

t Aθ + E+
t A2

θJ2)|r→∞ = 0;

(E−
θ Āt − E−

t Āθ + E−
t Ā2

θJ2)|r→∞ = 0, (5)

where A2
θ = Ā2

θ = −∂tσ

• additional boundary term appears, and it is necessary for

obtaining the Liouville theory not the same as in the claim of

Ref. [Cotler, Jensen 2019]
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Application

• implement the averaging of a modular group to compute the

Rényi-2 mutual information for disjoint two-intervals

• non-perturbative effect kills the phase transition
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Modular Averaging

• partition function of 2d Schwarzian theory on a torus is

[Cotler, Jensen 2019]

ZT (τ) = |q|−
c
12

1∏∞
n=2 |1− qn|2

, q ≡ e2πiτ , c =
3

2G3
+ 13, (7)

where τ is a complex structure

• summation is over the SL(2, Z) group (or modular group) in

the boundary theory, which is equivalent to the path

integration for all asymptotic AdS3 boundary [Maloney,

Witten 2010]

ZM(τ) =
∑

c1,d1; (c1,d1)=1

ZT

(
a1τ + b1
c1τ + d1

)
, (8)

where a1d1 − b1c1 = 1, a1, b1, c1, d1 ∈ Z
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Rényi-2 Mutual Information

• Rényi entropy of order q is

R(q) ≡ lnTrρq

1− q
=

lnZ (q) − q lnZ (1)

1− q
, (9)

where ρ is a reduced density matrix, and Z (q) is a q-sheet

partition function

• Rényi mutual information of order q is

I
(q)
[u1,v1],[u2,v2]

= R
(q)
[u1,v1]

+ R
(q)
[u2,v2]

− R
(q)
[u1,v1]∪[u2,v2] (10)

• Rényi-2 mutual information is [Headrick 2010]

I (2) = lnZT (τ) + c ln

(
θ2(τ)

2η(τ)

)
(11)

• modular averaging is equivalent to replacing ZT with ZM



Gauge Formulation of AdS3 Einstein Gravity Weyl Anomaly and Liouville Theory Discussion and Conclusion
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• Rényi-2 mutual information is [Headrick 2010]

I (2) = lnZT (τ) + c ln

(
θ2(τ)

2η(τ)

)
(11)

• modular averaging is equivalent to replacing ZT with ZM



Gauge Formulation of AdS3 Einstein Gravity Weyl Anomaly and Liouville Theory Discussion and Conclusion

Rényi-2 Mutual Information
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Figure: We show the Rényi-2 mutual information from summing all saddle

points, A-cycle, and B-cycle with c = 64. Not all saddle points decay to

zero when l ≡ −iτ → ∞ (like B-cycle), where τ is a complex structure.
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Logarithmic Partition Function
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Figure: The logarithmic partition function is continuous for l .
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First-Order Derivative
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Figure: The first-order derivative of the logarithmic partition function is a

continuous function for l .
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Discussion and Conclusion

• agrees with the Liouville Theory for a torus manifold

• implement the averaging of a modular group to compute the

Rényi-2 mutual information for disjoint two-intervals

• non-perturbative effect kills the phase transition

• boundary theory=resummation of perturbative gravity
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Rényi-2 mutual information for disjoint two-intervals

• non-perturbative effect kills the phase transition

• boundary theory=resummation of perturbative gravity



Gauge Formulation of AdS3 Einstein Gravity Weyl Anomaly and Liouville Theory Discussion and Conclusion

Thank you!



Back-Up Slide

Cylinder→Sphere

• respects the result from the Cylinder manifold to Sphere

Manifold

ea → exp
(
σ(t)

)
ea = sech(ψ)ea (12)

but additional finite term appears

k

2π

∫ ∞

−∞
dψ

∫ 2π

0
dθ ∂2ψσ = −2k (13)
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