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Singularity-free regular black holes are a popular alternative to the singular mathematical black holes
predicted by general relativity. Here, we derive a generic condition that spherically symmetric dynamical
regular black holes must satisfy to be compatible with the first law of black hole mechanics based on an
expression for the surface gravity at the outer horizon. We examine the dynamical generalizations of
models typically considered in the literature and demonstrate that none of them satisfies the condition
required for compatibility with the first law, suggesting that modifications are required to maintain its
physical meaning. We show that the need for corrections is inherently linked to the introduction of a
minimal length scale and can therefore be seen as a direct consequence of the spacetime regularization.
We explicitly identify the additional work terms in the extended first law, comment on their thermodynamic
interpretation, and show that the linear coefficient of the Misner-Sharp mass suffices to determine the
relevant thermodynamic properties.

DOI: 10.1103/PhysRevD.108.044002

I. INTRODUCTION

In their 1973 milestone paper [1], Bardeen, Carter, and
Hawking introduced four laws of black hole mechanics and
elucidated close analogies with the four laws of thermo-
dynamics. This important link connecting the two fields has
since proven to be a powerful tool in advancing our
understanding of black holes. In particular, the physical
insights revealed in the rigorous mathematical derivation of
the first law in the integral and differential formalism of
Ref. [1] have provided strong motivation for further
investigating their thermodynamic properties [2–7].
While the existence of dark massive ultracompact objects

has been established beyond any reasonable doubt, the
question of whether these objects are black holes is
still open [8–13]. In the absence of a clear answer, singu-
larity-free models of so-called regular black holes
(RBHs) [14–16] have received much attention in recent
years, as they provide a way to avoid the nontrivial causal
structures inherent to the black holes predicted by general
relativity (GR). Unlike the singular mathematical black
holes of GR, which are bounded by globally defined and
physically unobservable event horizons [17], RBH models
are characterized by a separate inner (Cauchy) and outer (in
the case of an evolving RBH spacetime quasilocal, e.g.,
apparent or trapping) horizon. Both the inner and outer
horizon generally have a nonzero surface gravity. However,
inner horizons with nonzero surface gravity are typically

unstable under small perturbations, which gives rise to
so-called mass inflation instabilities, i.e., exponential insta-
bilities characterized by an exponential growth of the
gravitational energy in a neighborhood of the inner horizon
(as measured, for instance, by evaluating the Weyl sca-
lar) [18–23]. Recently, a novel “inner-extremal”RBHmodel
that cures the exponential instability by making the inner
horizon surface gravity vanish, while maintaining the sep-
aration between the inner and outer horizon, and a nonzero
surface gravity at the outer horizon, has been proposed [24].
It is important to note that the original 1973 paper

considered stationary black holes [1]. While the mass loss
of an evaporating black hole is usually ascribed to the
emission of Hawking radiation [5,6], the backreaction of
spacetime geometry is not accounted for in its derivation,
which assumes that the underlying geometry is (at least
asymptotically) stationary. This is a physically significant
omission: if the backreaction from the Hawking flux is not
ignored, variations between nearby equilibrium states are
no longer accurately described by the first law.
To resolve this limitation and go beyond physically

unrealistic stationary scenarios, the concept of a dynamical
(and thus quasilocal) horizon has been developed [25–27].
It allows us to describe the geometry of an evolving black
hole spacetime and has become an indispensable mathemati-
cal tool to accurately model dynamical processes such as the
formation and possible evaporation of black holes, as well as
to enable generalizations of the laws of black holemechanics
and their thermodynamic interpretation [25,28], including
that of surface gravity as a temperature parameter.
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Nonsingular black holes have received much attention in recent years as they provide an opportunity to
avoid the singularities inherent to the mathematical black holes predicted by general relativity. Based on the
assumption that semiclassical physics remains valid in the vicinity of their horizons, we derive kinematic
properties of dynamically evolving spherically symmetric regular black holes. We review the Hawking-
Ellis classification of their associated energy-momentum tensors and examine the status of the null energy
condition in the vicinity of their horizons as well as their interior. In addition, we analyze the trajectory of a
moving observer, find that the horizons can be crossed on an ingoing geodesic, and thus entering and
exiting the supposedly trapped spacetime region is possible. We outline the ramifications of this result for
the information loss problem and black hole thermodynamics. Throughout the article, we illustrate relevant
features based on the dynamical generalization of the regular black hole model proposed in Carballo-Rubio
et al. [J. High Energy Phys. 09 (2022) 118] and elucidate connections to the only self-consistent dynamical
physical black hole solutions in spherical symmetry.
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I. INTRODUCTION

While the existence of dark massive compact objects has
been established beyond any reasonable doubt, their precise
physical nature remains enigmatic, with a range of pos-
sibilities under consideration [1–6]. The prevalent astro-
physical description is the Schwarzschild/Kerr black hole
paradigm, which is based on the mathematical black hole
(MBH) solutions of general relativity (GR). Their hallmark
features are the presence of an event horizon and central
singularity. Despite the successes of the paradigm, both
features that distinguish MBHs are accompanied by
empirical and conceptual pathologies which are absent
by design in many alternative models describing dark
ultracompact objects (UCOs) that are also compatible with
observational data.
By its very definition, the event horizon is a global

geometric property and thus physically unobservable [7].
While current data is consistent with having the
Schwarzschild/Kerr solutions as asymptotic final states
of gravitational collapse, such objects are de facto horizon-
less for distant observers (as their horizons exist only for
t → ∞). In contrast, physical black holes (PBHs) [8]
bounded by a dynamically evolving quasilocal horizon
formed in finite time according to the clock of a distant

observer are (at least in principle) physically observable,
i.e. there is a measurement that can be performed in a finite
time interval and within a finite-size region of spacetime to
determine the presence or absence of a quasilocal horizon.
The presence of a physical singularity (i.e. one that is not an
artifact of a particular choice of coordinates) inevitably
introduces nontrivial causal structures into the spacetime at
large [9] and is typically interpreted as a harbinger that the
underlying theory breaks down.1 An immediate conse-
quence that is frequently discussed in the literature is the
so-called information loss paradox [11]: in this scenario,
the apparent lack of unitarity in the black hole evaporation
process is typically ascribed to the propagation of quantum
correlations into the singularity located at the black hole’s
interior [12]. To maintain unitarity and avoid information
loss, it has been conjectured that the time dependence of the
Hawking radiation’s entanglement entropy follows the
Page curve [13,14], i.e. it first increases until it reaches
its peak at the Page time (where it coincides with the
Bekenstein–Hawking entropy [15–20] of the black hole)
and subsequently decreases until it reaches zero at the end
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1“The crushing of matter to infinite density by infinite tidal
gravitational forces is a phenomenon with which one cannot live
comfortably. […] it is difficult to believe that physical singular-
ities are a fundamental and unavoidable feature of our universe.
[…] one is inclined to discard or modify that theory rather than
accept the suggestion that the singularity actually occurs in
nature” [10].
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Spherically symmetric dynamical RBHs in semiclassical gravity
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Metric function and Misner–Sharp mass:

<latexit sha1_base64="CgVCSyOuSDNunLEHkCju5ZjyeMA="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v)
�
r � r+(v)

�i

Dynamical RBHs:

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

<latexit sha1_base64="pbWK5hZehG6QJS+KkzsKCJuAQdI="></latexit>

a, b 2 Nodd = {1, 3, 5, . . .}

<latexit sha1_base64="x03QYOWRGMOzT5mxrpjQ7IB5lk8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPVwTt1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vn9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9U9I0v</latexit>

> 0



4© Okinawa Institute of Science and Technology Graduate University 20202 0 2 4 / 3 / 6

Dynamical solutions in spherical symmetry

Mann, SM, Terno
Int. J. Mod. Phys. D 31, 2230015 (2022)

Only two metric families can describe the geometry near an 
apparent horizon formed in finite time of a distant observer:

Evaporating 
black holes Accreting 

white holes

Black holes and their horizons in semiclassical and modified theories of gravity 25

2.3. Spherical symmetry: relations with popular models

Vaidya metrics

ds
2 = �

✓
1 � r±(w±)

r

◆
dw

2

±
+ 2✏±dw±dr + e

2
d⌦2, (66)

where w± are the outgoing (ingoing) null coordinates and ✏± = ±1, are the simplest non-
stationary generalizations of the Schwarzschild solution.144 The apparent horizon of these
metrics is located at rg = r± ⌘ C±. Comparison of the EMT components shows that
all Vaidya metrics are k = 0 solutions. Moreover, ⌧t = ⌧

r = ±⌧
r

t
holds as an exact

relationship.
The outgoing metric98 (w� = u) with decreasing mass r

0

�
(u) < 0 was originally pro-

posed to model the radiation of stars by supplying the Einstein equations for the exterior
domain with an EMT of the geometric optics form.145 Its interior, however, describes an
anti-trapped region. Beyond their pedagogical use78, 80 in illustrating the differences be-
tween various types of masses and horizons, Vaidya metrics are widely applied in studies
of stellar dynamics and gravitational collapse.146–148

The ingoing metrics (w+ = v) model the spacetime geometry in the vicinity of the
apparent horizon,83, 149–151 and the ingoing Vaidya metric with decreasing mass83, 151 is used
to model the effect of Hawking radiation at distances r & O(3rg). Despite their apparent
simplicity, these metrics describe a variety of spacetime structures, e.g. the formation of a
transient trapped region when used as an exterior metric for particular models of collapsing
stars, or a singularity (naked or hidden behind the event horizon).148, 152

The EMT has only one non-zero component

T
ww

=
✏±r

0

±
(w)

8⇡r2
, (67)

where the ± subscripts on w have been omitted to reduce clutter. Hence out of four pos-
sibilities only two — the metrics with r

0

+
(v) < 0 and r

0

�
(u) > 0 that violate the NEC —

can describe the geometry near an apparent horizon that was formed in time t. For the other
two metrics, any attempt to construct an explicit transformation to (t, r) coordinates leads
to complex-valued functions.60 The two admissible metrics belong to the k = 0 class of so-
lutions: all functions wi(u) and wi(v) are identically zero. We summarize these properties
in Table 2.

Table 2. Properties of the four types of Vaidya metrics. The Einstein equations
have real solutions at finite time t > tS only if the NEC is violated.

sgn(Ttt ) sgn(T r
t )

Time-evolution of
Vaidya mass function

Black/
White hole

NEC
violation

� � C0(v) < 0 B 3
� + C0(u) > 0 W 3
+ � C0(u) < 0 W 7
+ + C0(v) > 0 B 7

Review article:

https://doi.org/10.1142/S0218271822300154
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Surface gravity and the first law of BH mechanics
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�M =


8⇡
�A

First law of BH mechanics: Bardeen, Carter, Hawking
Commun. Math. Phys. 31, 161 (1973)

<latexit sha1_base64="EKB739wlh4CoMUBSDMaCKQ+gTNg=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKgQslSpYEFMr0YvURpXjOK1VJ45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg506f/P0fnnN+NGJXKsr6N3Nr6xuZWfruws7u3f2AeHnUkjwUmbcwZFz0XScJoSNqKKkZ6kSAocBnpupOb1O8+ECEpD+/VNCJOgEYh9SlGSktDs1jxuYDlgUeYQvCunkGrbpXPhmbJqlrzgqtgZ1ACWTWH5tfA4zgOSKgwQ1L2bStSToKEopiRWWEQSxIhPEEj0tcYooBIJ5k/MYOnWvFgeo3PQwXn6u+JBAVSTgNXdwZIjeWyl4r/ef1Y+VdOQsMoViTEi0V+zKDiME0EelQQrNhUA8KC6lshHiOBsNK5FXQI9vLLq9CpVe2L6nmrVmpcZ3HkQRGcgAqwwSVogFvQBG2AwSN4Bq/gzXgyXox342PRmjOymWPwp4zPH3sulhE=</latexit>

(for �J = �Q = 0)

Horizon area:
<latexit sha1_base64="ctsTJbt4StDfv01aWlclDp0b9og=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglCSUtSLUPXisYL9gDaGzXbbLt1swu5GqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtizpR2nG8rt7K6tr6R3yxsbe/sFu29/aaKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHN1G89UqlYJO71OKZeiAeC9RnB2ki+XbxCl6iKujFD0j99qPh2ySk7M6Bl4makBBnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfODp+gY6P0UD+SpoRGM/X3RIpDpcZhYDpDrIdq0ZuK/3mdRPcvvJSJONFUkPmifsKRjtA0BdRjkhLNx4ZgIpm5FZEhlphok1XBhOAuvrxMmpWye1au3lVLtessjjwcwhGcgAvnUINbqEMDCCTwDK/wZj1ZL9a79TFvzVnZzAH8gfX5A8YfkT0=</latexit>

A = 4⇡r2+
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�r+
=


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�r+
)  =

1

2r+

Definition of     is unambigous only in stationary spacetimes:
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 = 2⇡TH

Dynamical generlizations: [1]  peeling surface gravity

[2]  Kodama surface gravity:

Nielsen, Yoon, Class. Quant. Grav. 25, 085010 (2008)
Cropp, Liberati, Visser, Class. Quant. Grav. 30, 125001 (2013)

Kodama, Prog. Theor. Phys. 63, 1217 (1980)
Abreu, Visser, Phys. Rev. D 82, 044027 (2010)
Kurpicz, Pinamonti, Verch, Lett. Math. Phys. 111, 110 (2021)

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

�

ill-defined for transient object!

SM, Terno, Phys. Rev. D 103, 064082 (2021)
Mann, SM, Terno, Phys. Rev. D 105, 124032 (2022)

<latexit sha1_base64="MvHv+wWY5lzMNaKCo7srfxV4RMY=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa2LanBZrd3XKvWbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJkajyg=</latexit>

<latexit sha1_base64="zZpIsGX1TQ1+QqdI9lag+DJgtXM=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcqMFHUjFN0IbirYB7RjyaSZNjTJDElGKWM/xY0LRdz6Je78GzPtLLT1XC4czrmX3Bw/YlRpx/m2ckvLK6tr+fXCxubW9o5d3G2qMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5Y+uUr/1QKSiobjT44h4HA0EDShG2kg9u3hz3+UxvIBl99hJ66hnl5yKMwVcJG5GSiBDvWd/dfshjjkRGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQwXiRHnJ9PQJPDRKHwahNC00nKq/NxLElRpz30xypIdq3kvF/7xOrINzL6EiijURePZQEDOoQ5jmAPtUEqzZ2BCEJTW3QjxEEmFt0iqYENz5Ly+S5knFPa1Ub6ul2mUWRx7sgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59zEZzVrazB/7A+vwBJ1GRWA==</latexit>

Kµ = (1, 0, 0, 0),

https://doi.org/10.1007/BF01645742
https://doi.org/10.1088/0264-9381/25/8/085010
https://doi.org/10.1088/0264-9381/30/12/125001
https://doi.org/10.1143/PTP.63.1217
https://doi.org/10.1103/PhysRevD.82.044027
https://doi.org/10.1007/s11005-021-01445-7
https://doi.org/10.1103/PhysRevD.103.064082
https://doi.org/10.1103/PhysRevD.105.124032
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Generalized dynamical first law

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
! r +

2

"
=

1 ! w1

16⇡r +
�A +

w1

8⇡r 2
+

�V

<latexit sha1_base64="kdgi14qo7DI7D2hWwfjS4Jv7ELE="></latexit>

C(v, r ) = r+ (v) +
!!

i =1

wi (v)
"
r ! r + (v)

#i

!"#$%$&'#()*("#+%&%"#,
<latexit sha1_base64="Z2fEdeDABeI5WCzRzKWZA7gZD54=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZJIq24KRTcuK9gHNCFMppN26EwSZiZKCfkHN/6KGxeKuHXjzr9x2mah1QMDh3PO5c49fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDXxO3dESBqFt2ocE5ejQUgDipHSkmce3Xs2dHw6cHRKeamoC+84g85QxgiT9MSu1GqcZ7AOLc8sWxVrCviX2DkpgxxNz/x0+hFOOAkVZkjKnm3Fyk2RUBQzkpWcRBK9ZYQGpKdpiDiRbjq9KYMHWunDIBL6hQpO1Z8TKeJSjrmvkxypoZz3JuJ/Xi9RwYWb0jBOFAnxbFGQMKgiOCkI9qkgWLGxJggLqv8K8RAJhJWusaRLsOdP/kvapxX7rFK9qZYbl3kdRbAH9sEhsME5aIBr0AQtgMEDeAIv4NV4NJ6NN+N9Fi0Y+cwu+AXj4xtjXJyR</latexit>

w1
!
!
r = r +

= 0 Note:
Applies generically to dynamical black holes!

Now:  Focus on dynamical RBH models                                                                                   with         .

!"#"$%&'(")*)+#%,'-%&*.'$/0*&%12

<latexit sha1_base64="XgwZ+COqTqB7qft1a0vmAFStsII=">AAACJHicbVDLSgMxFM3UV62vUZdugkWYoi0zUlQQoejGZQX7gHYsmTTThmYeJJlCGfoxbvwVNy584MKN32I6Hai2Hgg5Oedebu5xQkaFNM0vLbO0vLK6ll3PbWxube/ou3t1EUQckxoOWMCbDhKEUZ/UJJWMNENOkOcw0nAGNxO/MSRc0MC/l6OQ2B7q+dSlGEkldfRL1xieQF646k3vtkN7Bi/yTlwcG8PkWXhAM/V4pjodPW+WzARwkVgpyYMU1Y7+3u4GOPKILzFDQrQsM5R2jLikmJFxrh0JEiI8QD3SUtRHHhF2nCw5hkdK6UI34Or4Eibq744YeUKMPEdVekj2xbw3Ef/zWpF0L+yY+mEkiY+ng9yIQRnASWKwSznBko0UQZhT9VeI+4gjLFWuORWCNb/yIqmflqyzUvmunK9cp3FkwQE4BAawwDmogFtQBTWAwSN4Bq/gTXvSXrQP7XNamtHSnn3wB9r3DzMJoiU=</latexit>

f (v, r ) = g(v, r )
!
r ! r ! (v)

"a!
r ! r + (v)

"b <latexit sha1_base64="2/ULM0gidRyFPhqZNQwP/1YA9oE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBce71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AuWGNcQ==</latexit>

b = 1

<latexit sha1_base64="r8W/B7sfxLwwUhMy3Ah810NxwKM="></latexit>

! K
!
!
r = r +

=
1
2

" r f (v, r )
!
!
r = r +

= lim
r ! r +

(r ! r + )" 1+ bbg(v, r )( r ! r " )a

2

Nonzero Kodama surface gravity only possible for nondegenerate outer horizon. 

<latexit sha1_base64="C442rcsnMSACVA/BUPyN3hUl7eM=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4scxI1W6Eqhs3QgX7gE4pd9JMG5qZCUlGKEO/xI2/4saFIoIr/RvTdgRtPXDh5Jx7yb3HE5wpbdtfVmZhcWl5JbuaW1vf2NzKb+/UVRRLQmsk4pFseqAoZyGtaaY5bQpJIfA4bXiDq7HfuKdSsSi800NB2wH0QuYzAtpInfyJ26VcA77B59j1JZDEHYAQMErK2BVshFP/Ah9h8fOod/IFu2hPgOeJk5ICSlHt5D/cbkTigIaacFCq5dhCtxOQmhFORzk3VlQAGUCPtgwNIaCqnUzOG+EDo3SxH0lTocYT9fdEAoFSw8AznQHovpr1xuJ/XivWfrmdsFDEmoZk+pEfc6wjPM4Kd5mkRPOhIUAkM7ti0gcTkjaJ5kwIzuzJ86R+XHROi6XbUqFymcaRRXtoHx0iB52hCrpGVVRDBD2gJ/SCXq1H69l6s96nrRkrndlFf2B9fgNEkKC0</latexit>

! M =
"
8#

! A ! p! V
<latexit sha1_base64="L2M5+OwaNYE63xNl6vZzTrLcvrY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgiCUpRbsRim5cVrAPaGKYTCft0EkyzEyUErJy46+4caGIW7/BnX/jtM1CqwcuHM65l3vv8TmjUlnWl1FYWFxaXimultbWNza3zO2dtowTgUkLxywWXR9JwmhEWooqRrpcEBT6jHT80eXE79wRIWkc3agxJ26IBhENKEZKS565z+E5PIFOIBBO7z07S+vQ4RQK7/i2mnlm2apYU8C/xM5JGeRoeuan049xEpJIYYak7NkWV26KhKKYkazkJJJwhEdoQHqaRigk0k2nb2TwUCt9GMRCV6TgVP05kaJQynHo684QqaGc9ybif14vUUHdTWnEE0UiPFsUJAyqGE4ygX0qCFZsrAnCgupbIR4inYjSyZV0CPb8y39Ju1qxTyu161q5cZHHUQR74AAcARucgQa4Ak3QAhg8gCfwAl6NR+PZeDPeZ60FI5/ZBb9gfHwDcLeXOA==</latexit>

p = !
w1

8! r 2
+
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Generalized dynamical first law

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
! r +

2

"
=

1 ! w1

16⇡r +
�A +

w1

8⇡r 2
+

�V

!"#$%$&'#()*("#+%&%"#,
<latexit sha1_base64="Z2fEdeDABeI5WCzRzKWZA7gZD54=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZJIq24KRTcuK9gHNCFMppN26EwSZiZKCfkHN/6KGxeKuHXjzr9x2mah1QMDh3PO5c49fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDXxO3dESBqFt2ocE5ejQUgDipHSkmce3Xs2dHw6cHRKeamoC+84g85QxgiT9MSu1GqcZ7AOLc8sWxVrCviX2DkpgxxNz/x0+hFOOAkVZkjKnm3Fyk2RUBQzkpWcRBK9ZYQGpKdpiDiRbjq9KYMHWunDIBL6hQpO1Z8TKeJSjrmvkxypoZz3JuJ/Xi9RwYWb0jBOFAnxbFGQMKgiOCkI9qkgWLGxJggLqv8K8RAJhJWusaRLsOdP/kvapxX7rFK9qZYbl3kdRbAH9sEhsME5aIBr0AQtgMEDeAIv4NV4NJ6NN+N9Fi0Y+cwu+AXj4xtjXJyR</latexit>

w1
!
!
r = r +

= 0 Note:
Applies generically to dynamical black holes!

Now:  Focus on dynamical RBH models                                                                                   with         .

!"#"$%&'(")*)+#%,'-%&*.'$/0*&%12

<latexit sha1_base64="XgwZ+COqTqB7qft1a0vmAFStsII=">AAACJHicbVDLSgMxFM3UV62vUZdugkWYoi0zUlQQoejGZQX7gHYsmTTThmYeJJlCGfoxbvwVNy584MKN32I6Hai2Hgg5Oedebu5xQkaFNM0vLbO0vLK6ll3PbWxube/ou3t1EUQckxoOWMCbDhKEUZ/UJJWMNENOkOcw0nAGNxO/MSRc0MC/l6OQ2B7q+dSlGEkldfRL1xieQF646k3vtkN7Bi/yTlwcG8PkWXhAM/V4pjodPW+WzARwkVgpyYMU1Y7+3u4GOPKILzFDQrQsM5R2jLikmJFxrh0JEiI8QD3SUtRHHhF2nCw5hkdK6UI34Or4Eibq744YeUKMPEdVekj2xbw3Ef/zWpF0L+yY+mEkiY+ng9yIQRnASWKwSznBko0UQZhT9VeI+4gjLFWuORWCNb/yIqmflqyzUvmunK9cp3FkwQE4BAawwDmogFtQBTWAwSN4Bq/gTXvSXrQP7XNamtHSnn3wB9r3DzMJoiU=</latexit>

f (v, r ) = g(v, r )
!
r ! r ! (v)

"a!
r ! r + (v)

"b <latexit sha1_base64="2/ULM0gidRyFPhqZNQwP/1YA9oE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBce71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AuWGNcQ==</latexit>

b = 1

<latexit sha1_base64="C442rcsnMSACVA/BUPyN3hUl7eM=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4scxI1W6Eqhs3QgX7gE4pd9JMG5qZCUlGKEO/xI2/4saFIoIr/RvTdgRtPXDh5Jx7yb3HE5wpbdtfVmZhcWl5JbuaW1vf2NzKb+/UVRRLQmsk4pFseqAoZyGtaaY5bQpJIfA4bXiDq7HfuKdSsSi800NB2wH0QuYzAtpInfyJ26VcA77B59j1JZDEHYAQMErK2BVshFP/Ah9h8fOod/IFu2hPgOeJk5ICSlHt5D/cbkTigIaacFCq5dhCtxOQmhFORzk3VlQAGUCPtgwNIaCqnUzOG+EDo3SxH0lTocYT9fdEAoFSw8AznQHovpr1xuJ/XivWfrmdsFDEmoZk+pEfc6wjPM4Kd5mkRPOhIUAkM7ti0gcTkjaJ5kwIzuzJ86R+XHROi6XbUqFymcaRRXtoHx0iB52hCrpGVVRDBD2gJ/SCXq1H69l6s96nrRkrndlFf2B9fgNEkKC0</latexit>

! M =
"
8#

! A ! p! V
<latexit sha1_base64="L2M5+OwaNYE63xNl6vZzTrLcvrY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgiCUpRbsRim5cVrAPaGKYTCft0EkyzEyUErJy46+4caGIW7/BnX/jtM1CqwcuHM65l3vv8TmjUlnWl1FYWFxaXimultbWNza3zO2dtowTgUkLxywWXR9JwmhEWooqRrpcEBT6jHT80eXE79wRIWkc3agxJ26IBhENKEZKS565z+E5PIFOIBBO7z07S+vQ4RQK7/i2mnlm2apYU8C/xM5JGeRoeuan049xEpJIYYak7NkWV26KhKKYkazkJJJwhEdoQHqaRigk0k2nb2TwUCt9GMRCV6TgVP05kaJQynHo684QqaGc9ybif14vUUHdTWnEE0UiPFsUJAyqGE4ygX0qCFZsrAnCgupbIR4inYjSyZV0CPb8y39Ju1qxTyu161q5cZHHUQR74AAcARucgQa4Ak3QAhg8gCfwAl6NR+PZeDPeZ60FI5/ZBb9gfHwDcLeXOA==</latexit>

p = !
w1

8! r 2
+

<latexit sha1_base64="287IBcItmci8/FzxTq3z53mxZUA="></latexit>

w1
!
!
r = r +

= 1 ! g(v, r+ )r + (r + ! r ! )a

<latexit sha1_base64="xpYRKX6gD+wXeQbTyYTSGLZXg0A="></latexit>

! g (v, r+ ) r + (r + " r ! )a = 1

<latexit sha1_base64="kdgi14qo7DI7D2hWwfjS4Jv7ELE="></latexit>

C(v, r ) = r+ (v) +
!!

i =1

wi (v)
"
r ! r + (v)

#i
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!"#$%&'()*&+#%),-((((Bardeen, Dymnikova, Hayward.
Bardeen in !"#$%%&'()*+#,+-.%+/(-%"(0-'#(01+
2#(,%"%($%+345 (Tbilisi University Press, Tbilisi, 1968)

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992)
Hayward, Phys. Rev. Lett. 96, 031103 (2006)

Dynamical Hayward RBH:
<latexit sha1_base64="T8YXl2pTtohTQU2wfaR8O0fxeyU="></latexit>

f (v, r ) = 1 !
r g(v)r 2

r 3 + r g(v)l (v)2

Comparison with

<latexit sha1_base64="hxqtO1goKZYAWt4MIfr0GfXxxZA="></latexit>

f (v, r ) =
r ! r 0

r 3 + rgl2 (r ! r ! )( r ! r + )

Using the roots of            :
<latexit sha1_base64="1/jaEk0HwuCBM49MYcfniIaPKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AvfWNdA==</latexit>

f = 0

<latexit sha1_base64="YNIREY+JgYsMNAgXv59OAeJxTus="></latexit>

g(v, r ) =
r ! r 0

r 3 + r gl2 > 0

<latexit sha1_base64="c2rASR2L5ei+5A87uwbZ5AmrS1o="></latexit>

r 0 = ! l +
l2

2r g
+ O

!
l3"

< 0 , r ! = l +
l2

2r g
+ O

!
l3"

, r + = r g !
l2

r g
+ O

!
l4"

Expansion of MS mass about the outher horizon              :<latexit sha1_base64="mpnbkJcOk3OrkmMWvMIYlmHbej4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/loxkn6Ed0IHnIGTVWaqkb1cvOJ71S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEyaFxXvslJ9qJZrt3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHF/ePbA==</latexit>r = r +

<latexit sha1_base64="0cUCy0lLLYz+hgayfIIp4eWPJH8="></latexit>

w1
!
!
r = r +

=
3l2

r 2
g

+ O
"
l4#

! 0

Analogous expressions are obtained for other nondegenerate models.

<latexit sha1_base64="iRYOT/AVYL3baoko0ZUzn3i4o0A=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARRrRlRoqXhVB047KCvUA7DJk0Mw3NXEgyhVL6LG58FTcuFHUl+DCmnUFq6w+BL/85h+T8bsyokKb5peWWlldW1/LrhY3Nre0dfXevIaKEY1LHEYt4y0WCMBqSuqSSkVbMCQpcRppu/3ZSbw4IFzQKH+QwJnaA/JB6FCOpLEe/8ozBKT+G19BPoeNS34C8xJ2SMUivs+bJr+noRbNsTgUXwcqgCDLVHP2j041wEpBQYoaEaFtmLO0R4pJiRsaFTiJIjHAf+aStMEQBEfZouuIYHimnC72IqxNKOHVnJ0YoEGIYuKozQLIn5msT879aO5HepT2iYZxIEuL0IS9hUEZwkhfsUk6wZEMFCHOq/gpxD3GEpUq1oEKw5ldehMZZ2TovV+4rxepNFkceHIBDYAALXIAquAM1UAcYPIJn8AretCftRXvXPtPWnJbN7IM/0r5/AIWXn2I=</latexit>

f (v, r ) = g(v, r )
!
r ! r ! (v)

"!
r ! r + (v)

"

Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1 , b = 1)

SM, Soranidis
Phys. Rev. D 108, 044002 (2023)

Not covered in talk:
!"#"$"%&'"()*+",-((((((((((((((.
/0&%#"+(1&23&%+45%*,*6(71(

<latexit sha1_base64="Q4e4vj0CxIhZHaKTejDAel0+qqw=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEI9RKytdgei148VrC10Iay2W7apZtN3N0INfSXePGgiFd/ijf/jZs2goo+GHi8N8PMPD/mTGnX/bAKK6tr6xvFzdLW9s5u2d7b76ookYR2SMQj2fOxopwJ2tFMc9qLJcWhz+mNP73I/Js7KhWLxLWexdQL8ViwgBGsjTS0y1UMB2N6qzgWGp6eDO2K6zRRDSEEXcddICO1pltrQJQrFZCjPbTfB6OIJCEVmnCsVB+5sfZSLDUjnM5Lg0TRGJMpHtO+oQKHVHnp4vA5PDbKCAaRNGXWL9TvEykOlZqFvukMsZ6o314m/uX1Ex00vZSJONFUkOWiIOFQRzBLAY6YpETzmSGYSGZuhWSCJSbaZFUyIXx9Cv8n3ZqDzpz6Vb3SOs/jKIJDcASqAIEGaIFL0AYdQEACHsATeLburUfrxXpdthasfOYA/ID19glmn5JL</latexit>

(a ! 3)

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevD.108.044002


9© Okinawa Institute of Science and Technology Graduate University 20202 0 2 4 / 3 / 6

Summary #1 [!"#$%&'()%&*&108+&,--,,.&/.,.01 ]

Phys. Rev. D 108, 044002 (2023) arXiv:2304.05421 [gr-qc]

Regular black holes and the first law of black hole mechanics
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Singularity-free regular black holes are a popular alternative to the singular mathematical black holes
predicted by general relativity. Here, we derive a generic condition that spherically symmetric dynamical
regular black holes must satisfy to be compatible with the first law of black hole mechanics based on an
expression for the surface gravity at the outer horizon. We examine the dynamical generalizations of
models typically considered in the literature and demonstrate that none of them satisfies the condition
required for compatibility with the first law, suggesting that modifications are required to maintain its
physical meaning. We show that the need for corrections is inherently linked to the introduction of a
minimal length scale and can therefore be seen as a direct consequence of the spacetime regularization.
We explicitly identify the additional work terms in the extended first law, comment on their thermodynamic
interpretation, and show that the linear coefficient of the Misner-Sharp mass suffices to determine the
relevant thermodynamic properties.

DOI: 10.1103/PhysRevD.108.044002

I. INTRODUCTION

In their 1973 milestone paper [1], Bardeen, Carter, and
Hawking introduced four laws of black hole mechanics and
elucidated close analogies with the four laws of thermo-
dynamics. This important link connecting the two fields has
since proven to be a powerful tool in advancing our
understanding of black holes. In particular, the physical
insights revealed in the rigorous mathematical derivation of
the first law in the integral and differential formalism of
Ref. [1] have provided strong motivation for further
investigating their thermodynamic properties [2–7].
While the existence of dark massive ultracompact objects

has been established beyond any reasonable doubt, the
question of whether these objects are black holes is
still open [8–13]. In the absence of a clear answer, singu-
larity-free models of so-called regular black holes
(RBHs) [14–16] have received much attention in recent
years, as they provide a way to avoid the nontrivial causal
structures inherent to the black holes predicted by general
relativity (GR). Unlike the singular mathematical black
holes of GR, which are bounded by globally defined and
physically unobservable event horizons [17], RBH models
are characterized by a separate inner (Cauchy) and outer (in
the case of an evolving RBH spacetime quasilocal, e.g.,
apparent or trapping) horizon. Both the inner and outer
horizon generally have a nonzero surface gravity. However,
inner horizons with nonzero surface gravity are typically

unstable under small perturbations, which gives rise to
so-called mass inflation instabilities, i.e., exponential insta-
bilities characterized by an exponential growth of the
gravitational energy in a neighborhood of the inner horizon
(as measured, for instance, by evaluating the Weyl sca-
lar) [18–23]. Recently, a novel “inner-extremal”RBHmodel
that cures the exponential instability by making the inner
horizon surface gravity vanish, while maintaining the sep-
aration between the inner and outer horizon, and a nonzero
surface gravity at the outer horizon, has been proposed [24].
It is important to note that the original 1973 paper

considered stationary black holes [1]. While the mass loss
of an evaporating black hole is usually ascribed to the
emission of Hawking radiation [5,6], the backreaction of
spacetime geometry is not accounted for in its derivation,
which assumes that the underlying geometry is (at least
asymptotically) stationary. This is a physically significant
omission: if the backreaction from the Hawking flux is not
ignored, variations between nearby equilibrium states are
no longer accurately described by the first law.
To resolve this limitation and go beyond physically

unrealistic stationary scenarios, the concept of a dynamical
(and thus quasilocal) horizon has been developed [25–27].
It allows us to describe the geometry of an evolving black
hole spacetime and has become an indispensable mathemati-
cal tool to accurately model dynamical processes such as the
formation and possible evaporation of black holes, as well as
to enable generalizations of the laws of black holemechanics
and their thermodynamic interpretation [25,28], including
that of surface gravity as a temperature parameter.
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1. First law receives corrections that can be interpreted                                                                       
as an additional work term of an extended first law:

2. Linear coefficient of Misner-Sharp suffices to determine the relevant thermodynamic properties.

3. Need for corrections is linked to introduction of minimal length scale                                
(consequence of spacetime regularization).
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outer horizon are timelike for the entire evolution of the evap-
orating RBH as motivated by our argumentation in Sec.II .
Determining the location of the hypersurface separating the
NEC-violating from the NEC-non-violating region requires
solving the schematic equation

Tµ! ! µ ! ! != 0 . (26)

For the inner-extremal RBH model [that is, using Eq. (22)
with the metric functions Eqs. (10)Ð(12)], we obtain Þve roots,
namelyr = 0 , r = r ! (double root),r 0, and two complex
conjugate roots which are excluded sincer is real. The ex-
pression obtained for the rootr 0 is too convoluted to deter-
mine its exact location. However, in the vicinity of the inner
apparent horizonr ! r ! , we Þnd

Tµ! ! µ ! !
!
!
r " r !

=
" 3r #

! (r + " r ! )
8" r 4

! (r + + r ! )
(r " r ! )2 + O(r " r ! )3,

(27)

indicating that the NEC is satisÞed asr #
! < 0.

0 ! r ! r ! r ! < r ! r 0 r 0 < r ! r +

Tµ ! ! µ ! !
?
" 0 ! ! "

TABLE I. Overview of NEC-non-violating (! ) and NEC-violating
(" ) regions of an evaporating RBH with a nondegenarate outer hori-
zon [b = 1 ]. If the outer horizon is degenerate [b > 1], the NEC-
violating region is given byr 0 < r < r + , i.e. it no longer includes
the outer horizonr = r + itself.

Our analysis in this section is valid forvf ! v ! vd , i.e. for
as long as the trapped spacetime region persists, including the
instants of its formation and disappearance. Fig.3 illustrates
the trapped spacetime region and the status of the NEC over
the course of the RBHÕs lifetime. In the next section, we con-
sider the energy density observed by a moving observer, and
Þnd that a similar feature of the trapped region emerges.

IV. TRAJECTORIES OF MOVING OBSERVERS

In this section, we study the trajectory of a moving observer
Alice. We start by examining the energy density she observes
while following a particular geodesic that allows her to enter
and exit the trapped region.

A. Ingoing and outgoing trajectories: entering and exiting the
trapped region

Assume that Alice begins her expedition from the un-
trapped region near the RBH center and initially follows
an outgoing geodesic. After making a few generic state-
ments about her trajectory, we once again illustrate our results
based on the dynamical inner-extremal model described by
Eqs. (10)Ð(12) and comment on important features that arise
over the course of her journey.

For radially moving timelike observers and particles, the
Lagrangian associated with the metric of Eq. (6) is given by

L =
1
2

f úv2 " úv úr, (28)

where the overdot denotes derivatives with respect to AliceÕs
proper time5. The corresponding EulerÐLagrange equations
are

¬v = "
1
2

(#r f ) úv2, (29)

¬r =
1
2

(#v f ) úv2 "
1
2

(#r f ). (30)

AliceÕs four-velocity is normalized byuµ uµ = " 1, which
results in

" f úv2 + 2 úv úr = " 1. (31)

From the normalization conditions, we obtain two possible
solutions forúv, which in turn restrict the admissible values of
the radial velocityúr . SpeciÞcally, we Þnd that

úv =
úr ±

"
úr 2 + f

f
. (32)

To ensure that Eq. (32) maintains real-valued solutions inside
of the trapped region, the relation

úr ! "
"

" f (33)

must hold#v $ (vf , vd). Outside of the trapped region there
are no restrictions sincef (v, r ) is always positive there. It is
important to note that, during AliceÕs motion,úv must be posi-
tive. This condition necessitates different choices for the sign
in the numerator of Eq. (32) to accommodate different types of
motion associated with the spacetime regions Alice is travers-
ing. For untrapped regions, i.e. for0 ! r < r ! andr > r + , it
is straightforward to verify that the correct choice of signature
is Ò+ Ó for both ingoing and outgoing trajectories. On the other
hand, this is not the case when trajectories inside the trapped
region are considered. The deviation occurs becauseúr < 0 for
both ingoing and outgoing trajectories, which is a well-known
feature associated with the presence of a trapped region due to
the fact thatf (v, r ) is negative there [56, 72, 73]. In this case,
to guarantee the positivity ofúv and ensure that it takes on only
real values, ingoing and outgoing trajectories must satisfy the
respective relations

úv =
úr +

"
úr 2 + f

f
, r ! < r < r + (ingoing) , (34)

úv =
úr "

"
úr 2 + f

f
, r ! < r < r + (outgoing). (35)

5 Since the action and its corresponding Lagrangian are invariant under
reparametrization of the trajectory and our argumentation in this section
requires only the equations of motion, we have the freedom to choose the
time parameter in the Lagrangian.
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<latexit sha1_base64="iSqDwyfd1Ww4ba9OikABkGoLv/4=">AAACI3icbVDLSgMxFM3UV1tfVZdugkVwY5kpRUUQim5cuKhgH9AZSybNtKGZB8mdQhnmX9z4K25cKMWNC//F9CFo64WQwzn3kJzjRoIrMM1PI7Oyura+kc3lN7e2d3YLe/sNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3BzURvDplUPAweYBQxxye9gHucEtBUp3CZs30CfUpEcpfiK2yDJwlNrDQpp9jDdjeEZJg+lvHpD57dMsWdQtEsmdPBy8CagyKaT61TGGsrjX0WABVEqbZlRuAkRAKngqV5O1YsInRAeqytYUB8ppxkmjHFx5rpYi+U+gSAp+xvR0J8pUa+qzcngdSiNiH/09oxeBdOwoMoBhbQ2UNeLDCEeFIY7nLJKIiRBoRKrv+KaZ/okkDXmtclWIuRl0GjXLLOSpX7SrF6Pa8jiw7RETpBFjpHVXSLaqiOKHpCL+gNvRvPxqsxNj5mqxlj7jlAf8b4+gbKoKPJ</latexit>

L = 1
2 f úv2 ! úv úr

<latexit sha1_base64="1bCLSPQ1rxka1cXMXM+DY/CNWUs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBHcWGakqBuh6MZlBfuAdhwyaaYNTTJDHkoZ+yluXCji1i9x59+YTrvQ1gOXezjnXnJzopRRpT3v21laXlldWy9sFDe3tnd23dJeUyVGYtLACUtkO0KKMCpIQ1PNSDuVBPGIkVY0vJ74rQciFU3EnR6lJOCoL2hMMdJWCt2Suc+63IxNmLfLEz90y17FywEXiT8jZTBDPXS/ur0EG06Exgwp1fG9VAcZkppiRsbFrlEkRXiI+qRjqUCcqCDLTx/DI6v0YJxIW0LDXP29kSGu1IhHdpIjPVDz3kT8z+sYHV8EGRWp0UTg6UOxYVAncJID7FFJsGYjSxCW1N4K8QBJhLVNq2hD8Oe/vEiapxX/rFK9rZZrV7M4CuAAHIJj4INzUAM3oA4aAINH8AxewZvz5Lw4787HdHTJme3sgz9wPn8AVM+UDA==</latexit>

uµ uµ = ! 1
<latexit sha1_base64="YYMJMZHruwUlWOMLbi8KcSrsK/I=">AAACD3icbVDLSgMxFM3UV62vUZdugkURpGWmFHUjFN24rGAf0I4lk2ba0MyD5E6hDPMHbvwVNy4UcevWnX9j+hC09UDIybn3cHOPGwmuwLK+jMzS8srqWnY9t7G5tb1j7u7VVRhLymo0FKFsukQxwQNWAw6CNSPJiO8K1nAH1+N6Y8ik4mFwB6OIOT7pBdzjlICWOuZxwcPtbgjJML0v4VNc+nlNb5niS1zAdsfMW0VrArxI7BnJoxmqHfNT+2nsswCoIEq1bCsCJyESOBUszbVjxSJCB6THWpoGxGfKSSb7pPhIK13shVKfAPBE/e1IiK/UyHd1p0+gr+ZrY/G/WisG78JJeBDFwAI6HeTFAkOIx+HgLpeMghhpQqjk+q+Y9okkFHSEOR2CPb/yIqmXivZZsXxbzleuZnFk0QE6RCfIRueogm5QFdUQRQ/oCb2gV+PReDbejPdpa8aYefbRHxgf35O5mno=</latexit>

! f úv2 + 2 úv úr = ! 1

Euler–Lagrange equations:

Real-valued solutions inside of trapped 
region if

<latexit sha1_base64="lO7MVxV06F1awVrNwKtE8QrA9nE=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBTUsiRV0W3bisYB/QhDKZTtqhk0dnboQSsnHjr7hxoYhb/8Gdf+O0zUJbDwwczrn3zr3HiwVXYFnfRmFldW19o7hZ2tre2d0z9w9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujm6nffmBS8Si8h0nM3IAMQu5zSkBLPfPY6UeQygw7go2VICHgiqPGEtKKn/XMslW1ZsDLxM5JGeVo9MwvPY4mAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjq7IsOnWuljP5L66TVm6u+OlARKTQJPVwYEhmrRm4r/ed0E/Cs35WGcAAvp/CM/ERgiPI0E97lkFMREE0Il17tiOiSSUNDBlXQI9uLJy6R1XrUvqrW7Wrl+ncdRREfoBJ0hG12iOrpFDdREFD2iZ/SK3own48V4Nz7mpQUj7zlEf2B8/gC1j5i3</latexit>

úr ! !
!

! f

Untrapped region:

“! ”  (for both ingoing/outgoing trajectories)

Trapped region:
<latexit sha1_base64="TmsVT1km2usg1KmtpmRt9cz4X/o=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgiGWmFHXRRdGNywr2Ae1QMmmmDc1kxiRTKMN8hxsXirj1Y9z5N6btLLT1wOUezrmX3Bwv4kxp2/62cmvrG5tb+e3Czu7e/kHx8KilwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98N/PbEyoVC8WjnkbUDfBQMJ8RrI3kyn5ymdZkzfSLtF8s2WV7DrRKnIyUIEOjX/zqDUISB1RowrFSXceOtJtgqRnhNC30YkUjTMZ4SLuGChxQ5Sbzo1N0ZpQB8kNpSmg0V39vJDhQahp4ZjLAeqSWvZn4n9eNtX/jJkxEsaaCLB7yY450iGYJoAGTlGg+NQQTycytiIywxESbnAomBGf5y6ukVSk7V+XqQ7VUv83iyMMJnMI5OHANdbiHBjSBwBM8wyu8WRPrxXq3PhajOSvbOYY/sD5/AF2Mkdk=</latexit>r ! < r < r +

“! ”  (ingoing trajectories)

“" ”  (outgoing trajectories)

<latexit sha1_base64="Nz9cx1agp1zQZNR0jV7EWDSKlAs="></latexit>

úv =
úr

!
úr 2 + f

f

<latexit sha1_base64="53kZdE7aa79sy1X9R4gxCAXCFfE=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVFrddN6GXjxOcB+wlpGm2RaWpCVJB6PsP/HiQRGv/ife/G9Mtwoq+iDk8d7vR15emDCqtOt+WKWV1bX1jfJmZWt7Z3fP3j/oqDiVmLRxzGLZC5EijArS1lQz0kskQTxkpBtObnK/OyVS0Vjc61lCAo5Ggg4pRtpIA9v2w5hFasbNlfkJnw/squs0ag33vA5dx10gJ+de/aoOvUKpggKtgf3uRzFOOREaM6RU33MTHWRIaooZmVf8VJEE4Qkakb6hAnGigmyRfA5PjBLBYSzNERou1O8bGeIqD2cmOdJj9dvLxb+8fqqHjSCjIkk1EXj50DBlUMcwrwFGVBKs2cwQhCU1WSEeI4mwNmVVTAlfP4X/k86Z4104tbtatXld1FEGR+AYnAIPXIImuAUt0AYYTMEDeALPVmY9Wi/W63K0ZBU7h+AHrLdPkqWUSw==</latexit>

±

<latexit sha1_base64="7Pj9kNJadjrqN/Wx0cTsu/F9ZrU=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0URxJJIUUGRohuXFewDmhAm00k7dPJwZiKUkL9w46+4caGIW935N07SLLT1MAOHc+7l3nvciFEhDeNbK83NLywulZcrK6tr6xv65lZbhDHHpIVDFvKuiwRhNCAtSSUj3YgT5LuMdNzRdeZ3HggXNAzu5Dgito8GAfUoRlJJjl4zoMXIvWAokJDDC8id5CiF1nn+9gvC4WVmHKaOXjVqRg44S8yCVEGBpqN/Wf0Qxz4JJGZIiJ5pRNJOEJcUM5JWrFiQCOERGpCeogHyibCT/K4U7imlD72Qq6/Wy9XfHQnyhRj7rqr0kRyKaS8T//N6sfTO7IQGUSxJgCeDvJhBGcIsJNinnGDJxoogzKnaFeIh4ghLFWVFhWBOnzxL2sc186RWv61XG1dFHGWwA3bBATDBKWiAG9AELYDBI3gGr+BNe9JetHftY1Ja0oqebfAH2ucPCQmcFg==</latexit>

0 ! r < r ! & r > r +
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Trajectories of timelike observers/massive particles

Alice begins her journey from the untrapped region on an outgoing geodesic. 
<latexit sha1_base64="Nz9cx1agp1zQZNR0jV7EWDSKlAs="></latexit>

úv =
úr

!
úr 2 + f

f

<latexit sha1_base64="l8R9KtKcaW4/mwUoFxkw0zdDCZg=">AAAB9XicdVBLSwMxGMzWV62vqkcvwSIIwrJbq91j0YvHCvYB7VqyabYNzSZLklXK0v/hxYMiXv0v3vw3ZtsVVHQgZJj5PjKZIGZUacf5sApLyyura8X10sbm1vZOeXevrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBNMLjO/c0ekooLf6GlM/AiNOA0pRtpIt/1AsKGaRuZKT2aDcsWxvTPv1HGhYztzZKTqOdU6dHOlAnI0B+X3/lDgJCJcY4aU6rlOrP0USU0xI7NSP1EkRniCRqRnKEcRUX46Tz2DR0YZwlBIc7iGc/X7RooilUUzkxHSY/Xby8S/vF6iQ89PKY8TTThePBQmDGoBswrgkEqCNZsagrCkJivEYyQR1qaokinh66fwf9Ku2u65XbuuVRoXeR1FcAAOwTFwQR00wBVoghbAQIIH8ASerXvr0XqxXhejBSvf2Qc/YL19AiErkvE=</latexit>

+
<latexit sha1_base64="7sGj7MmEL9vZAmAWoGgHN3LuLYE=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhBsDHcS1MIiaGMZwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Ubz2h0jyWj2acoB/RgeQhZ9RYqaXIDVG9816p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGhD8BZfXibNi4p3Wak+VMu12zyOAhzDCZyBB1dQg3uoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyB8/kDAIiOtQ==</latexit>r < r !

!

<latexit sha1_base64="ec+ArZAdz3wybY6YEwsxJVqwJ9s="></latexit>

¬r =
(! 1)a+ b2aúr 2

g(v, r ! )( r + ! r ! )b

r "
! (v)

|r ! r ! |a+1 + O
!

1
(r ! r ! )a

"

Radial acceleration on approach to the inner horizon ' ! (:
!"!#

<latexit sha1_base64="25p0oR61nJV6y9wfS9JqfUxZ8Js=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRtaLuSohuXVewD2lAm00k7dPJgZiKU0D9w40IRt/6RO//GSRtBRQ9cOJxzL/fe48WcSWVZH0ZhbX1jc6u4XdrZ3ds/KB8edWWUCEI7JOKR6HtYUs5C2lFMcdqPBcWBx2nPm11lfu+eCsmi8E7NY+oGeBIynxGstHR7YY3KFcts1ms1u4ks01oiI1WnUXeQnSsVyNEeld+H44gkAQ0V4VjKgW3Fyk2xUIxwuigNE0ljTGZ4Qgeahjig0k2Xly7QmVbGyI+ErlChpfp9IsWBlPPA050BVlP528vEv7xBovymm7IwThQNyWqRn3CkIpS9jcZMUKL4XBNMBNO3IjLFAhOlwynpEL4+Rf+TbtW066Zz41Ral3kcRTiBUzgHGxrQgmtoQwcI+PAAT/BszIxH48V4XbUWjHzmGH7AePsESp6NOQ==</latexit>

> 0

<latexit sha1_base64="mvegkDLwkGuo9qx3wwV4WAOqB9U=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRtaLtwUXTjsop9QBvKZDpph04ezEyEEvoHblwo4tY/cuffOGkjqOiBC4dz7uXee7yYM6ks68MorK1vbG4Vt0s7u3v7B+XDo66MEkFoh0Q8En0PS8pZSDuKKU77saA48DjtebOrzO/dUyFZFN6peUzdAE9C5jOClZZuL6xRuWKZzXqtZjeRZVpLZKTqNOoOsnOlAjnao/L7cByRJKChIhxLObCtWLkpFooRThelYSJpjMkMT+hA0xAHVLrp8tIFOtPKGPmR0BUqtFS/T6Q4kHIeeLozwGoqf3uZ+Jc3SJTfdFMWxomiIVkt8hOOVISyt9GYCUoUn2uCiWD6VkSmWGCidDglHcLXp+h/0q2adt10bpxK6zKPowgncArnYEMDWnANbegAAR8e4AmejZnxaLwYr6vWgpHPHMMPGG+fR5SNNw==</latexit>

< 0
<latexit sha1_base64="Mxp/dZs25XuFzKZSgybBKHo8lzQ=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI2tF24KLpxWcE+sA1lMpm2QyczYWYilNC/cONCEbf+jTv/xkkbQUUPXDiccy/33hPEjCrtOB9WYW19Y3OruF3a2d3bPygfHnWVSCQmHSyYkP0AKcIoJx1NNSP9WBIUBYz0gtlV5vfuiVRU8Fs9j4kfoQmnY4qRNtLdMAyFTuXiwhmVK47drNdqbhM6trNERqpeo+5BN1cqIEd7VH4fhgInEeEaM6TUwHVi7adIaooZWZSGiSIxwjM0IQNDOYqI8tPlxQt4ZpQQjoU0xTVcqt8nUhQpNY8C0xkhPVW/vUz8yxsketz0U8rjRBOOV4vGCYNawOx9GFJJsGZzQxCW1NwK8RRJhLUJqWRC+PoU/k+6Vdut296NV2ld5nEUwQk4BefABQ3QAtegDToAAw4ewBN4tpT1aL1Yr6vWgpXPHIMfsN4+AbjMkPg=</latexit>

¬r < 0

negative & divergent

<latexit sha1_base64="bjhoydxXrPUyEkQiGwO9wdFrgnU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlBfuQdiiZNNOGZjJDckcoQ7/CjQtF3Po57vwb03YW2nogcDjnHnLvCRIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRKhYBSt9Njtx5jpybXbK1fcqjsDWSZeTiqQo94rf9ksSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxstvCEnFilT8JY26eQzNTfiYxGxoyjwE5GFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEyvJ32hOUM5toQyLeyuhA2ppgxtRyVbgrd48jJpnlW9i+r5/XmldpPXUYQjOIZT8OASanAHdWgAgwie4RXeHO28OO/Ox3y04OSZQ/gD5/MHrtSQVw==</latexit>

úr = 0

'(")*+,)#)!*-!.+/

0,)*+,)#)!*-!.+/
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Trajectories of timelike observers/massive particles

Inside of the trapped region:

<latexit sha1_base64="bjhoydxXrPUyEkQiGwO9wdFrgnU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlBfuQdiiZNNOGZjJDckcoQ7/CjQtF3Po57vwb03YW2nogcDjnHnLvCRIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRKhYBSt9Njtx5jpybXbK1fcqjsDWSZeTiqQo94rf9ksSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxstvCEnFilT8JY26eQzNTfiYxGxoyjwE5GFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEyvJ32hOUM5toQyLeyuhA2ppgxtRyVbgrd48jJpnlW9i+r5/XmldpPXUYQjOIZT8OASanAHdWgAgwie4RXeHO28OO/Ox3y04OSZQ/gD5/MHrtSQVw==</latexit>

úr = 0

'(")*+,)#)!*-!.+/

<latexit sha1_base64="T/ZKAUvipMeKp9oUeAHLLL3MNRs=">AAACAnicbVDLSgMxFL3js46vUVfiJlgUV2VGirpwUXTjsoJ9QGcomUymDc08SDJCGYobf8WNC0Xc+hXu/BvTdhBtPRA4Oefem9zjp5xJZdtfxsLi0vLKamnNXN/Y3Nq2dnabMskEoQ2S8ES0fSwpZzFtKKY4baeC4sjntOUPrsd+654KyZL4Tg1T6kW4F7OQEay01LX23SBRuRgdX9rIdU03+Ll2rbJdsSdA88QpSBkK1LvWp55FsojGinAsZcexU+XlWChGOB2ZbiZpiskA92hH0xhHVHr5ZIUROtJKgMJE6BMrNFF/d+Q4knIY+boywqovZ72x+J/XyVR44eUsTjNFYzJ9KMw4Ugka54ECJihRfKgJJoLpvyLSxwITpVMzdQjO7MrzpHlacc4q1dtquXZVxFGCAziEE3DgHGpwA3VoAIEHeIIXeDUejWfjzXifli4YRc8e/IHx8Q12upYy</latexit>

úr < 0

¬r < 0
<latexit sha1_base64="TmsVT1km2usg1KmtpmRt9cz4X/o=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgiGWmFHXRRdGNywr2Ae1QMmmmDc1kxiRTKMN8hxsXirj1Y9z5N6btLLT1wOUezrmX3Bwv4kxp2/62cmvrG5tb+e3Czu7e/kHx8KilwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98N/PbEyoVC8WjnkbUDfBQMJ8RrI3kyn5ymdZkzfSLtF8s2WV7DrRKnIyUIEOjX/zqDUISB1RowrFSXceOtJtgqRnhNC30YkUjTMZ4SLuGChxQ5Sbzo1N0ZpQB8kNpSmg0V39vJDhQahp4ZjLAeqSWvZn4n9eNtX/jJkxEsaaCLB7yY450iGYJoAGTlGg+NQQTycytiIywxESbnAomBGf5y6ukVSk7V+XqQ7VUv83iyMMJnMI5OHANdbiHBjSBwBM8wyu8WRPrxXq3PhajOSvbOYY/sD5/AF2Mkdk=</latexit>r ! < r < r +

At     : Transition from ingoing to outgoing geodesic

'(")*+,)#
)!*-!.+/

<latexit sha1_base64="Nz9cx1agp1zQZNR0jV7EWDSKlAs="></latexit>

úv =
úr

!
úr 2 + f

f

<latexit sha1_base64="l8R9KtKcaW4/mwUoFxkw0zdDCZg=">AAAB9XicdVBLSwMxGMzWV62vqkcvwSIIwrJbq91j0YvHCvYB7VqyabYNzSZLklXK0v/hxYMiXv0v3vw3ZtsVVHQgZJj5PjKZIGZUacf5sApLyyura8X10sbm1vZOeXevrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBNMLjO/c0ekooLf6GlM/AiNOA0pRtpIt/1AsKGaRuZKT2aDcsWxvTPv1HGhYztzZKTqOdU6dHOlAnI0B+X3/lDgJCJcY4aU6rlOrP0USU0xI7NSP1EkRniCRqRnKEcRUX46Tz2DR0YZwlBIc7iGc/X7RooilUUzkxHSY/Xby8S/vF6iQ89PKY8TTThePBQmDGoBswrgkEqCNZsagrCkJivEYyQR1qaokinh66fwf9Ku2u65XbuuVRoXeR1FcAAOwTFwQR00wBVoghbAQIIH8ASerXvr0XqxXhejBSvf2Qc/YL19AiErkvE=</latexit>

+
<latexit sha1_base64="Nz9cx1agp1zQZNR0jV7EWDSKlAs="></latexit>

úv =
úr

!
úr 2 + f

f

<latexit sha1_base64="NsDV/BgTQvL+6jG3Eu08eMLI2SM=">AAAB9XicdVDNS8MwHE39nPNr6tFLcAheLKkW525DLx4nuA/Y6kjTdAtLm5Kkyij7P7x4UMSr/4s3/xvTrYKKPgh5vPf7kZfnJ5wpjdCHtbC4tLyyWlorr29sbm1XdnbbSqSS0BYRXMiujxXlLKYtzTSn3URSHPmcdvzxZe537qhUTMQ3epJQL8LDmIWMYG2k274veKAmkbmy4+mgUkV2HdVryIXIRjPkxHVPawg6hVIFBZqDyns/ECSNaKwJx0r1HJRoL8NSM8LptNxPFU0wGeMh7Rka44gqL5ulnsJDowQwFNKcWMOZ+n0jw5HKo5nJCOuR+u3l4l9eL9XhuZexOEk1jcn8oTDlUAuYVwADJinRfGIIJpKZrJCMsMREm6LKpoSvn8L/SfvEds5s99qtNi6KOkpgHxyAI+CAGmiAK9AELUCABA/gCTxb99aj9WK9zkcXrGJnD/yA9fYJKLWS9g==</latexit>

!

0,)*+,)#)!*-!.+/

!

Radial acceleration on approach to the outer horizon ' "#:
<latexit sha1_base64="xd1CLJqBXY8BWlIyooRazUutoo0="></latexit>

¬r =
2búr 2

g(v, r+ )( r + ! r ! )a

! r "
+ (v)
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Energy density at the horizon crossing
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Horizon crossings always occur on an ingoing geodesic. Close to both horizons
and expansion of the ingoing trajectory leads to
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Energy density at the horizon crossing

Horizon crossings always occur on an ingoing geodesic. Close to both horizons
and expansion of the ingoing trajectory leads to
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outer horizon are timelike for the entire evolution of the evap-
orating RBH as motivated by our argumentation in Sec.II .
Determining the location of the hypersurface separating the
NEC-violating from the NEC-non-violating region requires
solving the schematic equation

Tµ! ! µ ! ! != 0 . (26)

For the inner-extremal RBH model [that is, using Eq. (22)
with the metric functions Eqs. (10)Ð(12)], we obtain Þve roots,
namelyr = 0 , r = r ! (double root),r 0, and two complex
conjugate roots which are excluded sincer is real. The ex-
pression obtained for the rootr 0 is too convoluted to deter-
mine its exact location. However, in the vicinity of the inner
apparent horizonr ! r ! , we Þnd

Tµ! ! µ ! !
!
!
r " r !

=
" 3r #

! (r + " r ! )
8" r 4

! (r + + r ! )
(r " r ! )2 + O(r " r ! )3,

(27)

indicating that the NEC is satisÞed asr #
! < 0.

0 ! r ! r ! r ! < r ! r 0 r 0 < r ! r +

Tµ ! ! µ ! !
?
" 0 ! ! "

TABLE I. Overview of NEC-non-violating (! ) and NEC-violating
(" ) regions of an evaporating RBH with a nondegenarate outer hori-
zon [b = 1 ]. If the outer horizon is degenerate [b > 1], the NEC-
violating region is given byr 0 < r < r + , i.e. it no longer includes
the outer horizonr = r + itself.

Our analysis in this section is valid forvf ! v ! vd , i.e. for
as long as the trapped spacetime region persists, including the
instants of its formation and disappearance. Fig.3 illustrates
the trapped spacetime region and the status of the NEC over
the course of the RBHÕs lifetime. In the next section, we con-
sider the energy density observed by a moving observer, and
Þnd that a similar feature of the trapped region emerges.

IV. TRAJECTORIES OF MOVING OBSERVERS

In this section, we study the trajectory of a moving observer
Alice. We start by examining the energy density she observes
while following a particular geodesic that allows her to enter
and exit the trapped region.

A. Ingoing and outgoing trajectories: entering and exiting the
trapped region

Assume that Alice begins her expedition from the un-
trapped region near the RBH center and initially follows
an outgoing geodesic. After making a few generic state-
ments about her trajectory, we once again illustrate our results
based on the dynamical inner-extremal model described by
Eqs. (10)Ð(12) and comment on important features that arise
over the course of her journey.

For radially moving timelike observers and particles, the
Lagrangian associated with the metric of Eq. (6) is given by

L =
1
2

f úv2 " úv úr, (28)

where the overdot denotes derivatives with respect to AliceÕs
proper time5. The corresponding EulerÐLagrange equations
are

¬v = "
1
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(#r f ) úv2, (29)
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(#v f ) úv2 "
1
2

(#r f ). (30)

AliceÕs four-velocity is normalized byuµ uµ = " 1, which
results in

" f úv2 + 2 úv úr = " 1. (31)

From the normalization conditions, we obtain two possible
solutions forúv, which in turn restrict the admissible values of
the radial velocityúr . SpeciÞcally, we Þnd that

úv =
úr ±

"
úr 2 + f

f
. (32)

To ensure that Eq. (32) maintains real-valued solutions inside
of the trapped region, the relation

úr ! "
"

" f (33)

must hold#v $ (vf , vd). Outside of the trapped region there
are no restrictions sincef (v, r ) is always positive there. It is
important to note that, during AliceÕs motion,úv must be posi-
tive. This condition necessitates different choices for the sign
in the numerator of Eq. (32) to accommodate different types of
motion associated with the spacetime regions Alice is travers-
ing. For untrapped regions, i.e. for0 ! r < r ! andr > r + , it
is straightforward to verify that the correct choice of signature
is Ò+ Ó for both ingoing and outgoing trajectories. On the other
hand, this is not the case when trajectories inside the trapped
region are considered. The deviation occurs becauseúr < 0 for
both ingoing and outgoing trajectories, which is a well-known
feature associated with the presence of a trapped region due to
the fact thatf (v, r ) is negative there [56, 72, 73]. In this case,
to guarantee the positivity ofúv and ensure that it takes on only
real values, ingoing and outgoing trajectories must satisfy the
respective relations

úv =
úr +

"
úr 2 + f

f
, r ! < r < r + (ingoing) , (34)

úv =
úr "

"
úr 2 + f

f
, r ! < r < r + (outgoing). (35)

5 Since the action and its corresponding Lagrangian are invariant under
reparametrization of the trajectory and our argumentation in this section
requires only the equations of motion, we have the freedom to choose the
time parameter in the Lagrangian.
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NEC violation close to ' "

Energy density ! A observed by Alice upon 
crossing the horizons is finite (i.e. no firewalls).
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Trajectories of timelike observers/massive particles

!"#$%&'%()%*)#+,%-+'.%$"/01

There is a unique way for massive observers and particles to escape the trapped region on a 
geodesic trajectory, whereby crossing the horizons is only possible on an ingoing geodesic. 

This result has two important (one may argue pleasant) physical implications:

34 56/"#-"*7.*.'$"1%&&/****************************************************************************************************
Energy densities measured by geodesic observers do not diverge.

84 9%0:$%&*$"/7&:0'7#*7.*0;"*'#.7$,%0'7#*&7//*<$76&",***********************************************************
Particles and any information content associated with their existence                                
on the manifold can escape the supposedly trapped spacetime region.
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Kinematic and energy properties of dynamical regular black holes
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Nonsingular black holes have received much attention in recent years as they provide an opportunity to
avoid the singularities inherent to the mathematical black holes predicted by general relativity. Based on the
assumption that semiclassical physics remains valid in the vicinity of their horizons, we derive kinematic
properties of dynamically evolving spherically symmetric regular black holes. We review the Hawking-
Ellis classification of their associated energy-momentum tensors and examine the status of the null energy
condition in the vicinity of their horizons as well as their interior. In addition, we analyze the trajectory of a
moving observer, find that the horizons can be crossed on an ingoing geodesic, and thus entering and
exiting the supposedly trapped spacetime region is possible. We outline the ramifications of this result for
the information loss problem and black hole thermodynamics. Throughout the article, we illustrate relevant
features based on the dynamical generalization of the regular black hole model proposed in Carballo-Rubio
et al. [J. High Energy Phys. 09 (2022) 118] and elucidate connections to the only self-consistent dynamical
physical black hole solutions in spherical symmetry.

DOI: 10.1103/PhysRevD.108.124007

I. INTRODUCTION

While the existence of dark massive compact objects has
been established beyond any reasonable doubt, their precise
physical nature remains enigmatic, with a range of pos-
sibilities under consideration [1–6]. The prevalent astro-
physical description is the Schwarzschild/Kerr black hole
paradigm, which is based on the mathematical black hole
(MBH) solutions of general relativity (GR). Their hallmark
features are the presence of an event horizon and central
singularity. Despite the successes of the paradigm, both
features that distinguish MBHs are accompanied by
empirical and conceptual pathologies which are absent
by design in many alternative models describing dark
ultracompact objects (UCOs) that are also compatible with
observational data.
By its very definition, the event horizon is a global

geometric property and thus physically unobservable [7].
While current data is consistent with having the
Schwarzschild/Kerr solutions as asymptotic final states
of gravitational collapse, such objects are de facto horizon-
less for distant observers (as their horizons exist only for
t → ∞). In contrast, physical black holes (PBHs) [8]
bounded by a dynamically evolving quasilocal horizon
formed in finite time according to the clock of a distant

observer are (at least in principle) physically observable,
i.e. there is a measurement that can be performed in a finite
time interval and within a finite-size region of spacetime to
determine the presence or absence of a quasilocal horizon.
The presence of a physical singularity (i.e. one that is not an
artifact of a particular choice of coordinates) inevitably
introduces nontrivial causal structures into the spacetime at
large [9] and is typically interpreted as a harbinger that the
underlying theory breaks down.1 An immediate conse-
quence that is frequently discussed in the literature is the
so-called information loss paradox [11]: in this scenario,
the apparent lack of unitarity in the black hole evaporation
process is typically ascribed to the propagation of quantum
correlations into the singularity located at the black hole’s
interior [12]. To maintain unitarity and avoid information
loss, it has been conjectured that the time dependence of the
Hawking radiation’s entanglement entropy follows the
Page curve [13,14], i.e. it first increases until it reaches
its peak at the Page time (where it coincides with the
Bekenstein–Hawking entropy [15–20] of the black hole)
and subsequently decreases until it reaches zero at the end

*sebastian.murk@oist.jp
†ioannis.soranidis@hdr.mq.edu.au

1“The crushing of matter to infinite density by infinite tidal
gravitational forces is a phenomenon with which one cannot live
comfortably. […] it is difficult to believe that physical singular-
ities are a fundamental and unavoidable feature of our universe.
[…] one is inclined to discard or modify that theory rather than
accept the suggestion that the singularity actually occurs in
nature” [10].
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1. NEC is violated near r+ and satisfied near r− .                                                                             
Trapped spacetime region is separated.

2. Quantum effects are more pronounced near r+ and towards the final stages of the evaporation process.

3. Timelike trajectories of massive observers/particles can exit the supposedly trapped region on              
an ingoing geodesic. No firewalls & no information loss.

6

outer horizon are timelike for the entire evolution of the evap-
orating RBH as motivated by our argumentation in Sec.II .
Determining the location of the hypersurface separating the
NEC-violating from the NEC-non-violating region requires
solving the schematic equation

Tµ! ! µ ! ! != 0 . (26)

For the inner-extremal RBH model [that is, using Eq. (22)
with the metric functions Eqs. (10)Ð(12)], we obtain Þve roots,
namelyr = 0 , r = r ! (double root),r 0, and two complex
conjugate roots which are excluded sincer is real. The ex-
pression obtained for the rootr 0 is too convoluted to deter-
mine its exact location. However, in the vicinity of the inner
apparent horizonr ! r ! , we Þnd

Tµ! ! µ ! !
!
!
r " r !

=
" 3r #

! (r + " r ! )
8" r 4

! (r + + r ! )
(r " r ! )2 + O(r " r ! )3,

(27)

indicating that the NEC is satisÞed asr #
! < 0.

0 ! r ! r ! r ! < r ! r 0 r 0 < r ! r +

Tµ ! ! µ ! !
?
" 0 ! ! "

TABLE I. Overview of NEC-non-violating (! ) and NEC-violating
(" ) regions of an evaporating RBH with a nondegenarate outer hori-
zon [b = 1 ]. If the outer horizon is degenerate [b > 1], the NEC-
violating region is given byr 0 < r < r + , i.e. it no longer includes
the outer horizonr = r + itself.

Our analysis in this section is valid forvf ! v ! vd , i.e. for
as long as the trapped spacetime region persists, including the
instants of its formation and disappearance. Fig.3 illustrates
the trapped spacetime region and the status of the NEC over
the course of the RBHÕs lifetime. In the next section, we con-
sider the energy density observed by a moving observer, and
Þnd that a similar feature of the trapped region emerges.

IV. TRAJECTORIES OF MOVING OBSERVERS

In this section, we study the trajectory of a moving observer
Alice. We start by examining the energy density she observes
while following a particular geodesic that allows her to enter
and exit the trapped region.

A. Ingoing and outgoing trajectories: entering and exiting the
trapped region

Assume that Alice begins her expedition from the un-
trapped region near the RBH center and initially follows
an outgoing geodesic. After making a few generic state-
ments about her trajectory, we once again illustrate our results
based on the dynamical inner-extremal model described by
Eqs. (10)Ð(12) and comment on important features that arise
over the course of her journey.

For radially moving timelike observers and particles, the
Lagrangian associated with the metric of Eq. (6) is given by

L =
1
2

f úv2 " úv úr, (28)

where the overdot denotes derivatives with respect to AliceÕs
proper time5. The corresponding EulerÐLagrange equations
are

¬v = "
1
2

(#r f ) úv2, (29)

¬r =
1
2

(#v f ) úv2 "
1
2

(#r f ). (30)

AliceÕs four-velocity is normalized byuµ uµ = " 1, which
results in

" f úv2 + 2 úv úr = " 1. (31)

From the normalization conditions, we obtain two possible
solutions forúv, which in turn restrict the admissible values of
the radial velocityúr . SpeciÞcally, we Þnd that

úv =
úr ±

"
úr 2 + f

f
. (32)

To ensure that Eq. (32) maintains real-valued solutions inside
of the trapped region, the relation

úr ! "
"

" f (33)

must hold#v $ (vf , vd). Outside of the trapped region there
are no restrictions sincef (v, r ) is always positive there. It is
important to note that, during AliceÕs motion,úv must be posi-
tive. This condition necessitates different choices for the sign
in the numerator of Eq. (32) to accommodate different types of
motion associated with the spacetime regions Alice is travers-
ing. For untrapped regions, i.e. for0 ! r < r ! andr > r + , it
is straightforward to verify that the correct choice of signature
is Ò+ Ó for both ingoing and outgoing trajectories. On the other
hand, this is not the case when trajectories inside the trapped
region are considered. The deviation occurs becauseúr < 0 for
both ingoing and outgoing trajectories, which is a well-known
feature associated with the presence of a trapped region due to
the fact thatf (v, r ) is negative there [56, 72, 73]. In this case,
to guarantee the positivity ofúv and ensure that it takes on only
real values, ingoing and outgoing trajectories must satisfy the
respective relations

úv =
úr +

"
úr 2 + f

f
, r ! < r < r + (ingoing) , (34)

úv =
úr "

"
úr 2 + f

f
, r ! < r < r + (outgoing). (35)

5 Since the action and its corresponding Lagrangian are invariant under
reparametrization of the trajectory and our argumentation in this section
requires only the equations of motion, we have the freedom to choose the
time parameter in the Lagrangian.
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Semiclassical considerations
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Review article with more details
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Dynamical solutions in spherical symmetry
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Only two metric families can describe the geometry near an 
apparent horizon formed in finite time of a distant observer:

Evaporating 
black holes

Accreting 
white holes

Black holes and their horizons in semiclassical and modified theories of gravity 25

2.3. Spherical symmetry: relations with popular models

Vaidya metrics

ds
2 = �

✓
1 � r±(w±)

r

◆
dw

2

±
+ 2✏±dw±dr + e

2
d⌦2, (66)

where w± are the outgoing (ingoing) null coordinates and ✏± = ±1, are the simplest non-
stationary generalizations of the Schwarzschild solution.144 The apparent horizon of these
metrics is located at rg = r± ⌘ C±. Comparison of the EMT components shows that
all Vaidya metrics are k = 0 solutions. Moreover, ⌧t = ⌧

r = ±⌧
r

t
holds as an exact

relationship.
The outgoing metric98 (w� = u) with decreasing mass r

0

�
(u) < 0 was originally pro-

posed to model the radiation of stars by supplying the Einstein equations for the exterior
domain with an EMT of the geometric optics form.145 Its interior, however, describes an
anti-trapped region. Beyond their pedagogical use78, 80 in illustrating the differences be-
tween various types of masses and horizons, Vaidya metrics are widely applied in studies
of stellar dynamics and gravitational collapse.146–148

The ingoing metrics (w+ = v) model the spacetime geometry in the vicinity of the
apparent horizon,83, 149–151 and the ingoing Vaidya metric with decreasing mass83, 151 is used
to model the effect of Hawking radiation at distances r & O(3rg). Despite their apparent
simplicity, these metrics describe a variety of spacetime structures, e.g. the formation of a
transient trapped region when used as an exterior metric for particular models of collapsing
stars, or a singularity (naked or hidden behind the event horizon).148, 152

The EMT has only one non-zero component

T
ww

=
✏±r

0

±
(w)

8⇡r2
, (67)

where the ± subscripts on w have been omitted to reduce clutter. Hence out of four pos-
sibilities only two — the metrics with r

0

+
(v) < 0 and r

0

�
(u) > 0 that violate the NEC —

can describe the geometry near an apparent horizon that was formed in time t. For the other
two metrics, any attempt to construct an explicit transformation to (t, r) coordinates leads
to complex-valued functions.60 The two admissible metrics belong to the k = 0 class of so-
lutions: all functions wi(u) and wi(v) are identically zero. We summarize these properties
in Table 2.

Table 2. Properties of the four types of Vaidya metrics. The Einstein equations
have real solutions at finite time t > tS only if the NEC is violated.

sgn(Ttt ) sgn(T r
t )

Time-evolution of
Vaidya mass function

Black/
White hole

NEC
violation

� � C0(v) < 0 B 3
� + C0(u) > 0 W 3
+ � C0(u) < 0 W 7
+ + C0(v) > 0 B 7

Each of the two metric families has two classes of solutions: k ! { 0, 1}
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Semiclassical considerations
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Integrating factor in 
coordinate transformations, e.g.

23&.)'((4#0-$53/) Regular apparent horizon forms in finite time of a distant observer.
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We assume that there is a solution of Eq.(16) with the
metric functions

C! ! øC#t; r $ ! ! ! #t; r $; #20$

h! ! øh#t; r $ ! ! " #t; r $; #21$

where the bar labels functions of semiclassical gravity
described in Sec.III , e.g., øC " rg ! øW [cf. Eq. (6)], and!

and " denote the perturbative corrections. To avoid
artifactual divergences, we use the physical value of
rg#t$ that corresponds to the perturbed metric
g! " øg#$ ! ! ÷g#$, i.e., C! #t; r g$ " rg. Similarly, the EMT
depends on! through the metricg! , and potentially also
through effective corrections resulting from perturbative
corrections to the modified field equations(17)Ð(19). It is
decomposed as

T#$ ! øT#$ ! ! ÷T#$; #22$

where øT#$ " T#$%øC; øh& corresponds to the semiclassical
term. The perturbative corrections must satisfy the boun-
dary conditions

TABLE I. Comparison of the two classes of dynamic solutions in spherical symmetry. The metric functionsC andh [cf. Eqs.(3) and
(4)] are obtained as the solutions of Eqs.(13)and(15)and are written together with the effective EMT components and Ricci scalar as
series expansions in terms of the coordinate distancex " r ! r g from the apparent horizonrg. The function! #t$> 0 parametrizes the
leading contributions to the effective EMT components fork " 0 solutions, and%#t$ is determined by the choice of time variable. In
spherical symmetry, the geometry near the apparent horizon[23Ð25] is constrained sufficiently enough to identify! #t$and%#t$and
match them with the semiclassical results[35]. The letterj # Z 1

2 labels half-integer and integer coefficients and powers ofx. Since only
the leading terms in each series are relevant, we simplify the notation by writingc12 instead ofc1=2, and similarly for higher orders and
coefficients of the EMT expansion and Ricci scalar. To remind us of their connection to physical quantities, the coefficients of the
effective EMT components are denotedej (energy density),&j (flux), andpj (pressure). Consistency of Eqs.(14) and(15) implies
E " ! P " 1=#8" r2

g$ and # " 0. The lower (upper) signature in Eqs.(k0.4), (k0.6), and(k1.4) describes an evaporating PBH (an
expanding white hole). The dynamic behavior of the horizonr0

g " drg=dt is determined by Eq.(14), and also implicitly through the
requirement that the Ricci scalarR be finite at the horizon, that is Eqs.(k0.4)and(k1.4)must hold for thek " 0 andk " 1 solutions,
respectively, in order for the divergent terms in the series expansion ofR to vanish. The Einstein equations Eqs.(13)Ð(15)hold order by
order in terms ofx. Accordingly, explicit expressions for higher-order terms in the metric functions are obtained by matching those of the
same order in the EMT expansion[18,36].
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requirement that the Ricci scalarR be finite at the horizon, that is Eqs.(k0.4)and(k1.4)must hold for thek " 0 andk " 1 solutions,
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Leading coefficient
c12 " 4
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"

p
r3=2

g ! #k0:3$ c32 " 4r3=2
g
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! " e2=3

p
#k1:3$

Horizon dynamics
r0

g " ' c12

!!!
%

p
=rg #k0:4$ r0

g " ' c32%3=2=rg #k1:4$

Effective EMT
' t " ! ! 2 !

X$
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2

ej xj #k0:5$

' t
r " ' ! 2 !

X$

j %1
2

&j xj #k0:6$

' r " ! ! 2 !
X$

j %1
2

pj xj #k0:7$
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X$

j %2

ej xi #k0:5$
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r " # f !
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j %2

&j xj #k0:6$

' r " Pf !
X$

j %2

pj xi #k0:7$

Ricci scalar
R " R0 ! R12
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! R1x !

X$
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g ! R1x !

X$

j %3
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!"#$%&'(!"#$*'),1+*+&,$-#*2##,$*"#($+1$/&,*+,3&317
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x := r ! r g

&!$%'()#* $%
0123-%<(=-%4%"#! $%7>?7@5%:5758;

!"#$ %&'()$*+,)$-$!"# #$.//.01$23.334

r ! 2! tC ! ! Et
r " 8" Tt

r ; #18$

2f 2r ! 1! r h ! fr ! 2! r C ! ! Err " 8" Trr : #19$

We assume that there is a solution of Eq.(16) with the
metric functions

C! ! øC#t; r $ ! ! ! #t; r $; #20$

h! ! øh#t; r $ ! ! " #t; r $; #21$

where the bar labels functions of semiclassical gravity
described in Sec.III , e.g., øC " rg ! øW [cf. Eq. (6)], and!

and " denote the perturbative corrections. To avoid
artifactual divergences, we use the physical value of
rg#t$ that corresponds to the perturbed metric
g! " øg#$ ! ! ÷g#$, i.e., C! #t; r g$ " rg. Similarly, the EMT
depends on! through the metricg! , and potentially also
through effective corrections resulting from perturbative
corrections to the modified field equations(17)Ð(19). It is
decomposed as

T#$ ! øT#$ ! ! ÷T#$; #22$

where øT#$ " T#$%øC; øh& corresponds to the semiclassical
term. The perturbative corrections must satisfy the boun-
dary conditions

TABLE I. Comparison of the two classes of dynamic solutions in spherical symmetry. The metric functionsC andh [cf. Eqs.(3) and
(4)] are obtained as the solutions of Eqs.(13)and(15)and are written together with the effective EMT components and Ricci scalar as
series expansions in terms of the coordinate distancex " r ! r g from the apparent horizonrg. The function! #t$> 0 parametrizes the
leading contributions to the effective EMT components fork " 0 solutions, and%#t$ is determined by the choice of time variable. In
spherical symmetry, the geometry near the apparent horizon[23Ð25] is constrained sufficiently enough to identify! #t$and%#t$and
match them with the semiclassical results[35]. The letterj # Z 1

2 labels half-integer and integer coefficients and powers ofx. Since only
the leading terms in each series are relevant, we simplify the notation by writingc12 instead ofc1=2, and similarly for higher orders and
coefficients of the EMT expansion and Ricci scalar. To remind us of their connection to physical quantities, the coefficients of the
effective EMT components are denotedej (energy density),&j (flux), andpj (pressure). Consistency of Eqs.(14) and(15) implies
E " ! P " 1=#8" r2

g$ and # " 0. The lower (upper) signature in Eqs.(k0.4), (k0.6), and(k1.4) describes an evaporating PBH (an
expanding white hole). The dynamic behavior of the horizonr0

g " drg=dt is determined by Eq.(14), and also implicitly through the
requirement that the Ricci scalarR be finite at the horizon, that is Eqs.(k0.4)and(k1.4)must hold for thek " 0 andk " 1 solutions,
respectively, in order for the divergent terms in the series expansion ofR to vanish. The Einstein equations Eqs.(13)Ð(15)hold order by
order in terms ofx. Accordingly, explicit expressions for higher-order terms in the metric functions are obtained by matching those of the
same order in the EMT expansion[18,36].

k " 0 solutions k " 1 solution

Metric functions
C " rg ! c12
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Nonsingular trapped spacetime regions

Radial null geodesic congruences:
<latexit sha1_base64="vHONV3X8iOcaO1Nq2vLketSoIPM="></latexit>

! ! = !
2
r

, ! + =
f (v, r )

r
89:-'"$;"(*<('%&=="+(%"#:*$>

<latexit sha1_base64="yrtV1r5ZOjpI6uQLQh9owypbnRg=">AAACF3icbZDLSgNBEEV7fMb4irp00xgEQQwzEtSdQTcuI5gHJCH0dGqSJj0PumuEMMxfuPFX3LhQxK3u/Bs7yQiaeKHhcKuK6rpuJIVG2/6yFhaXlldWc2v59Y3Nre3Czm5dh7HiUOOhDFXTZRqkCKCGAiU0IwXMdyU03OH1uN64B6VFGNzhKIKOz/qB8ARnaKxuodTGASDrJicp/cFjgxoZHyqQyWWatCVo3UeVUrtbKNoleyI6D04GRZKp2i18tnshj30IkEumdcuxI+wkTKHgEtJ8O9YQmVWsDy2DAfNBd5LJXSk9NE6PeqEyL0A6cX9PJMzXeuS7ptNnONCztbH5X60Vo3fRSUQQxQgBny7yYkkxpOOQaE8o4ChHBhhXwvyV8gFTjKOJMm9CcGZPnof6ack5K5Vvy8XKVRZHjuyTA3JEHHJOKuSGVEmNcPJAnsgLebUerWfrzXqfti5Y2cwe+SPr4xunm6A+</latexit>

! ! ! +

?
! 0

Presence of trapped region is signified by                      , which implies
<latexit sha1_base64="uJKLFwJrwGtRzadZtFrUNV82KtY=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIghiSaSoKym6cVnBXqANYTKdtkMnkzBzIpSQja/ixoUibn0Md76N0zaCVn8Y+PjPOZw5fxALrsFxPq3CwuLS8kpxtbS2vrG5ZW/vNHWUKMoaNBKRagdEM8ElawAHwdqxYiQMBGsFo+tJvXXPlOaRvINxzLyQDCTvc0rAWL6914UhA+KnJxn+xuPs0vHtslNxpsJ/wc2hjHLVffuj24toEjIJVBCtO64Tg5cSBZwKlpW6iWYxoSMyYB2DkoRMe+n0gAwfGqeH+5EyTwKeuj8nUhJqPQ4D0xkSGOr52sT8r9ZJoH/hpVzGCTBJZ4v6icAQ4UkauMcVoyDGBghV3PwV0yFRhILJrGRCcOdP/gvN04p7VqneVsu1qzyOItpHB+gIuegc1dANqqMGoihDj+gZvVgP1pP1ar3NWgtWPrOLfsl6/wIRj5YS</latexit>

! ! ! + > 0

<latexit sha1_base64="5WpZ/hpLbj7HHyfi2Kq+8Hjw7F4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZ0XxAcoS9zV6yZG/v2J0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopYfw2u2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHvHCNcw==</latexit>

f < 0
<latexit sha1_base64="LLZNM25O8Cm6S/uVSPKrcjkZw8o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPYTXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz+/eo11</latexit>

f > 0

inside

 outside
of the trapped region.

<latexit sha1_base64="Wcl6X1Dmf0bWJmomO+4rqAjp4OA=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRFQQpunFZwT6gDWUymbZDJ5MwcyOW0L9w46+4caGIW935N07bLGzr4V44nHMvM/cEieAaXPfHKiwtr6yuFddLG5tb2zv27l5dx6mirEZjEatmQDQTXLIacBCsmShGokCwRjC4GfuNB6Y0j+U9DBPmR6QneZdTAkbq2E7vysXty0kBe4SMyHCUC8GMEYehM+rYZddxJ8CLxMtJGeWoduzvdhjTNGISqCBatzw3AT8jCjgVbFRqp5olhA5Ij7UMlSRi2s8md43wkVFC3I2VaQl4ov7dyEik9TAKzGREoK/nvbH4n9dKoXvhZ1wmKTBJpw91U4EhxuOQcMgVoyCGhhCquPkrpn2iCAUTZcmE4M2fvEjqJ4535pzenZYr13kcRXSADtEx8tA5qqBbVEU1RNETekFv6N16tl6tD+tzOlqw8p19NAPr6xeqAp0r</latexit>

g > 0 and b odd.

“Disappearance point”:
<latexit sha1_base64="Xk7GD/Mx+Q/QtxU3NRJl7/CJyOw=">AAACG3icbVBNS8NAEN3U7/pV9ehlsQgVsSRF1KPoxaOCVaEJYbOZtEs3H+5OCiX0f3jxr3jxoIgnwYP/xm3tQVsfDDzem2FmXpBJodG2v6zSzOzc/MLiUnl5ZXVtvbKxeaPTXHFo8lSm6i5gGqRIoIkCJdxlClgcSLgNuudD/7YHSos0ucZ+Bl7M2omIBGdoJL/SUH5xMHAlRFjr+aGrRLuDe9SF+1z0qDH3p0y/UrXr9gh0mjhjUiVjXPqVDzdMeR5DglwyrVuOnaFXMIWCSxiU3VxDxniXtaFlaMJi0F4x+m1Ad40S0ihVphKkI/X3RMFirftxYDpjhh096Q3F/7xWjtGJV4gkyxES/rMoyiXFlA6DoqFQwFH2DWFcCXMr5R2mGEcTZ9mE4Ey+PE1uGnXnqH54dVg9PRvHsUi2yQ6pEYcck1NyQS5Jk3DyQJ7IC3m1Hq1n6816/2ktWeOZLfIH1uc3DQihbg==</latexit>

r ! (vd) ! r + (vd)
<latexit sha1_base64="Q+EAX7KWoKXiRZwd+jmy0WPLPp4=">AAACAHicbVDLSgNBEJyNrxhfqx48eBlMBEEIu0HUY9CLx4jmAUkIs5PeZMjM7DIzGwhLLv6KFw+KePUzvPk3Th4HTSxoKKq66e4KYs608bxvJ7Oyura+kd3MbW3v7O65+wc1HSWKQpVGPFKNgGjgTELVMMOhESsgIuBQDwa3E78+BKVZJB/NKIa2ID3JQkaJsVLHPXpIBC6Q86CARaINDgDDEGSx4+a9ojcFXib+nOTRHJWO+9XqRjQRIA3lROum78WmnRJlGOUwzrUSDTGhA9KDpqWSCNDtdPrAGJ9apYvDSNmSBk/V3xMpEVqPRGA7BTF9vehNxP+8ZmLC63bKZJwYkHS2KEw4NhGepIG7TAE1fGQJoYrZWzHtE0WosZnlbAj+4svLpFYq+pfFi/tSvnwzjyOLjtEJOkM+ukJldIcqqIooGqNn9IrenCfnxXl3PmatGWc+c4j+wPn8AUeklO8=</latexit>

Sum a + b must be even.
<latexit sha1_base64="HglbY8qr3649nfjZ97VNefUeLno=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5Au5RsNtuGZpM1yQql9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTsc3c789hNVmknxYMYpDRI8ECxmBBsrdaq4imQUuf1yxXO9OdAq8XNSgRyNfvmrF0mSJVQYwrHWXd9LTTDByjDC6bTUyzRNMRnhAe1aKnBCdTCZ3ztFZ1aJUCyVLWHQXP09McGJ1uMktJ0JNkO97M3E/7xuZuLrYMJEmhkqyGJRnHFkJJo9jyKmKDF8bAkmitlbERlihYmxEZVsCP7yy6ukVXP9S/fivlap3+RxFOEETuEcfLiCOtxBA5pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPifCO/w==</latexit>

a odd.

Hayward
Phys. Rev. D 49, 6467 (1994)  

SM, Soranidis
Phys. Rev. D 108, 044002 (2023)

<latexit sha1_base64="P5T7rCzHMwzaKyXPsN6wTxn3n+U="></latexit>

! ! ! +
!
!
vd

= !
2
r 2 g(vd, r )

"
r ! r + (vd)

#a+ b
! 0 " r

<latexit sha1_base64="zOhq3AgSLWrH6vfcSj9KmIXFPDk=">AAACJXicbZDLSgMxFIYz9dbWW9Wlm2ARWrRlRoq6UCi6cVnBXqCtJZNmpqGZzJBkCmXoy7jxVdy4sIjgylcxnQ5Uqz8EvvznHJLz2wGjUpnmp5FaWV1b30hnsptb2zu7ub39hvRDgUkd+8wXLRtJwigndUUVI61AEOTZjDTt4e2s3hwRIanPH9Q4IF0PuZw6FCOlrV7uKuMURqeiCK+hG0PHpm5BlEQvKk0Ko/hafEQL92Th2r1c3iybseBfsBLIg0S1Xm7a6fs49AhXmCEp25YZqG6EhKKYkUm2E0oSIDxELmlr5MgjshvFW07gsXb60PGFPlzB2P05ESFPyrFn604PqYFcrs3M/2rtUDmX3YjyIFSE4/lDTsig8uEsMtingmDFxhoQFlT/FeIBEggrHWxWh2Atr/wXGmdl67xcua/kqzdJHGlwCI5AAVjgAlTBHaiBOsDgCbyANzA1no1X4934mLemjGTmAPyS8fUNZ+GiOA==</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

�b

https://doi.org/10.1103/PhysRevD.49.6467
https://doi.org/10.1103/PhysRevD.108.044002
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Generalized dynamical first law
<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f (v, r ) := ! µ r ! µ r = 1 !
C(v, r )

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r ) = r + (v) +
!!

i =1

wi (v) ( r ! r + (v)) i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

! K
!
!
r = r +

=
1
2

" r f (v, r ) =
1
2

[C(v, r ) ! r " r C(v, r )]
!
!
r = r +

=
1 ! w1

2r+

4$%(%&5-
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

! M
! r +

=
"
8#

! A
! r +

.2(+&,,-
<latexit sha1_base64="uYpFjwhLd8tU4b7+zYgw7Kmtlbs="></latexit>

! M
!
!
r = r +

=
! C
2

!
!
!
!
r = r +

=
1
2

(1 ! w1) ! r +

<latexit sha1_base64="thg/h5Jrue6vhLQx1DLjXhCd5jc="></latexit>

! ! M
!
!
r = r +

=
1 " w1

16" r+
! A

<latexit sha1_base64="2KGT/iD00PN9Rz1MemxintYRh3M="></latexit>

!
! r +

2

"
=

1 ! w1

16" r+
! A +

w1

2
! r +

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
! r +

2

"
=

1 ! w1

16⇡r +
�A +

w1

8⇡r 2
+

�V

.'#'/01%2'+*+)#03%(01*4%/$&*105,
Using

<latexit sha1_base64="UjJufICzNMyidhRCBQMFvmrFHdk=">AAACGHicbVDLSgMxFM34rPU16tJNsAiCUmfaooIUqm5cVrAP6IxDJs20oZnMkGSEMvQz3Pgrblwo4rY7/8b0IWjrIbkczj2X5B4/ZlQqy/oyFhaXlldWM2vZ9Y3NrW1zZ7cuo0RgUsMRi0TTR5IwyklNUcVIMxYEhT4jDb93M+o3HomQNOL3qh8TN0QdTgOKkdKSZ55elUtOTKHwjh8K0LmEJ6OiT73sqEAgnJYGaXHwYyl6Zs7KW2PAeWJPSQ5MUfXModOOcBISrjBDUrZsK1ZuioSimJFB1kkkiRHuoQ5pacpRSKSbjhcbwEOttGEQCX25gmP190SKQin7oa+dIVJdOdsbif/1WokKLtyU8jhRhOPJQ0HCoIrgKCXYpoJgxfqaICyo/ivEXaTjUDrLrA7Bnl15ntQLefssX7or5SrX0zgyYB8cgCNgg3NQAbegCmoAgyfwAt7Au/FsvBofxufEumBMZ/bAHxjDb1U3nOY=</latexit>

A = 4 ! r 2
+ , V = 4

3 ! r 3
+

<latexit sha1_base64="urOHBG+oAbIQ5gYfoVFuTHHSV/4="></latexit>!
! ! A = 8 " r+ ! r + = 2

r +
! V

"

<latexit sha1_base64="C442rcsnMSACVA/BUPyN3hUl7eM=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4scxI1W6Eqhs3QgX7gE4pd9JMG5qZCUlGKEO/xI2/4saFIoIr/RvTdgRtPXDh5Jx7yb3HE5wpbdtfVmZhcWl5JbuaW1vf2NzKb+/UVRRLQmsk4pFseqAoZyGtaaY5bQpJIfA4bXiDq7HfuKdSsSi800NB2wH0QuYzAtpInfyJ26VcA77B59j1JZDEHYAQMErK2BVshFP/Ah9h8fOod/IFu2hPgOeJk5ICSlHt5D/cbkTigIaacFCq5dhCtxOQmhFORzk3VlQAGUCPtgwNIaCqnUzOG+EDo3SxH0lTocYT9fdEAoFSw8AznQHovpr1xuJ/XivWfrmdsFDEmoZk+pEfc6wjPM4Kd5mkRPOhIUAkM7ti0gcTkjaJ5kwIzuzJ86R+XHROi6XbUqFymcaRRXtoHx0iB52hCrpGVVRDBD2gJ/SCXq1H69l6s96nrRkrndlFf2B9fgNEkKC0</latexit>

! M =
"
8#

! A ! p! V
<latexit sha1_base64="L2M5+OwaNYE63xNl6vZzTrLcvrY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgiCUpRbsRim5cVrAPaGKYTCft0EkyzEyUErJy46+4caGIW7/BnX/jtM1CqwcuHM65l3vv8TmjUlnWl1FYWFxaXimultbWNza3zO2dtowTgUkLxywWXR9JwmhEWooqRrpcEBT6jHT80eXE79wRIWkc3agxJ26IBhENKEZKS565z+E5PIFOIBBO7z07S+vQ4RQK7/i2mnlm2apYU8C/xM5JGeRoeuan049xEpJIYYak7NkWV26KhKKYkazkJJJwhEdoQHqaRigk0k2nb2TwUCt9GMRCV6TgVP05kaJQynHo684QqaGc9ybif14vUUHdTWnEE0UiPFsUJAyqGE4ygX0qCFZsrAnCgupbIR4inYjSyZV0CPb8y39Ju1qxTyu161q5cZHHUQR74AAcARucgQa4Ak3QAhg8gCfwAl6NR+PZeDPeZ60FI5/ZBb9gfHwDcLeXOA==</latexit>

p = !
w1

8! r 2
+
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Dynamical generalization of inner-extremal RBH model
<latexit sha1_base64="PKPUlwXPWhxB+LIe4ZpWhDHrbqM=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAgVJCQ1fS0KRTcuK9iHtKFMppN26EwSZiZCCf0KNy4UcevnuPNvnLQVVPTAhcM593LvPV7EqFSW9WGsrK6tb2xmtrLbO7t7+7mDw7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vMlV6nfuiZA0DG7VNCIuR6OA+hQjpaW7AqpfnHt1+2yQy1tmrVy2SkWoiVMt1ZyUFKu1UgXapjVHHizRHOTe+8MQx5wECjMkZc+2IuUmSCiKGZll+7EkEcITNCI9TQPEiXST+cEzeKqVIfRDoStQcK5+n0gQl3LKPd3JkRrL314q/uX1YuVX3YQGUaxIgBeL/JhBFcL0ezikgmDFppogLKi+FeIxEggrnVFWh/D1KfyftIumXTadGyffuFzGkQHH4AQUgA0qoAGuQRO0AAYcPIAn8GwI49F4MV4XrSvGcuYI/IDx9gkzw49m</latexit>

(a = 3 , b = 1)

Evolution of the linear coefficient in the MS mass 
for the model proposed in Carballo-Rubio !"#$%&

J. High Energy Phys. 09, 118 (2022)

<latexit sha1_base64="A/XEp/bjn9kz5mx4Ed/73akXLMs="></latexit>

! K
!
!
r +

=
1 ! w1(v)

2r+ (v)

<latexit sha1_base64="8gZl3+4/recuEKnfzMZjrvKD7qk="></latexit>

f (v, r ) = g(v, r )( r ! r ! )3(r ! r + )

g(v, r ) =
1

r 3
! r + ! (3r 2

! r + + r 3
! )r + c2r 2 ! 3r ! r 3 + r 4

<latexit sha1_base64="287IBcItmci8/FzxTq3z53mxZUA="></latexit>

w1
!
!
r = r +

= 1 ! g(v, r+ )r + (r + ! r ! )a

Recall:

<latexit sha1_base64="hK4dnFxgOU38MqTdnVgfRhGhUzI=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0WoiCWRoi6LbsRVBfuAJoTJdNIOnTycmRRKzD+58UdcCOJCEbf+g9M2Qh8eGDiccy5z73EjRoU0jDctt7S8srqWXy9sbG5t7+i7ew0RxhyTOg5ZyFsuEoTRgNQllYy0Ik6Q7zLSdPvXI785IFzQMLiXw4jYPuoG1KMYSSU5+i13TksDJ7F8JHvcT7wUWiov4Z/QSdNjaJGHmA4gd05ms4/TKUcvGmVjDLhIzIwUQYaao79YnRDHPgkkZkiItmlE0k4QlxQzkhasWJAI4T7qkraiAfKJsJPxzSk8UkoHeiFXL5BwrE5PJMgXYui7KjnaUcx7I/E/rx1L79JOaBDFkgR48pEXMyhDOCoQdignWLKhIghzqnaFuIc4wlLVXFAlmPMnL5LGWdk8L1fuKsXqVVZHHhyAQ1ACJrgAVXADaqAOMHgCr+ADfGrP2rv2pX1Pojktm9kHM9B+fgEZS6x1</latexit>

r ! (vf |d ) ! r + (vf |d )

At formation/disappearance:
<latexit sha1_base64="PuJjt2eaEjqIkiXeRcWawH6wEko=">AAACCXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUtSNUHTjsoK9QBvCZDpph04mYWZSKTFbN76KGxeKuPUN3Pk2TtoI2vrDwMd/zmHO+b2IUaks68soLC2vrK4V10sbm1vbO+buXkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ugqq7fHREga8ls1iYgToAGnPsVIacs14Z1rV8Zu0guQGoog8dP7H+yn6fGF7Zplq2pNBRfBzqEMcjVc87PXD3EcEK4wQ1J2bStSToKEopiRtNSLJYkQHqEB6WrkKCDSSaaXpPBIO33oh0I/ruDU/T2RoEDKSeDpzmxLOV/LzP9q3Vj5505CeRQrwvHsIz9mUIUwiwX2qSBYsYkGhAXVu0I8RAJhpcMr6RDs+ZMXoXVStU+rtZtauX6Zx1EEB+AQVIANzkAdXIMGaAIMHsATeAGvxqPxbLwZ77PWgpHP7IM/Mj6+Afy5moc=</latexit>

w1(vf |d ) = 1

<latexit sha1_base64="cHaK3SB6iQbJrUVLuFuxpKxhUgY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHkbXXq9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmWdW7qJ7fn1dqN3kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwBxxeNeg==</latexit>

k = 1

<latexit sha1_base64="ESaR4gjgDk2e6KOCdy/nTQF9wcI=">AAACGnicbVDLSgMxFM3UV62vUZdugq1QN2VSRF2oFN24rGBtoR2GTJppQzMPkkylDP0ON/6KGxeKuBM3/o3pdBa29UDgcM695J7jRpxJZVk/Rm5peWV1Lb9e2Njc2t4xd/ceZBgLQhsk5KFouVhSzgLaUExx2ooExb7LadMd3Ez85pAKycLgXo0iavu4FzCPEay05JioXXp0UHnodHys+sJPvPHxJYIdFcJUv5pxLlDJdsyiVbFSwEWCMlIEGeqO+dXphiT2aaAIx1K2kRUpO8FCMcLpuNCJJY0wGeAebWsaYJ9KO0mjjeGRVrrQC4V+gYKp+ncjwb6UI9/Vk5Mz5bw3Ef/z2rHyzu2EBVGsaECmH3kxhzr4pCfYZYISxUeaYCKYvhWSPhaYKN1mQZeA5iMvkodqBZ1WTu6qxdp1VkceHIBDUAYInIEauAV10AAEPIEX8AbejWfj1fgwPqejOSPb2QczML5/AeUBn4o=</latexit>

[w1(vf ) = 1 ! w1(v > v f ) < 1]

<latexit sha1_base64="LANzLt11fRumUN4RhjzN/mKXqoA=">AAACGnicbVDLSgMxFM34rPVVdekm2Ap1UyZF1EWFohuXFewDOsOQyaRtaOZBkqmUod/hxl9x40IRd+LGvzGdzqK2HggczrmX3HPciDOpTPPHWFldW9/YzG3lt3d29/YLB4ctGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2naHt1O/PaJCsjB4UOOI2j7uB6zHCFZacgqoW3p0UHlUGzmWj9VA+Ik3OashaKkQps68fo1KtlMomhUzBVwmKCNFkKHhFL4sLySxTwNFOJayi8xI2QkWihFOJ3krljTCZIj7tKtpgH0q7SSNNoGnWvFgLxT6BQqm6vxGgn0px76rJ6dnykVvKv7ndWPVu7ITFkSxogGZfdSLOdSxpz1BjwlKFB9rgolg+lZIBlhgonSbeV0CWoy8TFrVCrqonN9Xi/WbrI4cOAYnoAwQuAR1cAcaoAkIeAIv4A28G8/Gq/FhfM5GV4xs5wj8gfH9C9tdn4Q=</latexit>

[w1(v < v d) < 1 ! w1(vd) = 1]

Value of              indicates transition from
<latexit sha1_base64="DwLCHMN55KeT+yoGcHzkpElUxSk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyVbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW2OqNJPiwUxi6kd4IFjICDZWaj71vPL4vFcsuRV3DrRKvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOi10E01jTEZ4QDuWChxR7afza6fozCp9FEplSxg0V39PpDjSehIFtjPCZqiXvZn4n9dJTHjtp0zEiaGCLBaFCUdGotnrqM8UJYZPLMFEMXsrIkOsMDE2oIINwVt+eZU0LyreZaV6Xy3VbrI48nACp1AGD66gBndQhwYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDrVyOjQ==</latexit>

w1(v)
<latexit sha1_base64="qihdHyi4iZSn4Ka1n3/Jz0IpZ7c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqJtC0Y3LCvYB06Fk0kwbJpMMSUYoQz/DjQtF3Po17vwb03YW2nogcDjnXnLPCVPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXog15UzQtmGG016qKE5CTrthfDfzu09UaSbFo5mkNEjwSLCIEWys5McND/WNRHHDHVRrbt2dA60SryA1KNAaVL/6Q0myhApDONba99zUBDlWhhFOp5V+pmmKSYxH1LdU4ITqIJ+fPEVnVhmiSCr7hEFz9fdGjhOtJ0loJxNsxnrZm4n/eX5mopsgZyLNDBVk8VGUcWRDzvKjIVOUGD6xBBPF7K2IjLHCxNiWKrYEbznyKulc1L2r+uXDZa15W9RRhhM4hXPw4BqacA8taAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weJ+ZAh</latexit>

k = 1 ! k = 0 at formation

<latexit sha1_base64="jd2MC5flke/DXg5hxtTPpvMklmg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqJtC0Y3LCvYB06Fk0kwbJpMMSUYoQz/DjQtF3Po17vwb03YW2nogcDjnXnLPCVPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXog15UzQtmGG016qKE5CTrthfDfzu09UaSbFo5mkNEjwSLCIEWys5McNF/WNRHHDG1Rrbt2dA60SryA1KNAaVL/6Q0myhApDONba99zUBDlWhhFOp5V+pmmKSYxH1LdU4ITqIJ+fPEVnVhmiSCr7hEFz9fdGjhOtJ0loJxNsxnrZm4n/eX5mopsgZyLNDBVk8VGUcWRDzvKjIVOUGD6xBBPF7K2IjLHCxNiWKrYEbznyKulc1L2r+uXDZa15W9RRhhM4hXPw4BqacA8taAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weJ8ZAh</latexit>

k = 0 ! k = 1 at disappearance

https://doi.org/10.1007/JHEP09(2022)118
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For evaporating RBHs !!  and !"#are timelike

Define hypersurface      by restricting the coordinates via 
<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

!
<latexit sha1_base64="Zqk6mLwbffZV1owbngyHpn34WDg=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WogiWRoiIIRTcuK9oHNCFMptN26GQSZybFEvoPbvwVNy4UcevGnX/jNM1CqwcunDnnXube40eMSmVZX0Zubn5hcSm/XFhZXVvfMDe3GjKMBSZ1HLJQtHwkCaOc1BVVjLQiQVDgM9L0B5cTvzkkQtKQ36pRRNwA9TjtUoyUljzzwKn1acm5ob0AeYnwnHs63ofnZ1DAQ5g+oUPuYjqElmcWrbKVAv4ldkaKIEPNMz+dTojjgHCFGZKybVuRchMkFMWMjAtOLEmE8AD1SFtTjgIi3SS9aQz3tNKB3VDo4gqm6s+JBAVSjgJfdwZI9eWsNxH/89qx6p66CeVRrAjH04+6MYMqhJOAYIcKghUbaYKwoHpXiPtIIKx0jAUdgj178l/SOCrbx+XKdaVYvcjiyIMdsAtKwAYnoAquQA3UAQYP4Am8gFfj0Xg23oz3aWvOyGa2wS8YH98nfpxy</latexit>

! (" r ! ) =: r ! r ! " 0

Inner and outer horizon correspond to the constraint
<latexit sha1_base64="BSS++poa3cxZiQn4B/yH8HqwR+0=">AAACFHicbVDLSsNAFJ3UV1tfVZduBotQEUsiRd0IRTcuK9oHNCFMppN26EwSZyaFEvoRbvwVNy4UcevCnX/jNM1CWw9cOHPOvcy9x4sYlco0v43c0vLK6lq+UFzf2NzaLu3stmQYC0yaOGSh6HhIEkYD0lRUMdKJBEHcY6TtDa+nfntEhKRhcK/GEXE46gfUpxgpLbml44LdGNCKfUf7HLmJcO2IT47gJRTwBKYvaJOHmI6gCd1S2ayaKeAisTJSBhkabunL7oU45iRQmCEpu5YZKSdBQlHMyKRox5JECA9Rn3Q1DRAn0knSoybwUCs96IdCV6Bgqv6eSBCXcsw93cmRGsh5byr+53Vj5V84CQ2iWJEAzz7yYwZVCKcJwR4VBCs21gRhQfWuEA+QQFjpHIs6BGv+5EXSOq1aZ9Xaba1cv8riyIN9cAAqwALnoA5uQAM0AQaP4Bm8gjfjyXgx3o2PWWvOyGb2wB8Ynz8phpxj</latexit>

! (" r ± ) = r ! r ± " 0
<latexit sha1_base64="3BqrNHfpVrfp7emwoK1TW4Uj1Z0="></latexit>

nµ =: !" µ ! (" r ± ) = !
!
! r !

± , 1, 0, 0
"

which leads to a normal vector defined by

normalisation factor
<latexit sha1_base64="i1YMTrppUNCGOautD90Qs/poIgY=">AAACG3icbVDNSgMxGMz6b/2revQSLKIXy+5S1IsgevFYwarQXZdsmtZgkl2Sb4Wy9D28+CpePCjiSfDg25ht96CtAwnDzHwk38Sp4AZc99uZmp6ZnZtfWKwsLa+srlXXN65MkmnKWjQRib6JiWGCK9YCDoLdpJoRGQt2Hd+fFf71A9OGJ+oS+ikLJekp3uWUgJWiqq+iQGZY3RZ3EPNeYNMQ5ToKUjnAx3gf+zhgQG59rHcLEUfVmlt3h8CTxCtJDZVoRtXPoJPQTDIFVBBj2p6bQpgTDZwKNqgEmWEpofekx9qWKiKZCfPhbgO8Y5UO7ibaHgV4qP6eyIk0pi9jm5QE7sy4V4j/ee0MukdhzlWaAVN09FA3ExgSXBSFO1wzCqJvCaGa279iekc0oWDrrNgSvPGVJ8mVX/cO6o2LRu3ktKxjAW2hbbSHPHSITtA5aqIWougRPaNX9OY8OS/Ou/Mxik455cwm+gPn6wdnNZ+8</latexit>

nµ nµ
!
!
r ±

= ! 2! 2r !
±Inner product at !6 /!7":

For evaporating RBHs               , this inner product is spacelike: 
<latexit sha1_base64="K7HLUy8Xy5WzC6PkCYz0/wQBS+A=">AAAB+HicbVBNS8NAEJ34WetHox69LLaip5IUUQ8eil48VrAfkIaw2W7apZtN2N0ItfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKO822trK6tb2wWtorbO7t7JXv/oKWSTBLaJAlPZCfEinImaFMzzWknlRTHIaftcHg79duPVCqWiAc9Sqkf475gESNYGymwS15FBt00PkXXyKn4KLDLTtWZAS0TNydlyNEI7K9uLyFZTIUmHCvluU6q/TGWmhFOJ8VupmiKyRD3qWeowDFV/nh2+ASdGKWHokSaEhrN1N8TYxwrNYpD0xljPVCL3lT8z/MyHV35YybSTFNB5ouijCOdoGkKqMckJZqPDMFEMnMrIgMsMdEmq6IJwV18eZm0alX3onp+XyvXb/I4CnAEx3AGLlxCHe6gAU0gkMEzvMKb9WS9WO/Wx7x1xcpnDuEPrM8f21ORRQ==</latexit>

[r !
± < 0]

<latexit sha1_base64="2RbPmOpUWHM5EgoUsrnU00/Pj3k=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjoq6k6MZlBfuAdhwyaaYNTTJDHkId+iVuXCji1k9x59+YaWehrQfu5XDOveTmRCmjSnvet1NaWV1b3yhvVra2d3ar7t5+WyVGYtLCCUtkN0KKMCpIS1PNSDeVBPGIkU40vsn9ziORiibiXk9SEnA0FDSmGGkrhW5VhH1uoHjI+xX0Qrfm1b0Z4DLxC1IDBZqh+9UfJNhwIjRmSKme76U6yJDUFDMyrfSNIinCYzQkPUsF4kQF2ezwKTy2ygDGibQlNJypvzcyxJWa8MhOcqRHatHLxf+8ntHxZZBRkRpNBJ4/FBsGdQLzFOCASoI1m1iCsKT2VohHSCKsbVYVG4K/+OVl0j6t++f1s7uzWuO6iKMMDsEROAE+uAANcAuaoAUwMOAZvII358l5cd6dj/loySl2DsAfOJ8/P2+SLQ==</latexit>

nµ nµ > 0

Causal character of the horizons is timelike.
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Generalized dynamical charged Hayward–Frolov RBH
<latexit sha1_base64="x0IS61NXAKi9nUT44rxr7FbJXRk="></latexit>

f (v, r ) = 1 !

!
r g(v)r ! q(v)2

"
r 2

r 4 + ( r g(v)r + q(v)2) l (v)2

<latexit sha1_base64="OeKWQ2FBgMmLE4hKIVSntwNaG5s="></latexit>

w1(v, l) =
q(v)2

r + (v)2 + ! (v)l2 + O
!
l4"

?"$"%&,:@"+(+2$&):;&,()"'%:;(<A$;':*$>

<latexit sha1_base64="zQOTETrS2xQGt5zUUECKUfhp2XM="></latexit>

! K HF =
1 ! w1(v, l)

2r+ (v, l)
B*+&)&(-A%<&;"(#%&6:'2>

<latexit sha1_base64="RyVc8+g/KRSOdNGjplvrcTxniNQ="></latexit>

r ! (v, l) = r ! (v) + ! ! (v)l2 + O
!
l3"

r + (v, l) = r + (v) + ! + (v)l2 + O
!
l4"

1*%:@*$->

/*$-:+"%(CD("9=&$-:*$>
<latexit sha1_base64="TKVZFwlm0FCf3KVdhWpghgFSkSM="></latexit>

! K HF =
r + (v) ! r ! (v)

2r+ (v)2 + O
!
l2"

<latexit sha1_base64="oyXI+SwSvSTBPFpV69qhOKRqy6Q="></latexit>

r ! (v) = m(v) !
!

m(v)2 ! q(v)2

r + (v) = m(v) +
!

m(v)2 + q(v)2

!"##$%$&'$()EF G$$"%(0*%:@*$((((((((((((((("6"$(:<((((((((((((+A"('*('0"(=%"-"$;"(*<(&(;0&%#"+('"%)('0&'(:-(:$+"="$+"$'(*<(((F
HF /*)=&':I:,:'2(3:'0('0"(<:%-'(,&3(:-($*(,*$#"%("$;*+"+(I2((((((((((((((F(5*%((((((((((((J('0"($"3(;*)=&':I:,:'2(

;*$+:':*$(;&$(I"(-'&'"+(&-(

<latexit sha1_base64="9qwrXJNV+ssnt5J0krMQCh2Ku74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiMYB6YLGF20kmGzM6uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSTvzThGP6QDyfucUWOlB9U9Ix2Jj8TtFktu2Z2BLBMvIyXIUOsWvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzi6ekBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/yUyzgxKNl8UT8RxERk+j7pcYXMiLEllClubyVsSBVlxoZUsCF4iy8vk8Z52bsoV+4qpep1FkcejuAYTsGDS6jCLdSgDgwkPMMrvDnaeXHenY95a87JZg7hD5zPHy/Pj/U=</latexit>

r ! != 0
<latexit sha1_base64="zcPmSp+0ax7xqksWhZIIyIPefYQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHsS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AxxmNeg==</latexit>

l = 0
<latexit sha1_base64="cpfTJkS0aJuavDxr5AjVR4A92n8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH1veM+Q==</latexit>

l
<latexit sha1_base64="OpajdXLRaUULpkcLeXpmS/1TYe4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aRdutmE3Y1SSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/lPXu3a75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH/5pjik=</latexit>

w1 = 0
<latexit sha1_base64="X9vNTup3iFS8er7DkTluCXSrcCo=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9oh5JJM21oJjMkd4Qy9CPcuFDErd/jzr8xbWehrQcCh3PuJfecIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKHUn6GBN3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLcGbmwypCEsbZPIVmovzcyGhkzjQI7GVEcm1VvLv7n9VIMb/xMqCRFrtjyozCVxEacZydDoTlDObWEMi3srYSNqaYMbUMlW4K3GnmdtK+qXr1ae6hVGrd5HUU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787EcLTj5zin8gfP5A0jXjuQ=</latexit>

l ! 0
<latexit sha1_base64="MrDV1yce5g7PFwaUnSkS7myM7U4=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0KGWmFHUjFN24rGAf0I5DJs20oZnMmGQqZZgPcOOvuHGhiFs/wJ1/Y9rOQlsPBA7nnMvNPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7vBq4rdGREga8Fs1Dontoz6nHsVIacnJFx4cqzg6gWbpousJhOP74qh0V0li4cTHyYzrlFk2p4CLxEpJAaSoO/mvbi/AkU+4wgxJ2bHMUNkxEopiRpJcN5IkRHiI+qSjKUc+kXY8PSaBR1rpQS8Q+nEFp+rviRj5Uo59Vyd9pAZy3puI/3mdSHnndkx5GCnC8WyRFzGoAjhpBvaoIFixsSYIC6r/CvEA6U6U7i+nS7DmT14kzUrZOi1Xb6qF2mVaRxYcgENQBBY4AzVwDeqgATB4BM/gFbwZT8aL8W58zKIZI53ZB39gfP4AxlqZlA==</latexit>

w1(v, 0) =
q(v)2

r + (v)2

SM, Soranidis
Phys. Rev. D 108, 044002 (2023)

https://doi.org/10.1103/PhysRevD.108.044002
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Radial acceleration as function of Alice’s proper time

!"#$ !"#% !"#& !"#'
��

! (!

(!

#!!

!""
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Kodama surface gravity

Kodama surface gravity:

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

� <latexit sha1_base64="vhrBGNj6b1LHf51Vz8pINVGFTD8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGiroRim4ENxXsAzrjkEkzbWiSGZKMUIaCv+LGhSJu/Q53/o2ZdhbaeuBeDufcS25OmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrnO/80ikorG41+OE+BwNBI0oRtpIgX3gCRQyFHg8hbcPeb+EDgzsqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMyKTipYokCI/QgPQMFYgT5WfT8yfw2Ch9GMXSlNBwqv7eyBBXasxDM8mRHqp5Lxf/83qpji78jIok1UTg2UNRyqCOYZ4F7FNJsGZjQxCW1NwK8RBJhLVJrGJCcOe/vEjapzX3rFa/q1cbV0UcZXAIjsAJcME5aIAb0AQtgEEGnsEreLOerBfr3fqYjZasYmcf/IH1+QMoc5RR</latexit>

! µ K µ = 0
<latexit sha1_base64="kaa8Z9XjMzhmebMsjw3EpIe4JMY="></latexit>

! µ J µ = 0 , J µ := Gµ! K !

<latexit sha1_base64="Lq5ePCtoV5Cy74DUbL5FK8LqSww=">AAACDnicbVDLSsNAFJ3UV1tfVZduBkuhUi1JKOpGKLpxZwX7gDYpk8mkHTqThJlJoZR+gRt/xY0LRdy6duffOH0stHrgwuGce7n3Hi9mVCrT/DJSK6tr6xvpTHZza3tnN7e335BRIjCp44hFouUhSRgNSV1RxUgrFgRxj5GmN7ie+s0hEZJG4b0axcThqBfSgGKktNTNFTK+dO3L06A4PBHH/tC1S7Y/9EVJuLbfueWkh1wbdnN5s2zOAP8Sa0HyYIFaN/fZ8SOccBIqzJCUbcuMlTNGQlHMyCTbSSSJER6gHmlrGiJOpDOevTOBBa34MIiErlDBmfpzYoy4lCPu6U6OVF8ue1PxP6+dqODCGdMwThQJ8XxRkDCoIjjNBvpUEKzYSBOEBdW3QtxHAmGlE8zqEKzll/+Shl22zsqVu0q+erWIIw0OwREoAgucgyq4ATVQBxg8gCfwAl6NR+PZeDPe560pYzFzAH7B+PgGUHaZyA==</latexit>

ds2 = ! f (v, r )dv2 + 2dvdr + r 2d! 2

Kodama surface gravity evaluated at outer horizon:

<latexit sha1_base64="zZpIsGX1TQ1+QqdI9lag+DJgtXM=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcqMFHUjFN0IbirYB7RjyaSZNjTJDElGKWM/xY0LRdz6Je78GzPtLLT1XC4czrmX3Bw/YlRpx/m2ckvLK6tr+fXCxubW9o5d3G2qMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5Y+uUr/1QKSiobjT44h4HA0EDShG2kg9u3hz3+UxvIBl99hJ66hnl5yKMwVcJG5GSiBDvWd/dfshjjkRGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQwXiRHnJ9PQJPDRKHwahNC00nKq/NxLElRpz30xypIdq3kvF/7xOrINzL6EiijURePZQEDOoQ5jmAPtUEqzZ2BCEJTW3QjxEEmFt0iqYENz5Ly+S5knFPa1Ub6ul2mUWRx7sgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59zEZzVrazB/7A+vwBJ1GRWA==</latexit>

Kµ = (1, 0, 0, 0)

<latexit sha1_base64="Lay++gQMfPytXQvHPgXOHP1Uvoo="></latexit>

! K
!
!
r = r +

=
1
2

" r f (v, r )
!
!
r = r +

= lim
r ! r +

(r ! r + )" 1+ bbg(v, r )( r ! r " )a

2

Nonzero Kodama surface gravity requires 
that outer horizon is nondegenerate, i.e.           .

Note:
<latexit sha1_base64="8iav14FrDh+dRlHfpA3SvUHulQw=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJSal0IRTcuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ZtoRVPTAhcM593LvPX4suDYIfTiFldW19Y3iZmlre2d3r7x/0NFRoihr00hEqucTzQSXrG24EawXK0ZCX7CuP73K/O49U5pH8s7MYuaFZCx5wCkxVrr1L/CwXEFu/Rw1cBUiFy2QEVyrIgxxrlRAjtaw/D4YRTQJmTRUEK37GMXGS4kynAo2Lw0SzWJCp2TM+pZKEjLtpYtT5/DEKiMYRMqWNHChfp9ISaj1LPRtZ0jMRP/2MvEvr5+YoOGlXMaJYZIuFwWJgCaC2d9wxBWjRswsIVRxeyukE6IINTadkg3h61P4P+lUXVx3aze1SvMyj6MIjsAxOAUYnIEmuAYt0AYUjMEDeALPjnAenRfnddlacPKZQ/ADztsn60qNkw==</latexit>

b = 1
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Surface gravity in stationary spacetimes

dr
dt

= ± 2! peel (t)x + O
!
x2"

8#5#').$#43+5).#,*$9#%+,+*+&,1:$'#.)*#9$*&$#+*"#'

&'

TH =
!
2"

;)20+,<$*#(=#')*3'#>$ ?%&'$&-1#'5#'$)*$+,%+,+*@A

!"#$$%"%&'()$("*++(,-).-/%0/()"(&1-(1)2%3)"4

5--+%",()$$(62)6-2&%-/()$("*++(,-).-/%0/("-#2(&1-(1)2%3)"4

! µ
;! ! ! := "! µ

B+..+,<$5#/*&'$%+#.9
!

! µ ! µ = 02+*"$,&'(

r ! r g

x := r ! r g
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Surface gravity in dynamical spacetimes

C,$<#,#').$9@,)(+/).$1=)/#*+(#1>$,&$)1@(=*&*+/)..@$*+(#.+0#$B+..+,<$5#/*&'7

P4-'*%'482'*63/7$).,&)*2..'('$4%70)*7,S70)$9,79'48)6,&'E,4*)S'%6)>&,>$&%'$*)(7,*$)%,)%6$'&)(73**'(37)(,24%$&>3&%*"

D&.#$&%$;)20+,<$*#(=#')*#$/)=*3'#9$#+*"#'$-@$5&&/"#6$&'$7+8*9*'$)2:*;&'62*."%< 7

!"#$%&' ()*+,%#"-+()./0%1/ ()2+33%#()
45637)8%97):)!" ();<=>;=?8@)?A;==@)

B/C"D"()4#/17)E5%/#7)45637)#"()=A=F)?=GH;@
I,#%J()2+33%#()45637)8%97):)!$ ();<<;AF)?A;=;@
BJ#K+$L()4+0"D/0-+()2%#$5()*%--7)M"-57)45637)%%%()==;)?A;A=@)

7)8-9-24(&1-(/%:%+#2%&'($#%+/($)2(.'"#:%0#+(/61-2%0#++'(/'::-&2%0(/)+*&%)"/;

!"##$%&!$%'()#* $%
0123-%<(=-%4%"#$$%85?765%:5755;

https://doi.org/10.1103/PhysRevD.83.041501
https://doi.org/10.1143/PTP.63.1217
https://doi.org/10.1103/PhysRevD.82.044027
https://doi.org/10.1007/s11005-021-01445-7
https://doi.org/10.1103/PhysRevD.105.124032
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Surface gravity in dynamical spacetimes: peeling surface gravity

E&,1+9#'$5&&/"#6'$)2:*;&'62*."%<=

F+*"$*"#$(#*'+/$%3,/*+&,1$E$),9$"$&%$*"#$0GH$),9$0GI$1&.3*+&,1>

J9&KB&(#$L))(#$MK7BB.$NO7(POQ$*'7:9PE$$%#$3RH3+3$2133R5
M')-- #$S9T&'7P9#$U9BB&'#$MK7BB.$NO7(POQ$*'7:9PE$"&#$+1H33+$213+45

! peel =
eh(t,r g ) (1 ! C! (t, r g))

2r g

dr
dt

= ± 2! peel (t)x + O
!
x2"

F5<#%)$)*"+$31#4G(34%%*"+-

T*'48)R3'47$9UVW277*%&34-)(,,&-'43%$*)))))))))I(øt, r )

J9&KB&(#$U9BB&'#$
MK7BB.$NO7(POQ$*'7:9PE$$"#$I,4<$2133,5

! PG 1 =
1

2r g

!
1 ! " r øC

"
#
#
#
#
r = r g

! PG 2 =
1

2r g

!
1 ! " r øC + " øt

øC
"
#
#
#
#
r = r

! PG 1 = 0

3 possibilities (0,∞,finite) 
depending on behaviour of øt

! peel ! " dr
dt

= ± r !
g + a12(t)

!
x + O(x)

C = r g ! c12
"

x +
!!

j ! 1

cj xj

h = !
1
2

ln
x
!

+
!!

j ! 1
2

hj xj

567$+89:;<+=$>?.

"7((#$!"#$ %&'()#$
DCEB.$F&:.$V$!&%#$+1I341$213115

https://doi.org/10.1088/0264-9381/25/8/085010
https://doi.org/10.1088/0264-9381/30/12/125001
https://doi.org/10.1088/0264-9381/23/14/006
https://doi.org/10.1103/PhysRevD.105.124032
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Surface gravity in dynamical spacetimes: Kodama surface gravity

1
2

K µ (! µ K ! " ! ! K µ ) := ! K K !

K µ =
!
e! h+ , 0, 0, 0

"

! µ K µ = 0 ,

! µ J µ = 0 , J µ := Gµ! K !

! K =
1
2

!
C+ (v, r )

r 2 !
" r C+ (v, r )

r

" #
#
#
#
r = r +

=
(1 ! w1)

2r +

J#%+,#9$5+)

B&9)()$5#/*&'$%+#.9>

/&5)'+),*.@$/&,1#'5#9>

#5).3)*#9$)*$"&'+K&,7

D#13.*>

H#$)#5"3'$)*"+#"5#,/$2;#C"/4<

I((3"$2C4%#%)$)*2#>$/&4#########################
"+/1#*5#'4)3*2#*%#2/"%4#)"#(&34#J$*81$#'4)3*2<

! = 1 / (4M ) <$)'-,1(/'*+*.=(/%,**(/,%+-.*&%'*>

:=$);%A**)/B#",(3

"7((#$!"#$ %&'()#$
DCEB.$F&:.$V$!&%#$+1I341$213115

https://doi.org/10.1103/PhysRevD.105.124032
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Page evaporation law

<latexit sha1_base64="iCrmKC3HCw3UreFvDXlhU3kStLA="></latexit>

dM
dt

= !
!

j, ! ,m,p

1
2!

" !

0

" ! j "! mp

e2#" / $ ! 1
d"C&--(,*--(+A"('*("):--:*$(*<(1&3K:$#(%&+:&':*$>

D:)=,:<2:$#(&--A)=':*$->
<latexit sha1_base64="1G0l5T8DcGWZ6s9dfbgjSQ1Sso0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUC+BoBePEcwDkiXMTnqTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ARNgw3AtuJQioDga1gdDvzW0+oNI+jBzNO0Jd0EPGQM2qs1JbVLgpRdXvFklt25yCrxMtICTLUe8Wvbj9mqcTIMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYGlGJ2p/M752SM6v0SRgrW5Ehc/X3xIRKrccysJ2SmqFe9mbif14nNeG1P+FRkhqM2GJRmApiYjJ7nvS5QmbE2BLKFLe3EjakijJjIyrYELzll1dJ86LsXZYr95VS7SaLIw8ncArn4MEV1OAO6tAABgKe4RXenEfnxXl3PhatOSebOYY/cD5/AFLaj4M=</latexit>

m = ! = 0
<latexit sha1_base64="4kq40g70lWTkbTdCuQjfg8Omko8=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GwCnchqGXQQssI5gNySZjbTJIlu3fn7p4QQhob/4qNhSK2/gc7/42bj0ITHww83pthZl4QC66N6347S8srq2vrqY305tb2zm5mb7+io0QxLLNIRKoWgEbBQywbbgTWYoUgA4HVoH819qsPqDSPwjsziLEhoRvyDmdgrNTKHPnXICVQX3OJ99SPJHahmaeq1W3mW5msm3MnoIvEm5EsmaHUynz57YglEkPDBGhd99zYNIagDGcCR2k/0RgD60MX65aGIFE3hpMvRvTEKm3aiZSt0NCJ+ntiCFLrgQxspwTT0/PeWPzPqyemc9EY8jBODIZsuqiTCGoiOo6EtrlCZsTAEmCK21sp64ECZmxwaRuCN//yIqnkc95ZrnBbyBYvZ3GkyCE5JqfEI+ekSG5IiZQJI4/kmbySN+fJeXHenY9p65Izmzkgf+B8/gAGW5ej</latexit>

! ! ! 2r 2
g

<latexit sha1_base64="nvOuQLPOpMiLBgb4gz9mSEVmjyo="></latexit>

dM
dv

! "
a

M 2 #
dr+

dv
! "

!
r 2

+

<latexit sha1_base64="y/geU3z/U5HHnvTe2vM1b+RwhNo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexqUY9FL16ECvYD2u2STadtaJJdkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4w508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoURTqNOKRaoVEA2cS6oYZDq1YAREhh2Y4upn6zUdQmkXywYxj8AUZSNZnlBgrdU0AuKOZwHeB2z0PiiW37M6Al4mXkRLKUAuKX51eRBMB0lBOtG57bmz8lCjDKIdJoZNoiAkdkQG0LZVEgPbT2dUTfGKVHu5HypY0eKb+nkiJ0HosQtspiBnqRW8q/ue1E9O/8lMm48SApPNF/YRjE+FpBLjHFFDDx5YQqpi9FdMhUYQaG1TBhuAtvrxMGmdl76Jcua+UqtdZHHl0hI7RKfLQJaqiW1RDdUSRQs/oFb05T86L8+58zFtzTjZziP7A+fwBFQWRmQ==</latexit>

t e ! M 3
0

Note:
8<<";'-(*<(1&3K:$#(%&+:&':*$(&%"(+"-;%:I"+(I2(:$#*:$#(
L&:+2&()"'%:;(3:'0(+";%"&-:$#()&--(((((((((((((((((((((((F

<latexit sha1_base64="soKb+nms1wlGF37VkP6snKpkd7Y=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzFCQ+4MUQsLIo0lJgIauJC9ZQ827O5ddvdICOFX2FhojK0/x85/4wJXKPiSSV7em8nMvCDmTBvX/XYya+sbm1vZ7dzO7t7+Qf7wqKmjRBHaIBGP1GOANeVM0oZhhtPHWFEsAk5bwbA281sjqjSL5IMZx9QXuC9ZyAg2Vnoq1s6Lo9KNW+rmC27ZnQOtEi8lBUhR7+a/Or2IJIJKQzjWuu25sfEnWBlGOJ3mOommMSZD3KdtSyUWVPuT+cFTdGaVHgojZUsaNFd/T0yw0HosAtspsBnoZW8m/ue1ExNe+xMm48RQSRaLwoQjE6HZ96jHFCWGjy3BRDF7KyIDrDAxNqOcDcFbfnmVNC/K3mW5cl8pVG/TOLJwAqdQBA+uoAp3UIcGEBDwDK/w5ijnxXl3PhatGSedOYY/cD5/AE9Vjss=</latexit>

(C!(v) < 0)

<latexit sha1_base64="5yeLu6rgkfdl5hbqZMUQGCYY3mM="></latexit>

! = 8a = !
4
"

1

e
4!

1! w1 ! 1
,

! = !
4
"

1
e4! ! 1

+ O(w1),

89=,:;:'(<*%)(*<('0"(;*"<<:;:"$'-(&$+('0":%("9=&$-:*$(
&I*A'((((((((((((((>(<latexit sha1_base64="OpajdXLRaUULpkcLeXpmS/1TYe4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aRdutmE3Y1SSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/lPXu3a75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH/5pjik=</latexit>

w1 = 0

Standard Page evaporation law is modified if
<latexit sha1_base64="OpajdXLRaUULpkcLeXpmS/1TYe4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aRdutmE3Y1SSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/lPXu3a75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH/5pjik=</latexit>

w1 = 0 is not satisfied.

SM, Soranidis
Phys. Rev. D 108, 044002 (2023)

https://doi.org/10.1103/PhysRevD.108.044002
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