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A brief account is given of Dyson’s proof of the finiteness after renormalization of the matrix elements for
scattering processes (S-matrix elements) in electrodynamics (interaction of photons and electrons). It is
shown to which meson interactions this proof can be extended and some of the difficulties which arose in

this extension are discussed.

HE recent developments in quantum electro-

dynamics (the interaction of photons and the
electron-positron field) associated with the names of
Tomonaga, Schwinger, and Feynman culminated, as
far as the theory of the renormalization of mass and
charge is concerned, in the work of Dyson! published in
1949. Combining Feynman’s technique? of depicting
field events graphically and Schwinger’s invariant pro-
cedure of subtracting divergences,® Dyson proved two
very important results. He showed first that if calcula-
tions are made to any arbitrarily high order in the
charge in a perturbation expansion, three and only three
types of integrals can diverge; and, secondly, that a
renormalization of mass and charge would suffice
completely to absorb these divergences. This theory
has proved to be in very close agreement with experi-
ment.*

Sr(p) and Dp(p) for the electron and the photon lines® -
and the factor ey, (charge times a Dirac matrix) for
the vertices of the graph. By considering the integrals
thus obtained, Dyson showed that the over-all® degree
of divergence of a particular graph could be estimated
simply by counting its external lines. Let E; denote the
number of external fermion (we use the term fermion
for any spin half particle) and E, the number of ex-
ternal photon lines. The integral corresponding to a
graph can diverge only if

SEAEp<S. 1)

This basic inequality shows that there are only a finite
number of types of graph that can introduce divergences
in the theory. These are the electron and photon self-
energy graphs and vertex parts, simple examples of
which are given in Fig. 1 (a, b, and c). Another possible
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Bigravity
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Cosmological
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Spin-2 Mass terms
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MAGGIO 1t Spin-2 Mass terms
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Spin-2 propagator
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Cubic Galileon!!!




R2 gr aVity de Rham, AJT et al 2011
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* Restore the 2nd copy of (linear) diff invariance with Stii. fields
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Decoupling limat

* Restore the 2nd copy of (linear) diff invariance with Stii.

fields

(dec) 1 > arAa \2 1 A \2
LagNma = —ZF,,V — 2(0m)* — §(O7r) T
Salam 1977 was right!
¥ Splitting the Stii. field into scalar and vector parts,
o fuv
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Decoupling limit

~(dec) 15 Ara \2 1 A \2
L:<3<]1.NKI(: : _Ifﬁv —2(0m)” — 5(07‘-) " de Rham, AJT et al
e Rham, et al 2011
Salam 1977 was right!
1 (D — 1) (D — 4)
L) = -~ 2 )’ o)’
D 4 HY (D— )( 7T) (D—Q)( 7T) n

Except in D=4

Hinterbichler, Saravani,2o15



m— vt +c

Nicolis, Rattazzi, Trincherini 2008

Galileons

Induced Metric

Juv — Tluv - 8/4,71_81/77_

de Rham, AJT, 1003.5917

l::} — (()7()2
L4 = (0m)*((
L5 = (9m)°((

(disformal coupling)

Lo = (0‘7()2 From
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(Geometric Unification AJT deRham (2010)

Gibbons-Hawking terms

AdS-DBI-GahIe on for bulk Ricci+Gauss-Bonnet

My — 0 2?1 (09)? <1 |
20/ 2
AdS-DBI (04)* < 1 ’ Conformal
(Galileon
[ = o0 [ — o0

(00)* < 1
Poincare-DBI . (Galileon




AJT, de Rham (2010)

Conformal Galileons

de Rham, AJT, 1003.5917

—27 /2,
Juv = ¢ i + OO,

Starting from 5d AdS, we get the conformal Galileon

Lo = e *(07)°

Ls = (07)°0#x — ;(\()ﬁ)l
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nu[n] 11°]) + 4((97)*0Ox — [0




Decoupling hmits of Massive Gravity
T'heories

* Decoupling limit of DGP: Galileon (cubic)

* Decoupling limit of Massive Gravity: Galileon (quintic)

* Decoupling limit of BiGravity: Galileon (quintic)

* Decoupling limit of New Massive Gravity: Galileon (cubic)

* Decoupling limit of Zwei-Dreibein Gravity: Galileon (quartic)



Emergence of Galileon Symmetry

Spin-2 Helmholtz

Or Helicity Dy = hyw + 00,0 + ...
Decomposition
(alileon symmetry Sp(x) = ¢ + vzt

50,0, = 0



Galileon Operators

bcd ABCD
Lo = me"" ¢ NaATbBNecOa0DT

bcd ABCD
L3 = me"" € NaANMB00cTO0DT
L, = mebedeABCDy  0,057m0.00m00pT

Lz = wedeABCD G 5, 10, 0p70.00700pT

Characteristic polynomials

mdet|a0,0pm + BNap]



Galileon Helicity-2 Interactions

de Rham, Gabadadze 2009

becd ABCD
»CQ’ = "¢ haAanncCadaDﬂ-

Lo = eadeeABCDhaAan&;(?(;W@d@DW

Ly = eWcdcABCD Y 5 0p70.00m00pT

Characteristic polynomials

det[hap + @D Opm + B1as]



Helicity zero mode enters reference metric squared

1

Fuv = FaB(0)0,6%0,07 o =am+ _ary Lo

F,ul/%nuv |

A

2 00y + 0,000,

A

To extract dominant helicity zero interactions we need
to take a square root

:\/g‘lF_

1 uv

~ 77,ul/ | Agﬁ 8,/7'('



de Rham, Gabadadze, AJT 2010

Hard As Massive Gravity

1

1

L=—-\/—g| M3 R|g] —m* E Bnln | + Ly
n=0

2
K=1-+/g7'f \

d Characteristic
Det[1 + AK] = S A, (K)«~ Polynomials

n=0

Unique Lorentz invariant low energy EFT where the strong
coupling scale is Ag = (m?Mp)!/3

5 propagating degrees of freedom!!!!
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Decoupling Limit of Bigravity
Fasiello, AJT 2013

In Massive Gravity - Mass term breaks a single copy of local
Difteomorphism Group down to a global Lorentz group

Dif f(M) — Global Lorentz

In Bigravity - Mass term breaks two copies of local
Diffeomorphism Group down to a single copy of Dift group

Diff(M) x Dif f(M) — Dif f(M)giagonal



Fasiello, AJT 2013

There are two ways to introduce Stuckelberg fields!

Dynamical metric 1 Dynamical metric 11
A B
g,uy(a?) FMV — fAB(¢)8M¢ 8V¢
i = ¢ x) = 2 + a.
OR

Dynamical metric 1 Dynamical metric 11

éAB(jj) — guV(Z)aAzuﬁBZV fAB(f)

(Galileon




Explicitly Decouplhing limit for Bigravity

1 B ] 1 de Rham, Gabadadze 2009
Mp " S = Tl Mp Fasiello, AJT 2013
massless hel1c1ty 2

Guv = Nuv T+

massless helicity o

Shehclty 2/0 — __h,LWgOéBh _Uuygaﬁvaﬁ /
A3 M, A3
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Vainshtein ettect

When curvature is large R > m? recover GR
2

When curvature is small R < m* fifth force propagates
. PR . . M >
Determines characteristic Vainshtein radius 5~ M
Mpry,
. < L —1\1/3
Screened region r <y ryv = (rsm”= ")

Weak coupling region r>Try

For Sun .
m—— ~ 4000M pc

re ~ 3km

ryv ~ 250pc




Vainshtein in static and spherical symmetry case

| [ Mo\ '/* o 1/
Py = — —) A = (m*Mp))'/?
A .\/|'|'

slides courtesy of C.de Rham
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Vainshtein in static and spherical symmetric case

F.,//. I ; ‘)
rLrs __ <_> ~ 10714 For Sun-Earth System
~ 10 13 For Earth-Moon System

~ 10~ 1° For Hulse-Taylor Pulsar

expected

riastron time (s)

-20 f—Generol Relativity
prediction

shift of pe

[¢3)
(&) o &)
[

Cumulative

slides courtesy of C.de Rham


http://C.de

Vainshtein radius without spherical symmetry

An important question to address for theory and
simulations is how well-do the screening mechanisms

work away from the STATIC- SPHERICALLY symmetric
situations in which they are usually described

e.g.:
- In time-dependent systems, screening may be different,
computed exactly for binary pulsar systems

- When the spherical symmetry is broken



B ln ary PUIS arS de Rham, AJT, Wesley 2012

de Rham, Matas, AJT 2013
Dar, de Rham, Deskins, Giblin, AJT 2018
Gerhardinger, Giblin, AJT, Trodden 2022
Gerhardinger, Giblin, AJT, Trodden 2024
de Rham, Giblin, AJT 2024

Extra polarizations of graviton = extra modes of gravitational wave

Binary pulsars lose energy faster than in GR so the orbit slows down more

rapidly

Well approximated by decoupling limit!! (Unlike BH mergers etc) Helicity 2

graviton is always weakly coupled.

directions of gravity waves

E— General Relativity
prediction

|
N
(&)

Cumulative shift of periastron time (s)
S
|]|

_40_I|IIII|IIIIIIIIIIIIII|IIIIIIIII
1975 1980 1985 1990 1995 2000 2005

Year




One-body approximation

3 1 1
I VN 2 2 |
S = fd T ( 4(57T) 4A3(&’7r) T 2MP17TT>

m(t,T) = mo(r) + /2/34(t, T)

/ T~

Radiation emitted by that scalar
Background due to centre of mass

E(r)y 2 (Er)\> 1 M B
ro 3A3< ) 1273 Mpy B(r) = 0mo(r)




Action for fluctuations

1 6T
Sy = f d*z <—§ZW@M¢&V¢ | \/%Mm)

Vainshtein effect

7' (r) = — [1 T % <2E7(f) + E’(@)]
770 =1 4+ — B —iwt
() i 3A3 ¢lmw (ta r, (97 QS) = Uw (T)lem(ga ¢)6
79y =1 + Sig (Eff“) + E’@«)) .

1

Vainshtein region Z > 1 fifth force suppressed by 7



Power emitted

Goldberger+ Rothstein hep-th/0409156

2Sat) _ (% g, P dows

0 0

Q0
Radiated power is P = 3]\7;2 Z] Z TLQpUWlfmxn,|2
Pl n=0 im

Tp .
where Mimn = —— dt / APy (1) Yim (0, ¢)e” ™ T 5T (2, )
0

and modes satisfy

0, (ZH (110) 0y [ue(1)Yem (Q)e ") =0



WKB Matching

0, (ZM (19)0, [ug(r)lfgm(ﬂ)e_iwt}) =0

O~ |
P
Ir*
| _
V
Strong Coupling region
— _J
r\ /4 V3
Uy = U (_> Jy | —wr Free Field
Ix 2 in Minkowski
(20+1)/4 for €>0 1 (wr)
- Up = cos (wr
~1/4  for £—0 L |



Scalar Gravitational Waves:
Power Radiated

P =

TN T 2 1 3 —int /T,
N2 ZZ Tp‘Mlmn‘ Mimn = T_P/O dt/d xUn (1) Yim (0, ¢)e 0T (x,t)

Pl n=0 1m

Dominated by Quadrupole Radiation:
_ 2
_ 97/2 5A1  (Qp7)? Mg

Pquadrupole 3/2 2 Q2P
PGal(iileon |
relative to GR result: P‘i‘;‘; SRS = q(Qpre) TR (Qpr) T
quadrupole

For realistic binary pulsars suppressed by 109-107

Static Suppression o< (€2 PT*)_5/ 2



Vainshtein in static and spherical symmetry case

Frer, r 3/2 19
= [ — ~ 107“  For Sun-Earth System
For Earth-Moon System

For Hulse-Taylor Pulsar

expected
- L .. 1
Vainshtein Suppression in the Monopole ~ 37
($2pr4)7" 7
. . . 1 1 —8
Vainshtein Suppression in the Quadrupole ~ ~ 1()

(7?2 QT

slides courtesy of C.de Rham
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Movie



https://www.dropbox.com/s/c7d36qxako9e3i6/3Ddf2.mov?dl=0




Power per multipole (numerics)

Dar, de Rham, Deskins, Giblin, AJT 2018
Gerhardinger, Giblin, AJT, Trodden 2022

_l | | | | | | | il | | | | | | | | | | | | | | | =]
10! ]
107 1 1  Black: Total power
ENRN | 1 Dotted Blue: Monopole
| 1 Dotted Grey: Dipole
1078 7 Dashed Red: Quadrupole
1077 = =
1077 :— —:
=l oo ooy oy oy by by by |
2.5 5.0 7.5 10.0 12,5 150 175  20.0
Number of Periods (Tp) P2CUb o Q_2'49
KG P
P numeric
PQCUb 5/2
Consistent with analytic estimate: DKG oc Q%
2 analytic



Numerical ssmulation of
Galileons and Massive Gravity

Simulations problematic due to lack of manifest well-
posedness

Truncated EFTs,
Tricomi or keldysh problem (Enrico’s talk)

Two successtul approaches - High pass filter - Fixing
equations (numerical UV completion)



Gerhardinger, Giblin, AJT, Trodden 2022

Numerical UV Completion I

| ) T
O] -—«ﬁWHV—HV):—
REEYE v = (Hy) 3 Mp,
|
04, — —0iA, — M?A, = —M?9,x

1 , M?
DHMV — ;(%Hw, — M H.UV — —T (5’MAM —|— 8,/AM)

Numerical UV Completion 11

M — oo L ( 2 4
Or+ — (H™H, — (H” ):—
2 — . 9 . 1
TM Hy = ~2 (0,.0,m) — ;HW - QHW

Similar “Fixing Equations’ (Luis Lehner and co), Israel-Stewart method
(Discussed in Enrico’s talk yesterday)



Extension to Quartic Galileon?

de Rham, Matas, AJT 2013

E 2 (E\° 2 [E\’ I Mo 1
Background  (%)+55(5) +57(7) ey

r r

Perturbations (@1 =m(r) + v/2/3¢V(%,1) + - --
T =1Ty+ 0T,

Deep in quartic Vainshtein region:

. 128 x 33 (A\° (reay2 [ 1 k
(1) _ 4 x4 a2 2 ) 2
o B () (0 it
No-centrifugal repulsion - high momentum modes are not
sufficiently suppressed -
analytic approximation fails disastrously!!!!
+ numerics is naively not well-posed



Numerical Quartic Galileon

Gerhardinger, Giblin, AJT, Trodden 2024
de Rham, Giblin, AJT 2024

1 1 T
O + @ ((D7T)2 — <8M8,/7T)2) + m ((DTF)S — SDW((%@,,?T)Q + 2((%(%%)3) = 3000,
High Pass Filter + Smooth turn of sources
Oz + f3(tpr) k303 + faltpr)kaOs = — f1(tpr) Jpr
Numerical UV completion
. 2 1 v\2 1 1 r\3 o v 3 T
=V ﬂ-—i_m((Hu) _HMVHM )—i_m ((Hu> _SHaHMVH'u +2(HMV) )_SMPI

y 1
Ay = VPA, = ~00A, — MP(4,, = 3ym),

. 1 1
H,, =v*H,, — ;801{,“, — M*(H,, — i(auAy +0,A,)) .



Relative Size of Terms

0.8

0.6 -
rir L

TP,IMs

T

0.4

Figure 1. The relative contributions of the different terms on the left hand side of the spherically
symmetric equation of motion (2.2). We show the relative contributions of the quartic (blue), cubic 02
(red) and Klein-Gordon (black) contributions for our choice of £ = 0.6 (solid) and what would happen [
in the case of a larger, ¢ = 0.95 (dashed). In both cases we set the size of k3 such that the Vainstein
radius is approximately r/7 = 20. o

T
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Figure 2. The turn-on functions, f;(t) (blue, dashed), f5(t) (black, dotted), and f4(¢) (red solid).
In the fiducial case, Q2,7 = 0.2 so the system orbits about every t/7 = 30.
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Figure 4. Power as a function of time for the fiducial, €2,7 = 0.2 and £ = 0.6 model. The curves
show the period-averaged power in the monopole (black), dipole (blue) and quadrupole (red) as a
function of time.



Quartic Galileon Conclusions

* For a binary source (circular orbit) dominant radiation continues to
be quadrupole

* Odd multipoles vanish (machine noise)

* Parameterically distinct scaling when source likes within quartic
Vainshtein region

(P2) _\—2.07 ( Py bic)

[PKGY ox (2,7) -

> (P2)

* Time averaged monopole matches perfectly analytic solution
(outside of source)
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Dynamical formulation ot Massive Gravity
De Rham, Kozuszek, AJT, Wiseman 2023

. . . _ —1\ap
W()I'k Wlth Vlerbeln Guv = (f ) EQMEBV

(mP—mﬂ—®)+ﬂmmw%m]

1
S — /d4az|detE\ <—§A?1B)fy'uyaa[aEﬁ]fya[uEu]a o mzﬁmass + Ematter)

Af(xlﬁ)ww _ nvpga[ung _ Q(E—l)p[agﬁ][u(E—l)Vh 4+ 4(E—1)7[agﬁ][u(E—1)V]p ’

1
A?;B)’Y,W/p = [E] <2nwga[u91/]6 _ (E—l)p[agB][M(E—l)Vh + Q(El)v[agﬁl[u(El)V]p>

_ anpga[uEV]B 4+ (E—l)vng[agﬁlu _ 4(E—1)p[ugV][agﬁh
4+ Q(E—l)p[aEB][u(E—l)Vh _ 4(E—1)7[QE5][M(E—1)V]0 _



Dynamical formulation ot Massive Gravity
De Rham, Kozuszek, AJT, Wiseman 2023

. . . L —1
Work with vierbein 9w = (f " EauEsy
S = / d*z|detE]| <——A?‘£W”"8 Eg, 0 Evje — m* Linass + Ltmatter)

Conjugate variables P, =0yE;:, Pij = 0Ey;

oL
BD Constraint!!! =0
Is algebraic!!! EPAY ™M 00 By 0 Byjo = CLEF + C By + G
EP A" 00 By 0 By)o = CY B}, + CY B} + CY By + Cf




Dynamical formulation ot Massive Gravity
De Rham, Kozuszek, AJT, Wiseman 2023

Decomposing - trace + trace free

~ ~ ~ ~

By =FE;+ES;, Pyj=P,;+Ps; , 09E;=¢67P;=0

Equations reduce to

~ ~

0Pij =8, OBy =Uj, OE; =V, OE=W

Sij = T "0k 0 Eun, + T3 P Ok O By + T M OROE + .

Ui, Vi, VW ~ first order spatial derivatives



Dynamical formulation ot Massive Gravity
De Rham, Kozuszek, AJT, Wiseman 2023

Well-posed Fixing approach

875}3@]' = Sij + 625m”8m8nf’ij ; 8,5]@” = Mij + 626m”8m8nEij :
OE; =V, + 026m"0,,0,E; , O.F =W + £26™"0,,0,E

Add diffusion terms in phase space

(B\(FE g A (e
5, g = e Or0 e
Ll SE; 0 0 p25mskl 0 Ul GE,
% 5 U T T ST R T

UV dispersion w = *k*



UV 1nsensitivity

 Check we are insensitive to diffusion terms: 72 =2"x 10~

A(t,r=0)
2.5
— Nn=5

2.0 F — n=4

_ — n=3
1.5_— —_—N=2

i Q — n=1
1.0 F / 0

[ — Nn=

i —_— N =-1
0.5

i n=-2
0.0- ] ] ] ] ] It



S-Matrix Bootstrapology

L : | AT
Unitarity Causality b RICHR PHITLIPS

Implies Infinite number of
Nonlinear constraints
on low energy scattering amplitudes

Example:
Lorentz
det ( ! A AL (2m?* —t/2 t)) > 0
pa \ (M +p+q)! dsM+pra” = ’

Even M+p+q 0 S t < 4m2



Tremendous recent progress....
AJT, Wang, Zhou 2020

New positivity bounds from full crossing symmetry

Positivity + Crossing Symmetry

A(s,t) = F(a) S_4m2a22€—|—2046'()6089)a,g() o= ———
(=0

Zé f d:upf,a(:u)X(:LLa l)

(X, 1)) =

ZE f d:upﬁ,a(:u)
4 )
1 M A2N+2 4/ 1
2(2N n 2)|at 83 A (S7t)|8:t:0 — <<H2—N>> > O
- _J

Caron-Huot+Van Duong Extremal Effective Field Theories 2011.02957
Arkani-Hamed, Huang, Huang, EFT-Hedron, 2012.15849
Bellazzini et al, Positive Moments for Scattering Amplitudes, 2011.0003



Crossing Symmetry

Mandelstam ( \
triangle

What is impact of FULL crossing symmetry?
00 d . 2 . 2
a(t) + / - 5 [(8 fo) + (= f) ] ImA(u,t)
u=(m+ M) \.\ v = S ——mr 4m? T‘-(ILL o /,Lp) H—S H—1u
1ysica
A oo d t _ 2 _ 2
threshokl = a(s) —|—/ K 5 [< Np) + (u 'up) ] ImA(,u, S)
region k Am?2 7'('(/1 — ,Up) w—1 n—u J

0= A(Sv t) - A(tv S) — Z / dﬂﬁﬁ,a(“) IQIi(%ejtg;D;Qt ) + .. ]

(X (1) = 2L dpea) X () NULL CONSTRAINTS

ZE fdﬂﬂﬁ,a(ﬂ)
\ HD’K
(—3=)) =0

Hpy=/4({+ D —3)[4—5D — 2(3 — D) + 2£7] Iu




Upper and Lower Bounds on Wilson Coefhicients

‘Islands of Positivity’

A'(s,t) = Z Cp.qwPt?

w = —(s —2m?)(u — 2m?)

0

P-4=

“New positivity bounds from

full crossing symmetry”
Caron-Huot+Van Duong 2020
“Extremal Effective Field Theories”

AJT, Wang, Zhou 2020
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UV Constraints on IR Symmetries

e.g. scattering amplitude for weakly broken Galileon
5 Yy = stu

%<<1 r=s+t+u’

, 1 /m2 1 1, 1, 1 5\’
A(Sat)NAD_4 A6x+Fy+F$ +... ) ~ —c11y + ¢ 556—75 + 20 §:C—t

Contradiction!!!

R R

1. No strict local Wilsonian UV completion for Galileons

2. Conformal Galileon allowed provided A ~ [
3. DBI, AdS-DBI are allowed



Compact positivity bounds and causality

Carrillo Gonzalez, de Rham, Pozsgay, AJT ‘Causal Effective Field Theories’ 2023

For Goldstone model:

1

L= (00 — 5m*¢* + 25(00) + 9206 [(6,0) — (00)°] + L2((6)*)? — GmareersT

Causality =
positivity of Eisenbud-Wigner
scattering time delay

912

ATy, = 2% z —w_l
Ow ¢

2_

Causality
Bounds

Positivity
Bounds

‘Monopole

Causality
Violation

T

I |
I \ Higher

Multipoles




S =

932 M8/ log(M /mig)

Positivity of EF 1’
of Gravity

167TG
1

4

R — Ry po RMP7
3(3) = R, " Ro oBp. Pl

R — Ry po RMVPO
: RG) — R, " Ry bR Pl

a

g3 = a3 +ids, g1 =87G(ay + afy),

gsM® /(870G log(M /myg))

94M° /(87 G log(M /mir))

[atevs[R— o (asH + s 2)

‘Causality constraints on corrections to Einstein gravity’
Caron-Huot, L1, Parra-Martinez, Simmons-Duffin 2022
‘Graviton partial waves and causality in higher dimensions’
Caron-Huot, L1, Parra-Martinez, Simmons-Duffin 2022
‘Crossing Symmetric Spinning S-matrix Bootstrap: EFT bounds
Chowdhury, Ghosh, Holder, Raman, Sinha 2022

‘Constraints on Regge behaviour from IR physics’

de Rham, Jailty, AJT 2023

bJ

- (oz4(R(2)) + a4 (R)? + 26 RORD) + .| + Smaste

— 1 o
R,uypa = 5€uv 6Raﬂpaa

g = 87G (g — iy + idy)

—-10+

Caron-Huot, L1, Parra-Martinez, Simmons-Duffin 2022

— Spin two

1~ Rarita-Schwinger

| = Vector

= Fermion

= Scalar

Regs M® /(877G log(M /myg))

5 10 15 0 2 4 6 8 10 12
g1 M*®/(87G log(M /miR)) g1M®/(87G log(M /mR))






Locality in Quantum gravity?

Aharony and Banks ‘98

p(k)
In field theory with UV fixed point at finite volume, o>
density of states for most operators grows as -
C/vl/dE(d—l)/d pole a<1
p(E) ~ e
with preferential operators polynomial p(E ) ~ EP omes

In Quantum Gravity we expect high energy properties to be dominated
by production of black holes

d—2
p(E) ~ 6SBH entropy — 6C(E/MP1) d—3 IO(E) ~ GET* (E)

where 7T (E ) is Schwarzschild radius

This implies Giddings-Lippert 2001 locality bound. e.g. local correlation functions only

exist for
b (F
> 7 (E) A(s,t) ~ e (VIVE > ()

Giddings-Porto 2009



An exactly solvable case: AJT de Rham, Gabadadze 2010

dRGT Massive Gravity in 2D .....

... Or why two zweibeins are better than one

Sy = /dda: {—%(TT[KZ] — (TT[K])Q)} + Smatter (g, 0) + SEH
1
S)\ — /de_ea,bEW/(e — f)Z(e — f)g + Smatter(ea 90) + SEH

2\
| |

(Ghost-free nonlinear Fierz-Pauli mass Topological

K[ =00 — V9" Vor

Unique structure for which Boulware-Deser ghost is removed

A= 1/m?



A tale of two 1T’s

AJT 2019
1
S)\ — /dzaf‘ﬁ@bbewj(6 — f)Z(e — f);li + Smatter(ea 90) + SEH
Stress energy for f det [T = 5;;/\33) = —%eabew(eg - )
Equation of motion for e %eabe“u(eg — Y+ deteTy, =0

Equivalent to T'T" deformation!!

(a5, 1 R

f stress energy
L 2 1% a b
N ——/d $2—>\2€ab€“ (e—f)ule—=f), P

1
— _/d2$§€angT£ /

_ :—./dedetT Y




Massive Gravity in ‘Two
dimensions

How do we describe a massive gravity theory in two dimensions?

Massive Gravity = Diffeomorphisms Spontaneously Broken
Diff(M) — Isom(M)

Three ingredients:

1. Dynamical metric describing spacetime Guv
2. Fixed reference metric (acts as VEV of Higgs field) Yo
3. Stueckelberg Fields (Goldstone Modes) o4

Vv = VAB (@)@M@AQJQ)B



Field Dependent Diffeomorphisms

The undeformed theory is not diff invariant, hence the
diffeomorphism symmetry in Stuckelberg form is a redundancy.
We can gauge fix to define the theory - however difterent gauge

fixings lead to different formulations which are related by field
dependent diffeomorphisms

Unitary gauge - % = x* Unitary gauge

Generic gauge - ®%(z) = 2% + 7%(x)

Transformation of scalar - S(®%) = S(z%) = S(z® + 71%(z))

\

Transformations: Generic gauge
Perturbatively local - non-perturbatively non-local



Quantum equivalence ,;;,..

Quantum deformation is defined by path integral flow

07 1_, 1 [ o 0%,
CEN _ V22, = — = | dPae e
o g e 2/ Houv e oed (z)del (x)

* Zweibein superspace measure equivalent to Polyakov measure

1

§s> = —/d2az e“”eab5e/‘j(:ﬁ)5eg(az) = —2/d23: det(de}; (z)) §s% = /de\/—g [25w2 + i (gwga559ua5guﬁ) 1 (QW59W)2]

Se® _ ac . 5 d 1+ 6h .
e, () = n"ecadw(x)e, (x) p () Polyakov measure used in

Solution: quantizing string!!

TT deformation Undeformed Seed theory

\ \

Z3(f) = | Dela) el ek eae iDL 2y o



Topological property for flat metric

Fixing f¢ = d®%(x

) then ¢

€.0.m.s Impose

e’ = dX°(x)

Hence [/ 1
Smass — /dzx_eabeuy

\_

2\

(d(® — X)) (d(® — X)),

1
= / dx,, —)\eabe“” (P

- X)(d(® - X)),

~

S

Noted by Cardy via less transparent means 2018

At the S-matrix level, the deformation corresponds to a
Castillejo-Dalitz-Dyson (CDD) factor

S({pi}) —

- 1 b
Hi<j622)\ @

prb

S({pi})

e.g. integrable theory maps to an integrable theory!!




S-matrix growth

S-matrix satisfies: S({p}) — S({p})ei% i< i €abDy D]
* Lorentz Invariant €.g. 272 scattering;
* Analyticity (Causality) 278 1y
* Crossing symmetry e (5) — e’z Im(s) >0
* Unitarity

but violates:

* Polynomial/exponential boundedness (locality)

by comparison, a local 2D field theory looks like which is polynomiall
bounded

e219(s) = 11 (”j S> Im(s) >0
pj — 8



Deformation of a CFT = (Non-) Critical String Theory

Now assume seed theory is classically conformal AJT 2019

Scrr (%9, {Q > ¢r}) = Scrr(g, {¢1})

Mass term breaks Conformal symmetry - Introduce conformal Stueckelberg fields via

g— Q%q pr— Q2

Integrating out the conformal Stueckelberg field gives

1 1
S)k - /d2$ [ﬁ ‘\/_ det B”CI)A@,,Q)B’?AB(Q) - a V —gglwaﬂ.@Aauq’B'?AB(q))] + SCFT[g: QO]

1
For example for Scorr(g, @] = /dz.’!: — §GIJ(C'9)6“(‘0I8;/QOJ

deformed theory is a worldsheet string with target space metric

1, . A
dSparger = ﬁ’YAB(‘I’)d‘I’Ad‘I’B + Gri(p)de'de’  in a non-zero B-field By () =9+-(9)

Massive gravity coupled to a CFT with central charge c=24 is
equivalent to critical bosonic string with nonzero B field



Locality bound

Given a wavepacket of energy or momentum E, the minimum distance over
which it may be localized is

L ~ FE\ = = A$3A$L>)\

If interpreted as a time delay/advance, associated phase shift is

5(E) ~ LE ~ EQ)\ ~ \S CDD factors!

At any finite order in perturbation theory, correlation functions are local (tempered distrubutio
polynomially bounded) - Non-perturbatively they resum to a Jaffe non-localizable behaviour (e.g

Cardy 2019) G(k) N eAkQ

It bootstrap/positivity bounds were applied to scattering on string world
sheet - they would conclude that it has no UV completion!!

Be wary of assumptions! in

Landscape versus Swapland



