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1 Introduction

We will focus on the Schwinger model, which is 2-dimensional QED (U(1) gauge theory
with fermionic matter). This theory has the similar IR phase structure to 4-dimensional
QCD, because the global symmetry and its confinement are very similar. So this is a
good toy model to understand the IR phase structure of 4-dimensional QCD.

In this note, we focus on the Schwinger model which has massive N; Dirac fermions
as the matter, and Ny > 2. We are interested in the parameter space of the fermion
mass. The massless case, this theory becomes the CFT (SU(Ny); WZW model) in
the IR limit. Massive limit is also well-known, because this limit corresponds to the
2-dimensional Maxwell theory (U(1) gauge theory) and it has no propagating degrees
of freedom. However, finite fermion mass case is difficult to solve. Small mass case is
understood by the bosonized theory with the mass perturbation, but there is no way

to understand the finite mass case.



The Schwinger model with finite mass is already studied well, by the Monte Carlo
simulation. However, Massive Schwinger model with 6 parameter is hard to calculate
by the Monte Carlo simulation. We will use the Tensor RenormalizationGroup method
(in short, TRG) to understand the finite 6 parameter case. We Will start from the
lattice action with a staggered fermion and the U(1) gauge field.

2 Review for the Schwinger model

In this note, we study Ny = 2 Schwinger model with ¢ parameter.

1 0 _ .
S = / de{—FWFﬂV n ;—WEWF#V GilDy + mw}

4¢2
1 0 _ _
_ / d2x{4—g2FuyF“l’ n ;—WE“VFMV it (8, — 1A + mw} (2.1)

2.1 Bosonization and mass perturbation

) .
S = / de{4—g2FWF“” + 21 (—itr[log U] — 0) € F,,, + tr[0,U0*U'] + tr[mU + UTmT]}
T

+ / tr[(UdUT)?]

U =exp (in(z)) € U(Ny)

10 1 0 0 1 0 0
7(z) =n' + 70 + 7t + 7
01 0 -1 0 0 10
n' = —itr[log U] = —ilogdet U (2.2)

2.2 Known facts for the # dependence

3 The formulation on the lattice

In this section, we create the lattice action and the initial tensor for the Schwinger

model. We use the staggered fermion for the lattice fermion.



3.1 Lattice action

We use the 2-dim Euclidean action.

1 10 - _
2 v v .
S:/dl‘{él_ng/uxFu +%€M Fuy+¢llp¢+m¢w}

1 0 - _
= / de{4—g2FM,,F‘“’ + ;—WEMVFM, + iy (0, — ALY + mww} (3.1)

We discretize the fermions by the staggered action, so (B) is discretized as below.
1
S = ; [— p cos(Ap(n)) — %Ap(n)

3 [ T+ ) = X+ UL+ min)]| 32

Where,

»(n) =A,(n) (mod 27), (3.3)

—m <A,(n) <m,
—4r <A,(n) < 4, (3.4)
—m <Ay(n) <.

Uu(n) = exp(id,(n)) € U(1), x(n) and x(n) are Grassmannian valued fields and they
are one component complex valued fields. @ is a 27 periodic parameter, and 0 < 6 < 2.

nu(n) is a staggered phase;

Ne(Ng, ny) =—1 (where n, is an odd number), (3.5)

ne(ng, ny) =+ 1 (where n, is an even number).

x(n) is the staggered fermion. This theory is 2dim theory, so this one component
complex valued field corresponds to two Dirac fermions in the continuous limit. Because
of the staggered phase 7, this lattice action has two-site shift symmety. So 2 x 2 sites
correspond to the local degrees of freedom in the continuous theory. In continuous
theory, 2dim Dirac fields has two component complex valued field. Then, this lattice

fermion which includes four complex degrees of freedom each site correspond to two
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Dirac fermions in continuous limit. Therefore, this lattice theory goes to Ny = 2
Schwinger model in the continuous limit. This is the starting point to us.

In the following subsections, we derive the continuous action (BIl) from the lat-
tice action (B2). We will see the fermion part in section B2, and the gauge part in
section B33

3.2 Fermion part

The lattice action is below.
S=> % [m(n){i(n)x(n + i) = x(n+ @)x(n)} +mx(n)x(n) (3.6)

First, we rewrite the staggered phase 7, explicitly. We introduce the “large lattice
coordinate”, written as N, and rewrite the action (88). The definition is,

N :g (for n = (2z,2y))

Na{nn+1n+2n+1+2}.

We also define the fermions A on the large lattice,

~ ~ ~

Mi(N) = x(n), Aa(N) = x(n + 1), At (V) = x(n 4 2), A2(N) = x(n+1+2) (3.7)

(2)
| |
a A|21 B A’” B (3.8)
- A11 - AIQ _(1)
| |
Then, the action (B) becomes,
S = Z [)\11 YMaa(N) = Mo (N A1 (V) + Ay (N Aar (V) = Xor (N)Ap (V)
- (/\12(]\7)/\22(]\7) — A22(N)A12(N)) + A2t (N) A2 (N) = Ao (N) a1 (N)
+ A2(NMA (N 4+ 1) = M (N + DA(N) + Aot (M)A (N +2) — A1 (N + 2) Ao (N)
+ A2 (N) A2t (N + 1) = Aot (N + D)Aoa (V) = (a2 (N)Ma(N +2) — Apa(N + 2) A2 (N))
(

+m (A1 (N1 (V) + A2 (N Aa(N) + Aar (N)Aar(N) + Aga(N)Aga(N) ] (3.9)



To understand them as Dirac fermions, we need to introduce one more representation
of the fermions (). The definition of the ¥ is,

Al = 1.#11 + 7%22, A2 = 1@2 + 7?21., (3.10)
o1 = 119 — 1o, Aog = —it)1q + )92,
5\11 = @/)1.1_+ %2.,_ %12 = 1/?2 + %i’ (3.11)
o1 = —it)1g + oy, Ao = 111 — 1.

This definition leads v matrices. We need to use the gamma matrices to rewrite fermions
here. We use the chiral representation for the 2-dimensional v matirx. We use all plus

metric for the Euclidean spacetime, 7, = diag(1,1). Then, the v matrices are,

01 0 —1 1 0
Y1 =01 (1 0>7 Yo = 02 (z 0 ); Y3 = 03 (O _1> ( )

The definition of this v matrices are determined by the definition of the 4 fields in
(810) and (BIX). The general translation between A fields and ¢ fields are,[?]

1 A

Ui (N) = 5 (X + x(n -+ 1) () + X0 +2) (2);; + X+ 142) (n32)y,)
i Yo _ 1 A1+ Z:)\22 A2 — 191 (3.13)
a1 a2 2\ Mg Fidar Aip —idg

_ 1/ ) ) B . ;

Di(N) = 5 (X)L + X+ 1) ()} + X0 +3) ()l + X+ 1+2) (02)})
7%11 1?21 _ 1 2\11 - ZE\22 )\12 - Z)\21 (3.14)
P1a P2 2\ Ao+ idor A+ idg

where I denotes 2 x 2 unit matrix.



Then we rewite the action again, as follows.

)—l

S = Z V11 (N 5 (Yo (N +1) — thor (N — i)) + Y21 (N)

(¢11(N+ 1) — (N ))
(o2(N + 1) = aa(N — 1)) +¢_22(N)%(¢12(N+ 1) = ¢ia(NV = 1))
(¢21(N + 2) — o1 (N — 2)) =+ i¢;1(N) (wn(N + 2) 11 (N ))
(22 (N +2) = P22(N = 2)) + itha2(N) = (12(N +2) — ¢h12(N — 2))
Yo (N + i) + 1P (N — i) — 29 (N)

)
Y1 (N +1) + (N —i)—Ql/)n(N))
)
)

l\')l»—l

+¥12(N)
— ith11(N)
— ith2(N)
— Paa(N)
+112(N)
+ a1 (N)
— ¢ (N)
+ ithpa(N)
— ith12(N)
+ ithy1 (N)
— ith11(N)

N~ DN =

Yaa(N + 1) + 1oa(N = 1) — 2¢a(N)
Yro(N + 1) + Pr1a(N — 1) — 2¢015(N)
U1 (N +2) + a1 (N = 2) — 21 (N)
Yi(N +2) + ¢ (N —2) = 2¢1(N)
(N +2) + (N — 2) — 2 (N)

1a(N + Q) + P12(N — é) — 2¢p15(N)

NN~ N~ =

~—~

NI RN RPN RN -

+ m (Y1 (N )11 (N) 4+ 12(N )12 (N) + 1ho1(N)ho1 (N) + 1haa(N)ihaa(N)) | . (3.15)
We can get the continious action from (BTH), by the following relation

(VN + ) = (N = 1)), (0)*(x) = = (b(N + i) + (N — i) — 2¢(N)).

(3.16)

DO | —

8uw($) =

[\J|*—‘



From this relation, we can write the continuum action for this lattice action as,

S = / d*z [?/1_11811?21 + ¢;151¢11 + 1?_12311/122 + ¢;281¢12

— 11109091 + 109100111 — 1101209%9y + 1he9Dathy
- 1[228%1&21 + ?/;123%1@11 + ¢;13%¢22 — 1[118%1#12
+ 109903091 — i1P19051011 + 109105109y — i1h1103112
+ m (Y1111 + Y1212 + Yorthor + ¢_22¢22)}

= / &’z [Z {w;z (1) g O1%00i + Vi (Y2) wp 32%@'}

abi

+) {@/;m‘ (V3)ap (0103) 55 025 + Vai (V3) g, (—0203) 931%‘}

abij

Z ¢azwaz ]
— / d2x |:Z 'QEM (fYN)ab a;ﬂz}ai + Z 'l/;az (73)ab (0503 ij wa] + Z ¢az¢az :| .

abi abij

(3.17)

The indices of 1), and 1), are understood as, a : spinor index and 4 : flavor index.
We can neglect higher derivative terms, because they have higher power of the lattice
constant a, and they have only subleading contribution in the lattice constant a — 0

limit. Finally, we get the continuous action

2
= / d*x Z
i=1

with Dirac fermion U as

0,V (x) + m¥,(2)¥,(z) + (higher derivative terms)| (3.18)

%:<%>, Uy = (i, o) - (3.19)
Pai

Be aware that the spinor index of ¢ and 1) are denote opposite chirality in the continuum
theory. We take the chiral representation for the definition of the v matrices (B12).
In this representation, the spinor index denotes chirality of the fermion because the
chirality is the eigenvalue of v3. As we see the lattice action (BI7), the kinetic terms
are couplong between ;; and 1y;, and this term does not mix the chirality. The
mass terms are coupling between 1/1; and vy;, and this term mixes the chirality. The

conventional name of chirality + and — fields are right and left respectively. We can



write the fermion field as,

= )= "), Uy = (s, Uni) = (U, 0%) (3.20)
Vo vy

in this notation. The chirality twist of ¥ comes from its definition 1) = 9!y, in the

continuum theory.

3.2.1 6 term on the fermion

In the Schwinger model, the 6 parameter is not only the coefficient of F', but also
the phase of the complex mass of fermions. More precisely, this phase of the mass
corresponds to the coefficient of the 1y51). In this point of view, we should focus on
the phase of the mass even for the free fermion theory.

However, ty31) term cannot be the nearest neighbor hopping in our set up. In

staggered fermion, ¢yt is,
Z Vi(N)ysthi(N) =111 — rathia + orthor — aathos

1=1,2
1< . ) T .~ .
:4_1{ (A1 = iAa2) (A1 +iA22) — (M2 + iAa1) (Arz — iday)
+ (5\12 - Zj\m) (A2 + 1A91) — (5\11 + 25\22) (A1 —iAa2) }
L~ - ~ -~
25{2)\11>\22 — iAo 11 F iAo — Z)\21>\12}
== { XV XV +142) = (N + 1+ 2)x(V)

XN+ DX(N +2) = (N + (N + 1)}, (3.21)

We can also write it by the small lattice coordinate n = (nq,nsy) as,

Z Z wl Yt (N) = Z% (1 + (=)™ + (—41)”2 + (_1)n1+n2) {)_dn)x(n i Q)

N =12 n

~ ~

=X+ 14 2)x(n) + X+ Dx(n +2) = x(n+ 2x(n + 1)}
(3.22)

This next to nearest neighbor type hopping has its origin in the construction of the
staggered fermion. As we saw in from equations (810) to (814), the definitions of ¢,
and @/_)ij fields are related to the v matrices. Roughly speaking, v; and v, corresponds
to 1 and 2 direction hopping within the unit lattice, respectively. From this definition,
73 corresponds 1 + 2 direction hopping within the unit lattice, inevitably.

For this reason, we do not treat # parameter as 1)1 +1)y31) type mass term but treat
the coefficient of the field strength F}s.



3.2.2 U(l),4 symmetry on the lattice

The continuous theory has U(1)4 symmetry for classical action, and it is broken by

ABJ-type anomaly. U(1)4 transformation for the fermion is,

P — 3%

5y gebue (3.23)

The lattice action does not have U(1)4 symmetry, but the staggered fermion has its
discrete part. The staggered fermion has U(1) symmetry in addition to the vector-
type U(1) symmetry. The additional U(1) symmetry is related to ns(n) = (—1)"+"2
but it is not same as U(1)4 in the continuous theory. Let us call it U(1),,, and its
transformation is defined as
n) — MMy (p

() > ey () -

X(n) = x(n)e™ e,
where y and Y are staggered fermions and n is site index fer small lattice. The sign

ns(n) for a unit lattice can be written as the following way.

| |
- (D) - () -

| | (3.25)
- () - (1) -

| |

The mass term breaks U(1),, symmetry beause it is the on-site coupling xx. To consider
the continuous fermion, we read x(n) in language of \;; and ;; (B10).

Before considering U(1)4, let us understand U(1),, symmetry in the continuum
theory. To read the continuum fields from the lattice fermion , we should consider \;;

and 1;;. The U(1),, transformation for them are,

[1e% [1e% 1o
e A1 = e" P + "oy
—ia —ia —ia
e "Aig = e "Mhig + e "oy
e A1 =i " Mh1g — i€ NPy

[1e% (R 1o (N 1o
e Aoy = —ie" P11 + €Yoy .

A1 = Y1+ Y
A2 = P12 + ¥
A21 = ith1g — 1gy
A2g = —111 + 22

L4l

This transformation can be written as transformations for 1;; as,

V11 — ey V12 — e "My

| | (3.26)
o1 — € "My oy — € “1hag |
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and for 1);; as,

Y11 — €Yy U1y = € iy

o1 — €y gz — € “ihay .
For the continuum theory, this U(1),, transformation can be written by the field ¥,(z)
in (B20) as,

(3.27)

\Iji — ei73(03)ijocqjj \I/z — \I’jeiw’(ag)ﬁa s (328)

where o5 is a Pauli matrix acts on the flavor index.? This transformation is twist for both
of the flavor and chirality. Be aware that this transformation (B28) in the continuum
theory is a kind of U(1)4 transformation, but it is anomaly free unlike the standard
U(1)4 transformation. If we focus on one of the two flavor, this transformation is
exactly same as U(1)4 and anomalous. However, it has an opposite sign comes from
the flavor matrix o3, so the U(1)4 anomalies are compensated each other.

It is important to consider the pure U(1),4 transformation because it rotates the 6
parameter through its anomaly. This transformation is also important to the mass shift
in the Hamiltonian formalism.

One exception in the transformation (B24) is @ = /2 case. The transformation in
(BZ8) and (B=Z7) are not the pure U(1)4 transformation, but this transformation acts
the same way for fermion bilinear term without flavor twist. For fermion bilinear terms,

the transformation can be written as,

WA — U, (iy3(03)i) 7 (i3(03)i5) ¥
= —U;737730;
= U,e33eM2 7, (3.29)

where 7 can be any of 1,71, 79,73, derivative and their combinations. Therefore, this
Zsy part of U(1),, transformation can be considered as a part of the pure U(1)4 trans-
formation. In other words, this action has Zy part of the U(1)4 symmetry. However,
this Zy transformation acts nothing on the 6 parameter, unlike [3]. One explanation
is that the transformation (B28) is anomaly free. Another explanation is that this Z,
transformation shifts § — 6 4+ 7 for one flavor, but for two flavors, 8 — 0 + 27 = 0.

From this reason, we cannot consider the mass shift like [B] in this action.

!There is an ambiguity for the choice of this Pauli matrix, that is comes from the definition of the
~ matrices. The Pauli matrix o5 in equation (BZR) depends on the definition of the v matrices. If we
choose the chiral representation for v matrices as (8132), the flavor Pauli matrix in (8228) can be o3.

In general, the flavor matrix in (B28)is defined as the same Pauli matrix as —iy;7ys.

11



Let us try to consider the pure U(1),4 transformation, even though it is not the

exact lattice symmetry. For example, the transformation for A;; can be written as,

AMi =V 4+ Yo — €Y1y 4 e b = cos(@) (Y1 + Yaa) + i sin(a) (Y1 — Pa2)

= /\11 COS(CY) — )\22 sin(a) .

This type of transformation is highly non-locally for lattice fermion y(n), even if we
consider a = 7/2 case.? This non-locality is similar to that of we considered in sec-
tion BZZ, but this transformation for the kinetic term can be more complicated. For
example, A1 (N)A2(N —1) term changes to A2 (N)Agi (N —1), but this term is equal to
X(n+142)x(n—1—1+42), under the condition (or the definition of n) of A1 (N) = x(n).
This term includes 97 term.? If we consider v # /2 case, the transformation is more
complicated. However, at least this kind of Z, transformation is realized by (B=29)

effectively and we know that it does not affect to the 6 term.

2Naively, this transformation for o = /2 is very similar to the 1+ 2 shift, such as n — n+ 1+ 2.

The definition of the shift transformation for p direction is,[d, H]

x(n) = (=1)Zv=nx(n+ ) , (3.30)
x(n) = (=1)"2x(n +1) x(n) = x(n+2) .
The factor (,1)Zy>u is important to realize the staggered phase. This shift is not commute for the
orderig of the shift because of the factor of (—1)2%v>x«. Hereafter, we consider shift for 1 direction first.

For example, the shift leads this condition,
A11 =22, A2z — — A1, A2 = Az, A21 — — A2,
and for 1;; fields,

P11 — — 11, Pa1 — — i1, P12 —irP12, Pag —it)aa.

This transformation looks like the flavor o3 transformation. However, this shift is not exactly the
same to the flavor o3 transformation because the condition (B330) should be satisfied within the 2 x 2
unit lattice. The flavor structure of the shift is the same to the flavor o3 transformation, but the shift
breaks the unit lattice structure.

31f we consider the improvement by 92 terms, it may be possible to realize the mathbbZ, part of

the pure U(1) 4 symmetry. The imporovement terms are,
xm)x(n+3-1) = x(n)x(n+3-2)+ x(n+x(n+1+3-2) +x(n+2)x(n+2+3-1) +hec.,

up to factors (under the condition of A11(N) = x(n)). The minus sign in the second term comes
from the staggered phase. However, it seems difficult to realize this improvement in TRG. I have not
understood how this exact Zo symmetry is important. I leave some problems with this improvement
for future works.

Anyway, this Zs symmetry is not much important in this case because it is effectively realized by

U(1),, symmetry.
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3.2.3 Preparation for the improvement

To improve the lattice action, we start from the action written by 1;;, and rewrite \;;.
The ;; action is,

§ =3 [V ¥+ D (N = ) (V)0 1)~ (¥ )

+ 1/112(N)%<¢22(N +1) — (N = 1)) + ¢22(N)%(?/112(N +1) — (N = 1))
— (V)5 (U (N +3) = a (N = 2)) + i (V)5 (9 (N +2) = b (N = 2)
- iwlz(N)%(iﬂm(N + Q) — 1haa(N — Q)) + i¢22(N)%(¢12(N + 2) Yro(N ))

m(@[ll(N)?ﬂll(N) + 12(N)Y12(N) + a1 (N) o1 (N) + ¢;2(N)¢22(N))
(3.31)

We start from this action. We substitute (8I3) and (B14) for it (by mathematica), the

action can be written as,

~

S = Z [ M2(N + DAL(N) = At (N 4+ 2)A1(N) = A (N 4 DAa(N) + Aaa(N 4 2)A12(N)

—)\11(N—|— 2)A21(N) — A2 (N 4+ D) Aot (V) 4+ Ar2(N + 2)Aaa(N) — Aoy (N + 1)\ ( )
— A2 (N)A12(N +2) 4+ Aaa(N) Ao (N + 1) + Ay (V) Ao (N )+/\11(N) (
+ A1 (VA (N +2) + Aar (N)Aga(N + 1) + Aia(N) A (N + 1) = Aia(N) Az )

+ m(M1(N)A1(N) + Ma(N)Aa(N) 4 A1 (N) A1 (N) + Aao(N) Ao (N ]

—Z [/\12 ) (AN +1) = AN = 1)) + A1 (V) (A (N +2) = A (N

—>

+ M1 (V) (Ma(N + 1) — Aa(N —
+ A1 (V) ()\21(N + Q) — A (N —
= A2(N) (A2(N +2) — A

)) = Aaa(N) (Ma(N +2) = Mg (N —
)) + A22(N) (Aar (N + 1) — Aoy (N +
2(N = 2)) + A1 (N) (Ao (N + 1) —

[\3>

A
Aaa(N —

2
1
1
m (A1 (N)A11(N) + X2 (N)Ai2(N) + Aot (N) A1 (N) + )\22(N)>\22(N))] - (3.32)

In this representation, however, there are 9 type hopping terms and there is no hop-
ping term inside the unit lattice. To realize the staggered fermion without additional
doublers, the hopping term should be the nearest-neighbor type. The length of the

13



hopping term should be half of the large lattice space. Therefore, this type of action
should have additional doublers, so this attempt is failed.

3.3 Gauge part

The lattice action for gauge part is below.
1 10 -~
S :Z 7 cos(A,(n)) — —Ay(n) (3.33)

This action is the same as the usual plaquette action because,

1 1 1Ap(n —iA,(n
g eos(Ay(n) == 75 [0 1 eio]
1
=~ 355 | U0 + Ul
1 1
:?[ Uy(n)) + h. c} — E
L FFu — L 4 (higher ord
4 ? + (higher order term)

where U, (n) = e™» ().
Theta term is realized the second term of (B33), because this A,(n) counts the
winding number how many the gauge field wind to the each plaquettes. It is understood

by the following relation.
exp —ﬁA (n) :He’%A »(n)
~ or P
2
~(TTvsm)

=1

19 ~ > He 18 (A, (n)—27N(n))
:<HUp(n)e—27riN(n)) %

n

—exp (i@ > N(n)) (3.34)

e (

n

n
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N (n) is the instanton number (or winding number) on the plaquette at site n. > N(n)
is the instanton number for the whole spacetime, so that (B23d) is 6 term”. In this
formulation, we can only consider the instanton number (or winding number) for each
plaquettes from —2 to +2. However, we can treat large instanton number density in
the continuous limit.

We get the continuous action (B) from the lattice action (B22), by conbining fermion

part (BI8) and gauge part.

4 Initial tensor

In this section, we derive the initial tensor from the lattice action (B=2).
To calculate TRG, we need to rewrite the lattice partition function to the product

of local tensors Typeq(n).

Z = / DADYDY e
—tr [ 3 Tabcd(n)] (4.1)

The labels a, b, ¢, d are called as bond. Trace in (E-D) means trace for each bonds, and it
means the periodic boundary condition. If we define the local partition function z(n),

the tensor is almost same as z.
Z o~ z2(n) ~ Y Tapea(n)

In this section, we derive the initial tensor for the Schwinger model.

4.1 Fermion part

Lattice fermion action is (BH). The partition function of fermions with bachground
U(1) gauge field is,

2= [Dxoven{ - 5 X [ X000 + )~ 30+ DU )

K

x| (42)

4For 4dim U(1) gauge theory, § term is not well-defined because 73(U(1)) is trivial. However, we

treat U(1) gauge theory in 2dim spacetime, so 6 term is well-defined because of 7 (U (1)) = Z
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where U,(n) = ¢u(m)  This partition function includes the staggered phase Ny, but we
can erase this phase by the redifinition of gauge fields. We write the new gauge fields
as Au(n) This change of variable also works for the gauge part, because the relation

between the plaquettes written by A, and Au are just,

Uu(n)
ﬁp(n)

Nu(n)U,(n) = nu(n) exp (iA,(n))
Uy (n)Us(n + 1)U (n + 2)U3 (n)
— Uy (n)Us(n + 1)U{ (n + 2)U{ (n)

— U, (n). (4.3)

The staggered phase 7, just changes sign of plaquettes, because each plaquettes include
only one link which 7, = —1. If we replace U, to Up, then staggered phase disappear.
Next, we create local partition function. We follow the Grassmann TRG method
written in [6].The partition function (=) cannot be written in the product of local
partition function directly, because fermion action includes hopping term between site
n and n + . To create local partition function, we introduce auxiliary fields ¢ and &.
These auxiliary fields lives on each links, and path integrals for them are correapond

to the contraction of these bonds. The basic way to introduce the auxiliary field is,
a—ax (MO (mx(44) _ { / 48 (n)dC, (1) e—(cu<n)+¢ax<n>m<n>)(<M<n>—\/ax<n+ﬂ))} a—ax(mO (mx(r+4)
_ / 48, (1) dCu(n) @G (G VKT ()G ) /o (X 7). (4.4)

a is just a factor for this term. In our lattice action (B2), a = 1/2. For the other terms,

we can create similar relation.

X ()T (n)x(n) _ { / dE,,(n)d,(n) e(fl(n)Jr\/EUl(n)x(n))(fu(n)x/Ex(nJrﬂ))} caX(n+ )T (n)x(n)

_ / A€ (n)de, (n) o6 W& —VaTLIXME ) oValu(mIX(n-5) (4.5)
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Then, the partition function (E=2) becomes,

2

K

— [ oxoxen { - 5 3 [0+ i) - Xt + D00

/(Hd{u n)d¢,(n Ca(m)a(n dgu( )d€,(n) e ~En(mgu n)) /(HdX mx(n)x(n)).

H Ty m)és (m)Co (M2 ()1 (n— 1)1 (n—1) G (n—3)Ea (n—23), A, (m) Aa (m) () (4.6)

This is the definition of the local tensor. The contraction for this tensor includes path

integral for auxiliary fields on each links. The shape of the tensor is the following.

(C2(n), &2(n); Az(n))
|
(Gn=1),&40m-1)) - Th) - (Gn) &(n); An) (4.7)
|
(C_Q(n - 2)752(” - 2))
To calculate the partition function numerically, we need to write down the explicit
form of the tensor. Fermions are Grassmann variable, so the number of each fermion

fields should be 0 or 1. Therefore, if all gauge fields vanish (A,(n) = 0), this tensor

(£8) has 28 components. We rewrite this tensor by using numbers of fermion fields as

17



labels of the tensor.

Ty (myes (n)Ca(m)ea (m)Gr (n— 1) (n—1)Ga(n—2)Ea (n—2), A1 (n) As (m) (72)

::/<¢WMdﬂnM;hwmmm>(rk;gﬂmmmmmkg@mﬂmm%—gmmMW@mkﬁ@mwmmj
7

~ [ axtmanm (1= gt (1= Soxmtiam) (1- x@iamem)

(1= 5O ) (1+ Js6t =D ) (1+ (- Do)
:_%;{‘%”—%%Mmmwxn—m—%W“Wumﬁmmam>
+ %mn — & (n—0) + %e‘“‘“(“fu(n)iu(n - ﬁ>}

1 1 .
N_E e SR Ty E _ Zeimr(ay) s 5
— { 2mén+J1+Z2+J2+z’1+11+1’2+J§,0 + 5%1+J1+22+]2+z’1+31+2’2+j§,2 26 g 6zu,15z’u,1

iji'j' v

1 itx(a —irz(ay) 1 1 —tnz(a
— e (@) 0ip18,1 + 507,105,1 + 5@ ( “)51‘,“15‘;,1}}'
(n

(G ()™ ()™ (G M) (Gn)= (G(n— 1) (G —2))* (E(n—1))" (&(n - 2))"

1
= E 2 NG44y +ig-+ o+ 47|+ +74,0
iji'j!
_...,..,.EAAAA_iiﬂ(iw(a)—jx(a)).
521+Jl+zz+32+z’1+j{+z’2+j§,2 5%4-];,16]1/-&-1{,,1( 1) rem TR AT
MV

Aonil = ~

(G —2)2 (G- 1) (& - 2))"

%

_~

(G(n)™ (G(n)™ (&1(n)) (&2(n)” (Gi(n — 1))
= Z {]122]211]112]2@&2 (n)-

( (YWQ(D(5WWW&WWWGW—ﬂ)W@W—QYW&W—UYW&W—%YQ

t! VP11 sia2,0 i,k
Z i ]122]21’1]11’2]50,10,2 (n>( 1)

(QWWW&WWW@WWW&WWW&@—ﬂYWQ@—UYW&@—%YW@M—@V

z(a,) is the “node” of Gauss-Legendre quadrature method, which is defined in the next

section. P(iq, j1, 12, j2, 41, 1, 15, J5) is a phase factor comes from the reordering auxiliary
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fields. The definition of P(iy, ji, i2, jo, 1}, J1, 1, J5) is the following.

This is the initial tensor for our system.

4.2 Gauge part

lattice gauge action is (B=33). The partition function is,

A :/DAexp{ - ; {— %COS(AP(H)) - %flp(n)} }

9

(] ) o [ i 2]

n,p

:g (/” %;n)) 1;[2(71) (4.10)

We redefine parameters and fields,

5= p(m) =221 on) =2,

:_7
g2 T T

(4.11)

In this redifinition, we also redifine the integration range of A,. Then the local partition

function z(n) becomes,

z(n) =exp {B cos(mp(n)) + gq(n)} (4.12)

The full partition function is,

7= 1‘[ ( / 11 M*‘T(”)) T e { B cos(rp(n)) + %q(n).} (4.13)

n

This local partition function (EI2) includes four gauge fields; Ai(n), As(n), Ai(n +
2), Ay(n + 1). These gauge fields correspond to bonds of local tensor. We get local
tensor from (A12), with four bonds,

Tubea(n) =exp {B cos(mp(n)) + gq(n)}

=exp {B cos(r(d+a—b—rc))+ gq(n)} (4.14)

19



Twcain)=c — T(n) — a (4.15)

q(n) is also written by a, b, ¢, d.

+2 (3<p(n) <4
+1 (1<p(n) <3
q(n) iz;(n) — 22V(n) - Nn)={ 0 (=1<pn)<1) (4.16)
=d+a—b—c—2N(n), 1 (<3< pm) < —1)
-2 (-4 <p(n) < -3)

We contract tensors in the following way.

Z T;abc(n)Tdeif (n + i)

— /_1 dA;(n) exp {BCOS (7r(c—|—A1(n) —a—b)) + g(c—l-Al(n) —a—0b-— 2N(n))}

- exp {ﬁcos (7r(f—i—d—e—A1(n))) +§(f+d—e—A1(n) —2N(n+ i))} (4.17)

Index i correspond to the variable of integration A;(n).
To calculate path integral of A,(n) numerically, we discretize the integral by using
Gauss-Legendre quadrature. In Gauss-Legendre quadrature method, we discretize the

integral in the following way,

K

/1 dof(z) =Y w(i)f(x(i)). (4.18)

=1

Here, w(i) is called “weights” and (i) is called “nodes,” and both of them are decided
if we once decide the number of nodes K.

Then, we calculate the contraction of tensors (E1I1),

Z Eabc Tdezf n+ 1)

16
2(c+x,—a—b—2N( ))}

~ Z w(i) exp {ﬂ cos (m(c+z(1) —a—b)) +

: 2
i=1

-exp{ﬁcos(w(f—i—d—e—x(z’))) (f—i—d—e—x()—ZN(n—i—l))} (4.19)
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From this contraction, we should define the tensors and contraction for our numerical

calculation as the following.

g = vuw(a) 4 ()w(d) exp {6 cos (W(ZE(d) + z(a) — x(b) — x(c)))
+ g(x(d) + z(a) — z(b) — z(c) — 2N(n))} (4.20)
7 = Z tabcd efag n + 1)th”b(n —+ 2)tklhf(n + 1 + 2)

This is our setup for TRG numerical calculation of the gauge part.

4.3 Total initial tensor

To get initial tensor for the 2-flavor Schwinger model, we conbine ¢/ in (A=) and 9 in

There is one non-trivial point in this operation. In the fermion part, we use U,

A~

instead of U, so we change the sign of U, to rewrite it U in the gauge part. However,
gauge action (BZ33) is not written in the usual plaquette, because of the 6 term. So we
need to rewrite this gauge action carefully.

The flipping the sign of U, corresponds to the 7 shift of gauge fields A,. In the
expression (EI3), this operation shifts p(n) to p(n) + 1. The kinetic term of gauge
action in (A13) is changed as,

cos(mp(n) =5 [T (m) + ()] = 5 [~yom) — T ()
_6 im(p(n)+1 —im(p(n)+1
:E[e B(r)+1) 4 o=im(p(n) )}
=6 cos (x(p(n) +1) pw) = pln) — 1. (421)

We define the new variable p(n). We also need to rewrite g(n), which is defined in
(18), by using p(n) as following.

q(n) =p(n) —2N(n) = p(n) +1 - 2N(n)
=p(n) — 2N (n) (4.22)

N (n) is the new winding number for each plaquettes, and its definition is the following.

+3 (2<p(n) <4)
V() =N(n) — & G~ ) 2 (0=h(n) <2)
—3 (=4 <pn) < -2)
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The gauge part tensiors (A—Id) and (E=20) are also written by p,

Tubea(n) =exp {ﬂ cos(m(p(n) + 1)) + gq(n)}

—exp {ﬁcos(ﬂ(d +a—b—c+1))+ g(ﬁ(n) - 2N<n))}, (4.24)
9 g = V(o) 4 (uld) exp {B cos (m(x(d) + z(a) — x(b) — z(c) + 1))
+ g(:v(d) +2(a) — 2(b) — 2(c) — 2N(n)) } (4.25)

The fermion part is defined in (A=), and it is the following expression.

f P(i1,71,82,52,11,105,05) — ing1+71 (1) +i5) +in% 1
(—1) el G D A 75 | Tis-4gi-bia ko i+ 5.0

1ol sl
11J102J21] j1i5Jsdc

Y W o (—1) i —j1)z(d)
- 511+j1+12+j2+z’1+ﬁ+2’2+J§,2511+j{,1(5 1+44,1 ( 1) €

_ i1 jim(i1z(d)—jax(c))
Oiy 41 +int ol +71 +ib+35,200 43,105, 41 (—1) e

— S (—1)2pim(i2z(c)—j12(d))
Oy 4o o+ i+, i+, 200045105141, (—1) e

e S e e e i o8 L 8L 1 (—1) 2t (i2—d2)2(c)
511+31+m+gz+z’1+g1+zg+y§,25m+gg,15g2+z’2,1( 1)”e

_ i21+71 (1 +i5)+i5755 — N
—(_1) R 22 m(su+J1+zz+jz+z’1+j{+z’2+35,0

- 5¢1+j1+z‘2+jé715j1+z”1+j2+z'§,1(—1)Zl+mem(lljl)z(d)em(”JQ)x(c)} :

(4.26)

Finally, we get the total tensor by conbining (A=25) with (E=28). The total tensor is,

f _ 1\P(i1,41,82,52,81,51 ,15,55) 49
tll]ﬂz]ﬂ'ﬂillﬂzya@d( n) —tzljlinQi'ljgi;jédc( 1) babed
( 1y iz V(@ w O w(u(d)

[m5il +j1+i2+jo+1] +41 +ih+35,0

i1+10 im(i1—71)x(d) im(ia—j2)x(c
= Gty 1 01 4 o iy 1 (— 1)1 TR D i) ()
1 2 1 2

exp {B cos (m(z(d) + z(a) — z(b) — z(c) + 1))
i

+ 5 (#(d) + x(a) —2(b) - 2(c) - 2N (n)) H : (4.27)
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ba Z.27‘7-2

t11J122]2Z'1ﬁ1'2J§76Lde< ): C7i,17ji - t(n) — a1, (428)
|

o/
d7 7’27]2

The definition of N is written in (E23).

4.4 Creating large initial tensor

To understand effects of the staggered phase, we create large initial tensor which holds

translation symmetry.

4.4.1 Initial tensor

To create large initial tensor, we want to use the initial tensor without the staggered
phase. So our starting point is ¢/ of (E) and #¢ (2220). The initial tensor without
staggered phase is the following.

f (_1)P(n731,z2,12711731712,32)

t7,1]17,2j27,l1j17/2jé;abcd(n) T Vi1 jringail 3 jhde tabcd

(c)w(d)

( 1)12]1+]1 it +12 +1232 \/’LU

[m5¢1 +j1+ia+go+i) +5, +ib+35,0

S VO (1)t gim (i —g1)2(d) yim(i2—j2)z(c)
511+]i+Z2+]§715J1+Z'1+]2+Z'2,1( 1) € €

exp {B cos (m(z(d) + z(a) — z(b) — z(c)))

0
+ %(m(d) +2(a) — 2(b) — 2(c) — 2N (n)) H . (4.29)
ba i27j2
|
tll]llzjﬂljllghﬂb@l( ) = ¢ 1/1731 - t(n) — a,i1, 1 (4-30)
|
d? Zé?]é

We use the following notation to create large tensor.
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14, J4, Q4 12,72, Q2

g —  tan—1) (ki b, bi)— t1(n) — i1, J1,0
| |
T(N) - (k4,l4,b4) (l{fg,lg,bg) (431)
| |
ié)j{/),a c3 — t3<n - :Al - é) _(k37 l37 63)_ t4(n - Q) - Z.37j37 as
| |
iila.jzllval i/27j§702

i, 7, k,l denote fermions’ labels, and a, b, ¢ denote gauge fields’ labels. T'(N) is the large
tensor we want, and N denotes the coordinate of the large lattice. This 7" has one-site

translation inveriance.
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T = Z titotsty

kb

= E ti1j1i2j2k1llkzlz;a1azblbztk1l1i4j4i’1jik4l4;b1a461b4tk313k4l413J§lﬁ;JQ b3b46304t1333k212k3l31232 ;a3babzca
klb

_ E (_1)i2j1+ll(k1+k2)+k212 \/w<a1)w(a2>w<bl)w(b2)
8
klb
. . , ‘ i1+ig fim(i1—j1)x(b2) wim(i2—j2)z(b1)
|:m6i1+j1+i2+j2+k1+l1+k2+12,0 - 511+11+22+l2,1531+k1+12+k2,1(_1> € €

exp {B cos (m(z(be) + x(ar) — x(az) — (b1))) + % log (eiﬂ'(ﬁ(b2)+x(a1)*1(02)*1(51))) H

(_1)i4ll+j1(i/1+k4)+k2l2 \/w(bl)w(a’4)w(cl)w(b4)
8

k14iq yim(k1—l1)x(ba) im(ia—ja)z(c1)
{m‘;kl+ll+z‘4+j4+i;+j1+k4+l4,0 - 5k1+j1+z'4+l4,1511+z'3+j4+k4,1(—1) € €

exp {B cos (m(z(by) + x(b) — z(as) — z(c1))) + % log (e trba) ey =) ze(e))) H

(_1)k4l3+j§(i'3+z4 +i4 54 \/U) b3 )U)(C4)
8

ks+ky iﬂ(k3—13)$(64) ’iTr(k‘4—l4)$(C3)
|:m5k3+13+k4+l4+i’3+j§+ig+jg,0 - 5k3+jg+k4+jg,15l3+ig+l4+ig,1(—1) S €

exp {ﬁ cos (m(z(cs) + z(bg) — z(bs) — z(c3))) + i log (efr(@lealtalbs)—a(ba)—ales))y H

( 1)k2]3+l3(k3+22)+22j2 \/w a3 b3) ( )
8

. . . i3+ko iﬂ(ig—jg)x(cz) ’i7r(k‘2—l2):0(b3)
[m5i3+j3+k2+lg+k3+l3+i’2+j§,0 — Oig st kot i1 0js ks +latip,1 (— 1) e e

exp {ﬁ cos (m(z(ca) + x(ag) — x(bs) — x(bs))) + % log (eiﬂ(az(cz)+z(a3)*x(b2)*w(bS))) H
(4.32)
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