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Fluctutation corrections to hydrodynamics have been appreciated since their discovery in

molecular dynamics numerics long ago [1], see e.g. Refs. [2, 3, 4, 5, 6]. In particular, Ref. [7]

provides a detailed study in a mode coupling approximation.

More recent efforts were able to formulate fluctuating hydrodynamics as a systematic

effective field theory, for both classical and quantum systems [8, 9, 10, 11, 12]. The first

part of these lectures most closely follows a slightly different perspective that emphasises

symmetry breaking [13] (see also [14, 15] for a more quantum information perspective on

this point). These methods can be generalized to open systems as well, with density matrix

evolving according to the Lindblad equation: see [16, 17, 18] and [19] for a review.

The second part of these lectures studies power law corrections to diffusion, following

[20]. Consequences of these corrections include the diffuson cascade [21]. Depending on

time, we may also discuss operator matching equations [21, 22].
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A Imposing KMS

We found during lectures that the hydro EFT is given by

Z[Aa
µ, Ar

µ] =
∫

DϕaDµreiSeff [∂µϕa+Aa
µ,µr,F r

µν ] (1)

We would now like to impose KMS. KMS transforms the sources to

A1(t) → A1(−t + iβ/2)

A2(t) → A2(−t − iβ/2) .
(2)

A sufficient condition for Z to be invariant under this transformation is for the action to be

invariant under the same transformation for the fields. If we were in the superfluid phase,

with symmetry breaking pattern U(1)1 × U(1)2 → 1, this transformation would be

ϕ1(t) → −ϕ1(−t + iβ/2) ≃ −ϕ1(−t) − i

2βϕ̇1(−t) + · · · ,

ϕ2(t) → −ϕ2(−t − iβ/2) ≃ −ϕ2(−t) + i

2βϕ̇2(−t) + · · · .

(3)

We expanded in β∂t, because we will ultimately be interested in the late time / low frequency

physics. For the a/r fields this would read

ϕa(t) → −ϕa(−t) − iβϕ̇r(−t) + · · · ,

ϕr(t) → −ϕr(−t) − i

4βϕ̇a(−t) + · · · .
(4)

In the normal (diffusive) phase, ϕr is absent and instead µr plays the role of D0ϕr = ϕ̇r + Ar
0.

The transformation laws are thus (some minus signs disappeared due to time derivatives)

µr → µr(−t) + i

4∂tD0ϕa(−t) (5a)

D0ϕa = ∂0ϕa + Aa
0 → D0ϕa(−t) + iβµ̇r(−t) (5b)

Diϕ
a = ∂iϕ

a + Aa
i → − [Diϕ

a(−t) + iβ∂iµ
r(−t) + iβEr

i (−t)] , (5c)

with Er
i ≡ F r

0i. To derive these relations, start by using Eq. (4) and then replace D0ϕr → µr

on the RHS. Note the appearance of the electric field in the last equation.
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We are now ready to build KMS invariant building blocks. First, the term

χ

∫
dtddx µrD0ϕa (6)

is invariant, after removing a total derivative. This holds more generally for∫
dtddx n(µr)D0ϕa , (7)

for any smooth function n(µ).

Now let’s turn to the dissipative terms. First note that at the order we are working

(and recalling the scaling µr ∼ ϕa), we can approximate (5a) by µr → µr(−t). Then: the

combination

Diϕ
a [Diϕ

a + iβ∂iµ
r + iβEr

i ] (8)

transforms to itself (evaluated at −t) under KMS, so that any power of it multiplied by a

function of µr, is KMS invariant:∫
dtddx F (µr) (Diϕ

a [Diϕ
a + iβ∂iµ

r + iβEr
i ])N . (9)

One can proceed in a similar manner to higher order in derivatives and ϕa and find further

KMS invariants (see, e.g., Ref. [12]).
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