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Relativistic heavy-ion collisions

Key achievements
» Formation of Quark-Gluon Plasma
» Nearly perfect fluid /s ~ 1/4w — Strongly coupled plasma

Thermalization Hydrodynamics Kinetic theory Free streaming

taken from S.A.Bass
CGC Quark-gluon plasma

Hadron gas Observed

Challenges
» Thermalization and hydrodynamization
» Hydrodynamics with Nparticle ~ 1034 — Fluctuating hydrodynamics?

4/29



How to measure hydrodynamic properties?

Response to initial transverse geometry
» Almond shape on average — elliptic flow “vy”
» Elliptic flow data fitted well by /s ~ 1/47

py Final particle

Initial geometry distribution

C »

Hydrodynamic expansion
“elliptic flow”

Px

» Event-by-event shape — higher harmonics “v,”
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Bjorken expansion

Longitudinal expansion along the beam direction

» Equilibration in a Bjorken expansion is still a challenging problem

$

| assume local equilibration and discuss
How hydrodynamic fluctuations evolve on a Bjorken background?
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Relativistic fluctuating hydrodynamics

» Conservation law

0, T =0, T =TI (e,v)+ T (e, v,0)+ TH:

viscous noise
» Assume conformal fluid 7}, = —e+3p =0

sound velocity ¢2 = dp/de = 1/3, bulk viscosity ¢ =0

» Linearized hydrodynamic fluctuations ¢ = (csde, g = wv)”

0 ,
¢a(ta k) = —iLap®y — Dartp — &a
ot —_— —— =~

ideal viscous noise

0 ¢k - 0 0
£_<csk o)’ D_%(o k25ij+§kikj>’

(alt, k) (', —K)) = 2TwDqy(27)°6 (k — K)o (t — t')
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Kinetic regime for a non-static and non-uniform background

Relaxation on a background flow of time scale w™!

w w Cs YW
WmEi=w - S<h=,/—<2 ce=lk1
— Cs T Cs
balance ~~
short wavelength gradient expansion

P Kinetic regime k.: non-equilibrium scale, wavepacket on a background
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Counting on a background

1. Expand up to linear fluctuations ¢ on background ®

(%Ti’é” =39, (e + p)ulu” + pg"] ~ 8 [(p(O) 4 @S)cﬁ 4. }

K= vis vis

9 TH — aﬂ [7781// + .. ] ~ 0 [8(1)( ) vlsad) + a(I)vls ¢+ - :|

2. Background solution

VlS

00y + 9% =0
\,_/ ——
wn~1 mw?/c? ~ €

3. Langevin equation for fluctuation
@fé)agb—l—(b@@i(;) + @&282@%) +%%SL~&Q+ %%qi +noise = 0
~—— = N~ ~— ——

Cshs ~ 1w el/2 oy k2 ~ /2 mwki/es v e WP /e~ /2

4. Gapped modes do not mix at time scales w™!

. . _1/2
ezcsk*/w ~ ol / ~ 0

~
rotating wave approximation
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Equal-time two-point functions

Wigner function

Ny(t, z, k) = / Bret*T(po(t,x + 17/2)dy(t, . — 7/2))

Special cases: we can take a uniform comoving frame where v =0

» Bjorken expansion
g = diag(—1,1, 1,7‘2)
» weak metric perturbation
guv = diag(—1,1+ h(t), 1+ h(t),1 — 2h(1))

Uniform comoving frame: Ng(t, @, k) — Ngp(t, k)
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Milne coordinates for Bjorken expansion

Approximate boost invariance along the beam in ultrarelativistic collisions

t

Y'HIO'?

Hydrodynomic Phase

Region of
nonvanishing
baryon number

Region of
nonvanishing
baryon number

Tt

“Central plateau” [Bjorken 1983]

» Coordinate transformation
t+ 2z
t— =z

T=Vt2-22, pn=In ds2:—d72+dxf_+72dn2

» Fourier transformation
o(rasn) = [ dhydwes =t g0 k)
k= (k. ,k), K(1)= (k. k,(7)=K/T)
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Hydrodynamic fluctuations on a Bjorken expansion

T~

i

1. Background ideal fluid (viscous corrections are subleading for ¢)

un(7) =0 > v,(t, @) = 2z/t, s(T)7 = s(10)710
1-dim. Hut;)Te expansion entropy cgrnservation

“, 1 1
— W~ =, k=
T ’Yn(T)T

2. Langevin equation for fluctuations ¢ = (cs0e, G) = (csde, g1 ,7g")

0 .
67%(7’ k) = —iLaypy — Dapds — Pardy, — Ea
T —— N N =

ideal viscous expansion noise

1
P = —diag(1 + ¢2,1,1,2)
-
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Kinetic equations for the two-point functions

1. Two-point function
(ba(T, k) Dy (T, —K')) = Nup(7, k) (2m)*5 (k1 — K1 )6(k — &)
2. Evolution equation

%N(T, k) = —i[L,N] - {D,N} — {P, N} + @D

3. Eigen modes of L: ¢o = (¢4, d—, d1,,01,)

left moving sound, right moving sound, transverse modes

~~

Ao = —c| K| At = ¢ K| Ar =0

4. Rotating wave approximation with eigenmodes

0 Tw
9 Naa(Tv k) = _2Daa [Naa - :| - QpaaNaa
T T —
~~ expansion ~ 1/7

relaxation ~ 77,kf
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Large wavenumber asymptotics

4 T(e+p) 1
2 2
—Naw (7, k) = — o9y K° | Nox — ———= | — =(2+ ¢; 4 cos” O ) Noy
or 3 T T
Tw 2 — cos? Ok
Nuw(r k) = —[1+ 55 | for k> k.
4 2
T KT oo
3 time integral
~
visc. approx
Sound Modes Transverse modes
12 | cos(6)=08 kst 92 cos(6)=0.1 k=1l )"
£ 1 S 1.5+ 1
5 o8t ~ 1 8
3 osl g
I o044t I =i
z . Fost :
0.2 r : hydro-kinetics q ’ hydro-kinetics —
o ! ‘ visg. approx ------ 0 /) visc. approx -
0 05 1 15 2 25 3 05 1 15 2 25 3 35 4
K/ k/ke
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Evolution of the background

-

« T

B

Hydrodynamic equation in Bjorken expansion
d
AT = —(T#
(T = (1)

» Without hydrodynamic fluctuations

4 8
T# = p — 3*2 +<)\1_777_7r)ﬁ
ideal \/ %’_/
1st visc. 2nd visc.
» Hydrodynamic fluctuations give another contribution
(G2)
(Tiee (7)) = =
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Nonlinear contribution from K ~ k, to the background

Lk

-

Nonlinear contribution to 7%

N N__
<Gz>:7'/ %00829}(—%]\77’27"2811129[(
K

o 1+ #/yy K27 + -+ for K > ky

» Regularize cubic and linear UV divergences by a cutoff A

Renormalize the divergences [Kovtun-Yaffe (03), Kovtun-Moore-Romatschke (11)]

AT 4 17AT 1
T\ = p(A) + —— — — 2~ | o finitet -
(7%) = p(8) + G5 —3r 1) + fyg s | + fnee-+
=p =7
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Finite contributions: Long-time tails

Evaluate the finite parts after renormalization

477 1 3/2
(T%)= p_— 5 +108318 T(47r T) +
ideal ~ n

1st visc.

~
long-time tail

Simple understanding of the scaling

1 \3/2
(Thnet) ~ / K ~ Tk}~ T ()

— T
# of modes

Order counting

37 * s (4my,T)3/%’
—_—

(T#(r))  p 4y _ 108318
w

w
~— =~

~1 ~ €

~1/s63 =1/N.

The finite contribution from k, gives the long-time tails
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Effect of the initial conditions

Longitudinal pressure: initial time can be taken to 0

(T*(7))

w

Ny 4& 1.08318
w

31 s(dmy,T)3/%

Transverse pressure: initial time should be finite (regulator)

(T=W(@) _p 2% | (X +Oxn) 1 0273836
w w37 202 (127y,7)  s(dmy,T)3/2
what’s this?

Time dependence of each term

p 1 oy 1 Sxre 1 (T\Y? 1 1
P ~ L
w s(

— x
70 W) T

x
O o o

initial sensitivity
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Initial transverse momentum fluctuations

N, 7, at initial moment gives divergent contribution in 79 — 0
» Particular kinematic region contributes (k,(7) oc 772/3)
ki ~ k() < kl(m0), K~k(m0)70 < Ei(T)T
—_—— —_——

kinetic regime at 7 kinetic regime at

Almost uniform in x, at initial times, and in 7 at later times

» Initial transverse momentum distribution

To

IV RS F =
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Initial transverse momentum fluctuations

Np, 7, at initial moment gives divergent contribution in 79 — 0
> Particular kinematic region contributes (k. (7) oc 7-%/3)
ki ~ k(1) <kim0), K~Fk10)T0 < ki(T)T
—_—— —_—

kinetic regime at 7 kinetic regime at 1o

Almost uniform in x; at initial times, and in 7 at later times

» Diffusion in z direction at the initial moment

ALV T T T A

1/k. (7o)
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Initial transverse momentum fluctuations

Np, 7, at initial moment gives divergent contribution in 79 — 0
> Particular kinematic region contributes (k. (7) oc 7-%/3)
ki ~ k(1) <kim0), K~Fk10)T0 < ki(T)T
—_—— —_—

kinetic regime at 7 kinetic regime at 1o

Almost uniform in x; at initial times, and in 7 at later times

» Diffusion in z direction at later time is ineffective

T
frozen

BAVAVAVE I B P
i 1/k.(x) i
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Initial time effects on transverse pressure

1. Initial momentum fluctuations of modes k ~ (k«(7), k«(70))

(g1 (10, ®))*) ~ T(70)w(70) ki (7)*ku(70)
—_——

# of modes
2. Diluted momentum fluctuations at 7
70\ 2
(ge(m @) ~ (2) ((gr(m.2))?)

3. Transverse pressure

7, x))> i WAT
<sz(7,)> — ;M’))) ~ <?0>2 ( 0) T(To)k*(T)zk*(TO)
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Energy density for non-conformal fluid

Using the hydro-kinetic equation, we get the energy density as

L4 3Tde a0\ 1
TA3  TA 2 dT %) %

9.2 @2
2n, Om°r +4(1—3c§)2i

renormalize Yn
+O(AY) |
~—_——

long-time tail

(T77) = e(A) +

» A3 term can be renormalized into energy density
» How to renormalize A/7T term?

» What is background temperature?
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Cutoff dependent temperature

Landau condition TH"u, = —eu*
» On a rest frame, energy density and temperature are related by

o(T) =(T77) = {T)kon + (T )k<n
—_——— ~———
=e(T(A),A) fluctuations

» T(A) depends on A only when the system is out of equilibrium

e(T(A),N)=e(T+AT(A),A) ~e(T,A) + dz(g)AT(A)
» Renormalization and temperature shift
3
(777 = o(T,A) + 227 L 94T\ pip

om? dT

renormalize

 6m2T 2 dT Ve Yo

TA T dc? 1 1
[<1+3 % —3c§)+4(1—3c§)2 T

—~
cancelled by temperature shift AT
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Renormalization of bulk viscosity

Temperature shift affects renormalization of bulk viscosity

» Order counting 1 + €+ 1/N, + ¢/N; — (T + AT, A) ~ (T, A)

imu T _ o7y — Lin(A) + #A] 4+ -
T e
=7
S g 1) = p(r AT ) - S g PR
:p(T,A)+#A3—@+#—A+5(T)AT+---
N ——_ —— T T

=p(T)

= ¢/

Renormalization of bulk viscosity [Kovtun-Yaffe (03)]

3T de? S 2 2
<1+2d1‘i—303> ———+(1-3¢)" =
V¢t 3 Tn

A
¢=C(A) + —
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Summary

What | talked:
» Kinetic regime k, is the non-equilibrium scale
» Nonlinear fluctuations from k, gives long-time tail

» Some details (initial fluctuations, temperature shift) are discussed

What | promised to talk but | did not: [An et al (2019)]
» Hydro-kinetic theory on general background flow
» Affine connection between local rest frame — confluent derivative

» Kinetic theory on local flows (shear, bulk, rotation, acceleration)

Future direction:
» Critical fluctuations of model H near the QCD critical point

> Kibble-Zurek scaling by mode coupling treatment? [YA et al, in progress]

» Photon and dilepton spectrum [YA et al, in prep.]
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Time dependence of transverse pressure

Transverse pressure

w w

(T=m() _p 2 [t O] 1 027380
37 2w | (121yT)  s(dmyT)??

Time dependence of each term
s T3 1
47 1 s T3 23 ywlrd op o (wrd/3)2 72/37
— —_—

const

L s )
s(yT)3/%2 st \n T

g_l T M 1 1 1
w

const

const
|:T§T’LU:| |:T 5/3 T&/6 1
0 \//m 7o 70 7%/2 To 7'01/3

-

VvV
const
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Particle correlations

Fundamental tool for data analysis

» Anisotropic flows (elliptic vy, triangular w3, - --) from particle
correlations

vn{2} = <em(¢l_¢2)>’

Correlation via hydrodynamic fluctuations
» Boltzmann-Langevin equation

f(I, p) = fideal(xa P) + fvisc.($7 P) + 5fﬂuct.(x7 p)

viscous hydro noise
(F (21, p1, 22, p2)) # (F (@1, p1))(f (22, p2))

» Hydro fluctuation should influence particle correlation

fidear (7, p) = [exp(B(z)p") F 1]

Nonlocal correlation from (8,,(z)3,(y)) out of equilibrium
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