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Plan of this talk
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 Nonrelativistic conformal invariance
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e Bose-Fermi duality and integrability
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1. Nonrelativistic CFT

Y. Nishida & D. T. Son, PRD (2007); arXiv:1004.3597



Nonrelativistic CFT

Maximal spacetime symmetries of U. Niederer, HPA (1972)
62 C. R. Hagen, PRD (1972)
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 Translations in time and space ¢ Spatial rotations
 Galilean boosts * Phase rotation

e Scale transformation
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Nonrelativistic CFT

e Scale transformation U. Niederer, HPA (1972)
C. R. Hagen, PRD (1972)
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Nonrelativistic CFT

e Scale transformation (infinitesimal) U.Niederer, HPA (1972)
C. R. Hagen, PRD (1972)
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Nonrelativistic CFT

e Scale transformation (infinitesimal) U.Niederer, HPA (1972)
C. R. Hagen, PRD (1972)
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D = /ddf 7.t (—iV)ap

 Conformal transformation (infinitesimal)
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Nonrelativistic CFT

e Scale transformation (infinitesimal) U.Niederer, HPA (1972)
C. R. Hagen, PRD (1972)
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Nonrelativistic CFT

Generators (D, C, H) obey SO(2,1) Lie algebra
D H|=2:H, “|C.; H|l=21D, [D.C]—=~=-2:C

scaleinvariance #n=-V.j always true

H = Hy ¥ V(r) H' = Hy£e V(e °r)

|7 e—stHstD i 62SHI

ro & a e’ro & e’a
H=H’ for zero-range (ro=0)
& infinite scattering length (a=-) interaction

(relevant to cold atom experiments)



2. Hydrodynamics

Y. Nishida & D. T. Son, PRD (2007); arXiv:1004.3597
K. Fujii & Y. Nishida, Phys. Rev. A 98, 063634 (2018)



Operator-State correspondence

[D,H] =2iH, [C,H]=:1iD,

H —FH Lo I

(D, C] = —2iC

i e

- ww D

[ bE = 2w, L,,L_| =—-4wH,,

raising & lowering operators

2 L_|O)=0
: 2w H,LY O) = (Aw 4+ 2nw) L1|O>
L7 |0) —p0— .
2. Valid for
L,.|O) —p——— any scale invariant systems
2w confined by harmonic potential
@
‘ > Aw Y. Nishida & D. T. Son, PRD (2007); arXiv:1004.3597

Y. Castin & F. Werner, PRA (2006); arXiv:1103.2851



Breathing mode
Arbitrary time-evolving state |¥;) = e “H«?|W¥,)

2H . -1

1 H ,t
(C) = (Wole -

e—intl\P())

42
_ (Wo|Hy|Po) — cos(2wt + ¢)|{Wo|L+|[Wo)]

2w?2

(C i 7;1/ = _,2¢T¢> Mean square radius
(%) = A + Bcos (2wt + ¢)

Undamped “breathing mode”
with frequency right at 2w

L. P. Pitaevskii & A. Rosch, PRA (1997)



Breathing mode

H is scale invariantfor V = —g6%(¥) in 2D ??

M. Kohl’s group, PRL (2012)

Tunable via Feshbach resonance
with ultracold atoms
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Bulk viscosity @ a=infinite o.1 son, rrL 2007)

Undamped “breathing mode”

for any scale invariant systems
confined by harmonic potential

Vanishing bulk viscosity !?

When coupled with external gauge field & metric

S = [dtd*E\/qg | i Dy > D" D + Ling
™m
IS invariant under D. T. Son & M. Wingate, Ann Phys (2006)

» Gauge transformation v — eX(F:t)q)
 General coordinate transformation z — &'(&,t)

e Conformal transformation ¢ — t'(t)



Bulk viscosity @ a=infinite o.1 son, rrL 2007)

Microscopic symmetries must be
inherited by hydrodynamics

Viscous stress tensor coupled with metric
T35 — Cézg 8kvk —|— shear

fluid expansion

M7 — K Gis (V;zﬁ’vlc + O ln\/g) + shear

volume expansion

Is invariant under general coordinate transformation
but is NOT under conformal transformation

Vanishing bulk viscosity @ a=infinite



Bulk viscosity @ a=infinite

Viscosity Coefficients
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T/Tr = 0.2 ~ 0.6

J. E. Thomas’s group, PRL (2014)



Bulk viscosity @ a=finite

Scattering length explicitly breaks scale invariance
because S(a) — S(e°a)

(i’ Sty el e(d/2)s¢)
Scale invariance is “formally” recovered if
a(Z,t) — a' (&', t") = e ®a(xz,t)
spurion field (spacetime-dependent)

Microscopic symmetries must be
inherited by hydrodynamics

W%ulk e ng [(Vkvk —|— 31; ln\/ﬁ)}

iIs NOT invariant under conformal transformation



Bulk viscosity @ a=finite

Scattering length explicitly breaks scale invariance
because S(a) — S(e°a)

(i’ Sty el e(d/2)8¢)
Scale invariance is “formally” recovered if
a(Z,t) — a' (&', t") = e ®a(xz,t)
spurion field (spacetime-dependent)

Microscopic symmetries must be
inherited by hydrodynamics K. Fuijii & Y. Nishida, PRA (2018)

W%‘ﬂk — e [(Vk’vk + O ln\/g) —d (Bt Ina + v*8; In a)}

iIs NGT invariant under conformal transformation



Bulk viscosity @ a=finite

ﬂl?jmk — [(Vk’vk + O ln\/g) —d (Bt Ina 3 v*8, In a)}

expansion contraction of
of scattering length
b 4 e
a a

Entropy & energy production even in stationary systems
ZC K. Fujii & Y. Nishida, PRA (2018)
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Bulk viscosity @ a=finite
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Ongoing experiment (DAMOP 2019)
toward extraction of bulk viscosity
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3. 1D Bose gas

T. Tanaka & Y. Nishida, PRL 129, 200402 (2022)
Y. Nishida, PRA 106, 063317 (2022)



Cold atom realization

1D Bose gas is realized
by confining 3D bosons into a tight 1D waveguide

: ‘ V- - 2N D o
%SD:(I)T< I e r = )‘I)I 7T(13D((I)T(I))2
2m 2ml‘j_ m
T,p << hwy, |asp| <Kl n=0
% s g
Hip = —¢T 2+ Z(619)? n>0
2m 2
n=0

effective 3-body interaction

l. E. Mazets & J. Schmiedmayer, NJP (2010)



Cold atom realization

1D Bose gas is realized
by confining 3D bosons into a tight 1D waveguide
Vo gk z2> 3 2T a3n %

flom = &1 .
= ( 2m 2mlt
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effective 3-body interaction

|. E. Mazets & J. Schmiedmayer, NJP (2010)



Cold atom realization

1D Bose gas is realized
by confining 3D bosons into a tight 1D waveguide
Vo gk z2> % 2T a3n %

flom = &1 .
= ( 2m 2mlt

T,p < hw,, |asp| Kl

A A

82 A A A A A
Hip = —¢' 24+ Z2(B19)? + 2 ($14)% + - -
m 2 6

integrable non-integrable

= Dynamic bulk viscosity for Lieb-Liniger model

Z e s 2
=324+ 72(31d)? gp=

2m 2 ma




Kubo formula

Dynamic bulk viscosity J. M. Luttinger, Phys. Rev. (1964)
A Op H. Mori, PTP (1962)
C(w) = BKrn(w) + - (W)
1w \ 0 S/N lw—w+i0™

Kubo’s canonical correlation

Stress operator from momentum continuity equation
: C 9%(dfg TR
7 = 29 1 =% <
ma 4m
contact density
1 Rcc(’w) | A B ) (6C>
N,S

((w) = | o

tw (ma)? 1w m

contact correlation thermodynamics

= computable at high temperature, weak coupling,
& strong coupling due to Bose-Fermi duality



Bose-Fermi duality

Lieb-Liniger (LL) model E.H.Lieb & W. Liniger, Phys. Rev. (1963)
A A 82 A gB A A 2
H=—0¢"2¢- (¢70)? gB =

2m 2

ma
Its energy eigenfunction satisfies contact condition

lim ®g(x1,...,2N) X |T; — ;| —a
Li—>I4

= Bose-Fermi mapping M. Girardeau, J. Math. Phys. (1960)
UEp(X1ye.eynN) = H sgn(xz; — ;) Pe(x1,...,TN)
1<J
Fermionic eigenfunction with contact interaction
Cheon-Shigehara (CS) model T Cheon & T. Shigehara, PRL (1999)
1 mA m

2 T D2 5 98 - AR
H=—9 2—¢ | [ (0v)] T |
™m 2

gr 0y 2a




Bose-Fermi duality

Lieb-Liniger (LL) model E.H.Lieb & W. Liniger, Phys. Rev. (1963)

A A 82 A gB A A 2
H=-0 "ot A0} g5
m 2 ma

Cheon-Shigehara (CS) model T cheon & T. Shigehara, PRL (1999)

A A 8§ A gF A~ A ]_ mA. ™m
H=—¢! 2+ |P0p))? — = :

m 2 gr T 2a

* gs ~ 1/gr = Weak-strong duality -g8

e 3-body term ~ |1B(9F158w15) \2 Y. Sekino & Y. Nishida, PRA (2021)
IS needed for complete correspondence

 Duality holds for thermodynamics at the same “a”
but does not for general correlations
with exceptions of density and contact correlations



Bose-Fermi duality

Dynamic bulk viscosity J. M. Luttinger, Phys. Rev. (1964)
A Op H. Mori, PTP (1962)
C(w) = BKrn(w) + - (W)
1w \ 0 S/N lw—w+i0™

Kubo’s canonical correlation

Stress operator from momentum continuity equation

. A, LY CTARY)

C = |(mgr/2)8|?

contact density
1 Rcc(’w) | A B ) (6C>
N,S

ma 4m

((w) = | o

tw (ma)? 1w m
contact correlation thermodynamics

= Formally the same expression as LL model



Bose-Fermi duality

Dynamic bulk viscosity

1 Rcc(’w) Lk oC
(o) = =1
tw (ma) iwm \ da N.S
—,BE ’
with Ree(w) = ——Z L [(n|C|n’)|?
(nlen’ys = N(N — 1) / B (@23 )Py (2,225, TN

,,,,,

= Bose-Fermi duality holds for dynamic bulk viscosity !



Dynamic bulk viscosity

Perturbations are possible at three limits

high temperature
fugacity z<1

T

weak coupling strong coupling
| ge~-1/a<1 gr-afs



Dynamic bulk viscosity

Perturbations are possible at three limits

1D

() = Greg(@) + ———

regular part Drude peak

A

<

\ 4

contact
correlation
diagrams
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Dynamic bulk viscosity

Perturbations are possible at three limits
1D

w + 10T

C(w) S Creg(w) |

regular part Drude peak

O(z?°) O(z°) high temperature
O(a ?) > O(a™?*) @ weakcoupling
O(a*) O(a®) strong coupling

Consistent with

vanishing at any frequency for conformal systems
D. T. Son, PRL (2007); E. Taylor and M. Randeria, PRA (2010)

divergence at zero frequency for integrable systems
K. A. Matveev & M. Pustilnik, PRL (2017)



Dynamic bulk viscosity

Perturbations are possible at three limits

o | Z.D | D | O
)= gl e Ao 1) L a1
1D
regular part Drude peak w+i/T

Drude peak remains because of integrability,
I.e., 2-body interaction does not yield relaxation in 1D
under energy & momentum conservations

If integrability is broken by 3-body interaction,
it does yield relaxation time of T ~ 93_2
and higher-order terms have stronger singularities

Their resummation leads to finite transport in 3D
K. Fujii & T. Enss, Ann. Phys. (2023)



Dynamic bulk viscosity

Non-integrable systems in 3D

o | Z.D | D | O
)= gl e Ao 1) L a1
1D
regular part Drude peak w+i/T

understood microscopically (diagrammatically)
with Kubo formula in some perturbative limits

Non-integrable systems in 1D
((w) ~w™ 13 (w—0) byhydrodynamic fluctuations

e How can it be understood microscopically ?
e What class of diagrams need to be resumed ?
* How does coefficient vanish in conformal limits ?



Summary of this talk

Static and dynamic bulk viscosity
* Measure of conformality breaking

 Naturally couples with spacetime-dependent
scattering length as it simulates fluid expansion

e Bose-Fermi duality in 1D to access strong coupling

e Some microscopic understanding
for 1D integrable & 3D non-integrable systems
but may not for 1D non-integrable systems (?)

Hydrodynamic fluctuation ...

e How can it be understood microscopically ?
e What class of diagrams need to be resumed ?
e How does coefficient vanish in conformal limits ?



Experimental measure

Dynamic bulk viscosity

e 1 Ree(w) I o (%) S

tw (ma)? 1w m \0a ) nr.s lw_swiiot
contact correlation C
~ A 82 A gB  ~. -~ 2
H=—0" 01+ 95=
2m 2 ma

Linear response theory under a(t) = a 4+ da sin (wt)

_Rcc (w) T RCC(O) 5 e—iwt_

C(t) — Cla(t)] = Im + O(6a?)

C(t) — C[a(t)]
ma?(t)

S(t) 7 a(t), TS(t) ==

% ( 0 a(t)



Experimental measure

Dynamic bulk viscosity
1 Rec(w) 11 (BC>
S

tw (ma)? twm \ 0a/ s

w—rw-| iot
contact correlation
Contact correlation can be extracted

by measuring contact, energy, or entropy densities

Linear response theory under a(t) = a 4+ da sin (wt)

_Rcc (w) T RCC(O) 5 6—iwt_
ma?

E(t) = 0(2()t) a(t), TS(t)=C(t) f([tc;(t)]

C(t) — Cla(t)] = Im + O(6a?)

a(t)



