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1.  Static bulk viscosity in 3D 

•  Nonrelativistic conformal invariance 

•  Its implications for hydrodynamics 

2.  Dynamic bulk viscosity in 1D 

•  Bose-Fermi duality and integrability 

•  Implications of  integrability breaking …
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1.  Nonrelativistic CFT

Y. Nishida & D. T. Son, PRD (2007);  arXiv:1004.3597
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Maximal spacetime symmetries of

•  Translations in time and space 

•  Galilean boosts

•  Scale transformation

•  Conformal transformation
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U. Niederer, HPA (1972) 
C. R. Hagen, PRD (1972)

•  Spatial rotations 

•  Phase rotation
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•  Scale transformation

•  Conformal transformation
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•  Scale transformation  (infinitesimal)
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•  Conformal transformation
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•  Scale transformation  (infinitesimal)
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•  Conformal transformation  (infinitesimal)

~  mean square radius 
~  harmonic potential
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•  Scale transformation  (infinitesimal)

•  Conformal transformation  (infinitesimal)
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Generators (D, C, H) obey SO(2,1) Lie algebra
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zero-range (r0 =0) 
& infinite scattering length (a=∞) interaction 
(relevant to cold atom experiments)

H=H’ for
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2.  Hydrodynamics

Y. Nishida & D. T. Son, PRD (2007);  arXiv:1004.3597 

K. Fujii & Y. Nishida, Phys. Rev. A 98, 063634 (2018)
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2!
<latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit>

L+|Oi
<latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit><latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit><latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit><latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit>

L2
+|Oi

<latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit><latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit><latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit><latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit>

�!
<latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit><latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit><latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit><latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit>

2!
<latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit>

Valid for 
any scale invariant systems 
confined by harmonic potential

L�|Oi = 0

H!L
n
+|Oi = (�! + 2n!)Ln

+|Oi
<latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit><latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit><latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit><latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit>

H! ⌘ H + !
2
C, L± ⌘ H � !

2
C ± i!D

<latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit><latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit><latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit><latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit>

[H!, L±] = ±2!L±, [L+, L�] = �4!H!
<latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit><latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit><latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit><latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit>

Y. Nishida & D. T. Son, PRD (2007); arXiv:1004.3597 

Y. Castin & F. Werner, PRA (2006); arXiv:1103.2851
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Arbitrary time-evolving state | ti = e�iH!t| 0i
<latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit><latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit><latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit><latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit>

✓
C ⌘

m

2

ZZZ
dd~x ~x2 † 

◆

<latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit> h~x2i = A+B cos (2!t+')
<latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit><latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit><latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit><latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit>

Undamped “breathing mode” 

with frequency right at 2𝞈

Mean square radius

hCi = h 0|eiH!t
2H! � L+ � L�

4!2
e
�iH!t| 0i

= h 0|
2H! � e

i2!t
L+ � e

�i2!t
L�

4!2
| 0i

=
h 0|H!| 0i � cos(2!t + ')|h 0|L+| 0i|

2!2
<latexit sha1_base64="AX7YdN/DeLxd9XBqKKR8j/jWu0E="></latexit><latexit sha1_base64="AX7YdN/DeLxd9XBqKKR8j/jWu0E="></latexit><latexit sha1_base64="AX7YdN/DeLxd9XBqKKR8j/jWu0E="></latexit><latexit sha1_base64="AX7YdN/DeLxd9XBqKKR8j/jWu0E="></latexit>

L. P. Pitaevskii & A. Rosch, PRA (1997)



/ 35

H is scale invariant for                              in 2D  ??

13Breathing mode

Tunable via Feshbach resonance 
with ultracold atoms

Quadrupole mode Breathing mode

M
. K

ö
h

l’s
 g

ro
u

p
, P

R
L

 (
2

0
1

2
)

~ 1/g ~ 1/g

2𝞈

undamped

V = �g �2(~r)
<latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit><latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit><latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit><latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit>

T ~ 0.4 TF
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Undamped “breathing mode” 

for any scale invariant systems 
confined by harmonic potential

Vanishing bulk viscosity !?

When coupled with external gauge field & metric

•  Gauge transformation 

•  General coordinate transformation 

•  Conformal transformation

~x ! ~x0(~x, t)
<latexit sha1_base64="ZFOgtZBIbFQDrDn+ktNXDiC42uA="></latexit><latexit sha1_base64="ZFOgtZBIbFQDrDn+ktNXDiC42uA="></latexit><latexit sha1_base64="ZFOgtZBIbFQDrDn+ktNXDiC42uA="></latexit><latexit sha1_base64="ZFOgtZBIbFQDrDn+ktNXDiC42uA="></latexit>

 ! ei�(~x,t) 
<latexit sha1_base64="RspbHOYrLZme3sdDAvpajmS1mgE="></latexit><latexit sha1_base64="RspbHOYrLZme3sdDAvpajmS1mgE="></latexit><latexit sha1_base64="RspbHOYrLZme3sdDAvpajmS1mgE="></latexit><latexit sha1_base64="RspbHOYrLZme3sdDAvpajmS1mgE="></latexit>

t ! t0(t)
<latexit sha1_base64="oOm34Cb32AXCtEJDf4cwi/xsqdQ="></latexit><latexit sha1_base64="oOm34Cb32AXCtEJDf4cwi/xsqdQ="></latexit><latexit sha1_base64="oOm34Cb32AXCtEJDf4cwi/xsqdQ="></latexit><latexit sha1_base64="oOm34Cb32AXCtEJDf4cwi/xsqdQ="></latexit>

is invariant under

S =

ZZZ
dtdd~x

p
g

 
i †$Dt �

gij

2m
~Di 

† ~Dj +Lint

!

<latexit sha1_base64="8WLAx/t9KsMqIUChIMSGDx4Povk="></latexit><latexit sha1_base64="8WLAx/t9KsMqIUChIMSGDx4Povk="></latexit><latexit sha1_base64="8WLAx/t9KsMqIUChIMSGDx4Povk="></latexit><latexit sha1_base64="8WLAx/t9KsMqIUChIMSGDx4Povk="></latexit>

D. T. Son & M. Wingate, Ann Phys (2006)

D. T. Son, PRL (2007)
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Microscopic symmetries must be 

inherited by hydrodynamics

Viscous stress tensor

fluid expansion

volume expansion

 coupled with metric

is invariant under general coordinate transformation

Vanishing bulk viscosity  @  a=infinite

but is NOT under conformal transformation

D. T. Son, PRL (2007)

⇡ij = ⇣ �ij @kv
k + shear

<latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="tIg2GIDekbJgIZUs1C+hFuMGt2E=">AAACcHicbZFNS8NAEIa38avWqu3Zi1gEwVISEbyICB70WMF+QLeUSTKmobubsLutliV/wKu/zl+j27QiaZ3Lvsw8Oy/D66csVtp1v0rO1vbO7l55v3JQrRweHdeqXZVMZYCdIGGJ7PugkMUCOzrWDPupROA+w54/eVjMezOUKk7Ei56nOOQQifg1DkDbVntUa7gtN6/TTeGtRIOsalQvjWmYBFOOQgcMlDISZxrfr7MKnSpMIZhAhAa44qDHTfuqOfebPi/MB1YK4Kia4SxOVS6HJj/GcgLfgoRzEKGhEsNs4A2NodZE54RZ9EzDy7I1NpKIYoN+zLv/8T6b4gaeN39piX88tT9SkDoGVthjbWGxjBsqwGdQdKGXhoYQRVg8jN4aykBEDNdd7uzNy4GNxlsPYlN0r1qe1c8uKZMTckYuiEduyD15Im3SIQEJyQf5LH07505zGaFTWmVZJ4VyWj9JsMgL</latexit><latexit sha1_base64="qynzyvEmsTf1ej0GCd29T52ad2Q="></latexit><latexit sha1_base64="qynzyvEmsTf1ej0GCd29T52ad2Q="></latexit><latexit sha1_base64="8Dl1XnKLRMS1MaiK6x5ULgEmfPg="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit><latexit sha1_base64="wA7vsLqKKJPCqeEFg/dccs9P86s="></latexit>

⇡ij = ⇣ gij
�
rkv

k + @t ln
p
g
�

+ shear
<latexit sha1_base64="uKm00mPnoVJLVwvDnPPR6rQksdg="></latexit>
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J. E. Thomas’s group, PRL (2014)

shear

bulk

1

N

ZZZ
d3~x (⌘, ⇣)

<latexit sha1_base64="Ig7SKu1VAshiO0QjD4Ssivp2jk0="></latexit><latexit sha1_base64="Ig7SKu1VAshiO0QjD4Ssivp2jk0="></latexit><latexit sha1_base64="Ig7SKu1VAshiO0QjD4Ssivp2jk0="></latexit><latexit sha1_base64="Ig7SKu1VAshiO0QjD4Ssivp2jk0="></latexit>

T/TF = 0.2 ⇠ 0.6
<latexit sha1_base64="H++J/w2TNLwh4WueoQlIoWaiQIw="></latexit><latexit sha1_base64="H++J/w2TNLwh4WueoQlIoWaiQIw="></latexit><latexit sha1_base64="H++J/w2TNLwh4WueoQlIoWaiQIw="></latexit><latexit sha1_base64="H++J/w2TNLwh4WueoQlIoWaiQIw="></latexit>
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Scattering length explicitly breaks scale invariance 

because

17Bulk viscosity  @  a=finite

S(a) ! S(esa)
<latexit sha1_base64="z31I5++3dAlw4Asgq9vDPqQYVCY="></latexit><latexit sha1_base64="z31I5++3dAlw4Asgq9vDPqQYVCY="></latexit><latexit sha1_base64="z31I5++3dAlw4Asgq9vDPqQYVCY="></latexit><latexit sha1_base64="z31I5++3dAlw4Asgq9vDPqQYVCY="></latexit>⇣
~x ! e�s~x, t ! e�2st,  ! e(d/2)s 
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Scale invariance is “formally” recovered if
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Scattering length explicitly breaks scale invariance 

because

18Bulk viscosity  @  a=finite
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is NOT invariant under conformal transformation

K. Fujii & Y. Nishida, PRA (2018)
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<latexit sha1_base64="JlNDm5nFgF+njbwzxERJlvb8hyc="></latexit><latexit sha1_base64="JlNDm5nFgF+njbwzxERJlvb8hyc="></latexit><latexit sha1_base64="JlNDm5nFgF+njbwzxERJlvb8hyc="></latexit><latexit sha1_base64="JlNDm5nFgF+njbwzxERJlvb8hyc="></latexit>

⇡bulk
ij = ⇣ gij

⇥�
rkv

k + @t ln
p
g
�
� d

�
@t lna+ vk@k lna

�⇤
<latexit sha1_base64="odhkVtLnMf59kGQuusNMxnL5JF0=">AAADDXicbZHNbtQwEMed8FWWry2cEJfQXIp2qTaoUi+AKjjAsUhsW2m9jZxkmjWxndR2FoqVR0A8DTfElWfgOXgBHG8Qyi5ziP+e+Y1Hk39SMar0ZPLL869cvXb9xtbNwa3bd+7eG27fP1ZlLVOYpiUr5WlCFDAqYKqpZnBaSSA8YXCSFK/b+skSpKKleK8vK5hzkgt6TlOibSoefsEJN7iisaEfmjPMiV5IbpKaFU3wIsCfQR M8zl0VP8YMzvXMfXexIAkjcbE8K0Y4izVmwrSIupDa5A2WNF/oJ4OnQdbxKyYgI9thL4W7dNjqmDfxMJzsTVwEmyLqRIi6OIq3vQXOyrTmIHTKiFJGwlLDp/1mgGsFFUkLkoMhXLWbje2pLnkyTnivPrNSEA5qnC1ppZycG/dzLSfgY1pyTkRmsISsmUVzY7Adoh1h2pwJo6ZZY3MJIDboNy77Pz5hNWzgLvmXlvCPx7ajIlJTwnrv2LGkfcy66hzqT8EjgzOS59BfDD83mBGRM1if8tLuvCpYb6J1JzbF8bO9yOp3++Hhq86lLfQI7aBdFKEDdIjeoiM0RSn67T30drzQ/+p/87/7P1ao73U9D1Av/J9/AKZJARc=</latexit><latexit sha1_base64="odhkVtLnMf59kGQuusNMxnL5JF0=">AAADDXicbZHNbtQwEMed8FWWry2cEJfQXIp2qTaoUi+AKjjAsUhsW2m9jZxkmjWxndR2FoqVR0A8DTfElWfgOXgBHG8Qyi5ziP+e+Y1Hk39SMar0ZPLL869cvXb9xtbNwa3bd+7eG27fP1ZlLVOYpiUr5WlCFDAqYKqpZnBaSSA8YXCSFK/b+skSpKKleK8vK5hzkgt6TlOibSoefsEJN7iisaEfmjPMiV5IbpKaFU3wIsCfQR M8zl0VP8YMzvXMfXexIAkjcbE8K0Y4izVmwrSIupDa5A2WNF/oJ4OnQdbxKyYgI9thL4W7dNjqmDfxMJzsTVwEmyLqRIi6OIq3vQXOyrTmIHTKiFJGwlLDp/1mgGsFFUkLkoMhXLWbje2pLnkyTnivPrNSEA5qnC1ppZycG/dzLSfgY1pyTkRmsISsmUVzY7Adoh1h2pwJo6ZZY3MJIDboNy77Pz5hNWzgLvmXlvCPx7ajIlJTwnrv2LGkfcy66hzqT8EjgzOS59BfDD83mBGRM1if8tLuvCpYb6J1JzbF8bO9yOp3++Hhq86lLfQI7aBdFKEDdIjeoiM0RSn67T30drzQ/+p/87/7P1ao73U9D1Av/J9/AKZJARc=</latexit><latexit sha1_base64="odhkVtLnMf59kGQuusNMxnL5JF0=">AAADDXicbZHNbtQwEMed8FWWry2cEJfQXIp2qTaoUi+AKjjAsUhsW2m9jZxkmjWxndR2FoqVR0A8DTfElWfgOXgBHG8Qyi5ziP+e+Y1Hk39SMar0ZPLL869cvXb9xtbNwa3bd+7eG27fP1ZlLVOYpiUr5WlCFDAqYKqpZnBaSSA8YXCSFK/b+skSpKKleK8vK5hzkgt6TlOibSoefsEJN7iisaEfmjPMiV5IbpKaFU3wIsCfQR M8zl0VP8YMzvXMfXexIAkjcbE8K0Y4izVmwrSIupDa5A2WNF/oJ4OnQdbxKyYgI9thL4W7dNjqmDfxMJzsTVwEmyLqRIi6OIq3vQXOyrTmIHTKiFJGwlLDp/1mgGsFFUkLkoMhXLWbje2pLnkyTnivPrNSEA5qnC1ppZycG/dzLSfgY1pyTkRmsISsmUVzY7Adoh1h2pwJo6ZZY3MJIDboNy77Pz5hNWzgLvmXlvCPx7ajIlJTwnrv2LGkfcy66hzqT8EjgzOS59BfDD83mBGRM1if8tLuvCpYb6J1JzbF8bO9yOp3++Hhq86lLfQI7aBdFKEDdIjeoiM0RSn67T30drzQ/+p/87/7P1ao73U9D1Av/J9/AKZJARc=</latexit><latexit sha1_base64="odhkVtLnMf59kGQuusNMxnL5JF0=">AAADDXicbZHNbtQwEMed8FWWry2cEJfQXIp2qTaoUi+AKjjAsUhsW2m9jZxkmjWxndR2FoqVR0A8DTfElWfgOXgBHG8Qyi5ziP+e+Y1Hk39SMar0ZPLL869cvXb9xtbNwa3bd+7eG27fP1ZlLVOYpiUr5WlCFDAqYKqpZnBaSSA8YXCSFK/b+skSpKKleK8vK5hzkgt6TlOibSoefsEJN7iisaEfmjPMiV5IbpKaFU3wIsCfQR M8zl0VP8YMzvXMfXexIAkjcbE8K0Y4izVmwrSIupDa5A2WNF/oJ4OnQdbxKyYgI9thL4W7dNjqmDfxMJzsTVwEmyLqRIi6OIq3vQXOyrTmIHTKiFJGwlLDp/1mgGsFFUkLkoMhXLWbje2pLnkyTnivPrNSEA5qnC1ppZycG/dzLSfgY1pyTkRmsISsmUVzY7Adoh1h2pwJo6ZZY3MJIDboNy77Pz5hNWzgLvmXlvCPx7ajIlJTwnrv2LGkfcy66hzqT8EjgzOS59BfDD83mBGRM1if8tLuvCpYb6J1JzbF8bO9yOp3++Hhq86lLfQI7aBdFKEDdIjeoiM0RSn67T30drzQ/+p/87/7P1ao73U9D1Av/J9/AKZJARc=</latexit>

K. Fujii & Y. Nishida, PRA (2018)
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Ongoing experiment  (DAMOP 2019) 
toward extraction of  bulk viscosity
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<latexit sha1_base64="GVhiSxGY15gNx2n0jc0am4QEJYQ="></latexit>

2⇡2d2a2⇣A2f
<latexit sha1_base64="/nZ4Vrz9NqiWgpKhctxhm5peuBY="></latexit>



/ 3521

3.  1D Bose gas

T. Tanaka & Y. Nishida, PRL 129, 200402 (2022) 

Y. Nishida, PRA 106, 063317 (2022)
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1D Bose gas is realized 
by confining 3D bosons into a tight 1D waveguide

n=0

n>0

n=0

effective 3-body interaction

I. E. Mazets & J. Schmiedmayer, NJP (2010)
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1D Bose gas is realized 
by confining 3D bosons into a tight 1D waveguide

with
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1D Bose gas is realized 
by confining 3D bosons into a tight 1D waveguide
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Dynamic bulk viscosity

Kubo’s canonical correlation

Stress operator from momentum continuity equation

J. M. Luttinger, Phys. Rev. (1964) 
H. Mori, PTP (1962)

contact density

thermodynamicscontact correlation

=>  computable at high temperature, weak coupling, 
& strong coupling due to Bose-Fermi duality 
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Lieb-Liniger (LL) model    E. H. Lieb & W. Liniger, Phys. Rev. (1963)
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Its energy eigenfunction satisfies contact condition

=>  Bose-Fermi mapping    M. Girardeau , J. Math. Phys. (1960)

Fermionic eigenfunction with contact interaction

Cheon-Shigehara (CS) model    T. Cheon & T. Shigehara, PRL (1999)
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•  3-body term  ~                                Y. Sekino & Y. Nishida, PRA (2021) 
is needed for complete correspondence

•  gB ~ 1/gF  =>  Weak-strong duality

27Bose-Fermi duality

Lieb-Liniger (LL) model    E. H. Lieb & W. Liniger, Phys. Rev. (1963)
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Cheon-Shigehara (CS) model    T. Cheon & T. Shigehara, PRL (1999)
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with exceptions of  density and contact correlations
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Dynamic bulk viscosity

Kubo’s canonical correlation

Stress operator from momentum continuity equation

J. M. Luttinger, Phys. Rev. (1964) 
H. Mori, PTP (1962)

contact density

thermodynamicscontact correlation
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Ĉ
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Dynamic bulk viscosity

=>  Bose-Fermi duality holds for dynamic bulk viscosity !
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gB

Perturbations are possible at three limits

high temperature 
fugacity z<<1

weak coupling 
gB~-1/a<<1

strong coupling 
gF~a<<1

T
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Perturbations are possible at three limits
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Perturbations are possible at three limits
<latexit sha1_base64="3kg7RF0+TfrmrdHn2XWh5hRY3tA="></latexit>

⇣(!) = ⇣reg(!) +
iD

! + i0+

<latexit sha1_base64="foqWOMZHJBTghtOGxgdHBDV/hL0="></latexit>

O(z2)

O(a�2)

O(a2)

<latexit sha1_base64="KI4jvFPHM/kdcXkPKt64CDBARv0="></latexit>

O(z3)

O(a�4)

O(a6)

<latexit sha1_base64="6R4D0HFkFsOgKDor1BZWOCKxEIM=">AAACf3icbZFLSwMxFIXT8VXrq9WlG7ELBUuZEVEEEdGFLhWsFpoiN5nrODTJDEmmWkL/hFv9Y/4bpw/Bjt5NDud84XC5LBWxsb7/VfLm5hcWl8rLlZXVtfWNam3zwSSZ5tjiiUh0m4FBESts2dgKbKcaQTKBj6x3Ncof+6hNnKh7O0ixKyFS8XPMweZWmzLpaBQNn6p1v+mPZ+evCKaiTqZz+1QrAQ0TnklUlgswphP4qe06jX2Lb0fDCs0MpsB7EKEDaSTYl0b+moFkDSZn8k4uFUg0jbAfp2Ysu268W84pfOWJlKBCqjHsBF1H8wY7jvO6cOjqwXCWizSiKpDXI+8flokMC+jI+iE1/mJDR1PQNgZR7IM86iOnCpiA2fDA0RCiCAu7nDkqQEUCiyXnjupJkB8lKJ7gr3g4bAbHzeO7o/rF5fQ8ZbJNdsk+CcgJuSA35Ja0CCeCvJMP8umVvD2v6fkT1CtN/2yRmfFOvwHGRMgI</latexit>�

regular part Drude peak

high temperature 

weak coupling 

strong coupling

@

Consistent with 
vanishing at any frequency for conformal systems 

D. T. Son, PRL (2007);  E. Taylor and M. Randeria, PRA (2010) 

divergence at zero frequency for integrable systems 
K. A. Matveev & M. Pustilnik, PRL (2017)
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Perturbations are possible at three limits
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Drude peak remains because of  integrability, 
i.e., 2-body interaction does not yield relaxation in 1D 

under energy & momentum conservations

If  integrability is broken by 3-body interaction, 
it does yield relaxation time of  
and higher-order terms have stronger singularities
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Non-integrable systems in 3D

understood microscopically (diagrammatically) 
with Kubo formula in some perturbative limits

Non-integrable systems in 1D

by hydrodynamic fluctuations
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•   How can it be understood microscopically ? 

•   What class of  diagrams need to be resumed ? 

•   How does coefficient vanish in conformal limits ?
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Static and dynamic bulk viscosity 
•   Measure of  conformality breaking 

•   Naturally couples with spacetime-dependent 
scattering length as it simulates fluid expansion 

•   Bose-Fermi duality in 1D to access strong coupling 

•   Some microscopic understanding 
for 1D integrable & 3D non-integrable systems 
but may not for 1D non-integrable systems (?)

35Summary of  this talk

Hydrodynamic fluctuation … 
•   How can it be understood microscopically ? 

•   What class of  diagrams need to be resumed ? 

•   How does coefficient vanish in conformal limits ?
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Dynamic bulk viscosity

contact correlation
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Ĉ

<latexit sha1_base64="J6zrcfiSsJ5cZx2i+FSaQKbDW0I="></latexit>

⇣(!) =
1

iw

RCC(w)

(ma)2
+

1

iw

1

m

✓
@C
@a

◆

N ,S

����
w!!+i0+



/ 3537Experimental measure
Dynamic bulk viscosity

contact correlation

Linear response theory under
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ȧ(t)

Contact correlation can be extracted 
by measuring contact, energy, or entropy densities
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