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Hubble (1926)

Intrinsic shape of galaxies has been long discussed since 
the foundation of extragalactic astronomy
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EXTRA-GALACTIC NEBULAE 323 

a previous paper.1 It was developed in 1923, from a study of photo- 
graphs of several thousand nebulae, including practically all the 
brighter objects and a thoroughly representative collection of the 
fainter ones.2 It is based primarily on the structural forms of photo- 
graphic images, although the forms divide themselves naturally into 
two groups: those found in or near the Milky Way and those in 
moderate or high galactic latitudes. In so far as possible, the system 
is independent of the orientation of the objects in space. With minor 
changes in the original notation, the complete classification is as 
follows, although only the extra-galactic division is here discussed 
in detail: 

CLASSIFICATION OF NEBULAE 
I. Galactic nebulae: Symbol 

A. Planetaries P 
B. Diffuse D 

1. Predominantly luminous DL 
2. Predominantly obscure DO 
3. Conspicuously mixed DLO 

II. Extra-galactic nebulae: 
A. Regular: 

i. Elliptical En 
(w=i, 2, . . . . , 7 indicates the ellipticity 

of the image without the decimal point) 
1 “A General Study of Diffuse Galactic Nebulae,” Mt. Wilson Contr., No. 241; 

Astrophysical Journal, 56, 162, 1922. 
2 The classification was presented in the form of a memorandum to the Com- 

mission on Nebulae of the International Astronomical Union in 1923. Copies of the 
memorandum were distributed by the chairman to all members of the Commission. 
The classification wats discussed at the Cambridge meeting in 1925, and has been 
published in an account of the meeting by Mrs. Roberts in U Astronomie, 40,169,1926. 
Further consideration of the matter was left to a subcommittee, with a resolution that 
the adopted system should be as purely descriptive as possible, and free from any terms 
suggesting order of physical development {Transactions of the I.A.U., 2, 1925). Mrs. 
Roberts’ report also indicates the preference of the Commission for the term “extra- 
galactic” in place of the original, and then necessarily non-committal, “non-galactic.” 

Meanwhile K. Lundmark, who was present at the Cambridge meeting and has 
since been appointed a member of the Commission, has recently published (Arkiv for 
Matematik, Astronomi och Fysik, Band igB, No. 8, 1926) a classification, which, except 
for nomenclature, is practically identical with that submitted by me. Dr. Lundmark 
makes no acknowledgments or references to the discussions of the Commission other 
than those for the use of the term “galactic.” 

Example 
N.G.C. 7662 

N.G.C. 6618 
Barnard 92 
N.G.C. 7023 

N.G.C. 3379 Eo 
221 E2 

4621 E5 
2117 E7 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 
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324 EDWIN HUBBLE 

CLASSIFICATION OF NEB ULAE—Continued 
2. Spirals: 

a) 
Symbol 

Normal spirals S 
(1) Early Sa 
(2) Intermediate Sb 
(3) Late Sc 

b) Barred spirals SB 
(1) Early SBa 
(2) Intermediate SBb 
(3) Late SBc 

B. Irregular Irr 
Extra-galactic nebulae too faint to be classified 

symbol “Q.” 
REGULAR NEBULAE 

Example 

are 

N.G.C. 4594 
2841 
5457 

N.G.C. 2859 
3351 
7479 

N.G.C. 4449 
designated by the 

The characteristic feature of extra-galactic nebulae is rotational 
symmetry about dominating non-stellar nuclei. About 97 per cent 
of these nebulae are regular in the sense that they show this feature 
conspicuously. The regular nebulae fall into a progressive sequence 
ranging from globular masses of unresolved nebulosity to widely 
open spirals whose arms are swarming with stars. The sequence com- 
prises two sections, elliptical nebulae and spirals, which merge into 
each other. 

Although deliberate effort was made to find a descriptive classi- 
fication which should be entirely independent of theoretical consider- 
ations, the results are almost identical with the path of development 
derived by Jeans1 from purely theoretical investigations. The agree- 
ment is very suggestive in view of the wide field covered by the data, 
and Jeans’s theory might have been used both to interpret the ob- 
servations and to guide research. It should be borne in mind, how- 
ever, that the basis of the classification is descriptive and entirely 
independent of any theory. 

Elliptical nebulae.—These give images ranging from circular 
through flattening ellipses to a limiting lenticular figure in which 
the ratio of the axes is about 1 to 3 or 4. They show no evidence of 
resolution,2 and the only claim to structure is that the luminosity 

1 Problems of Cosmogony and Stellar Dynamics^ 1919. 
2 N.G.C. 4486 (M 87) may be an exception. On the best photographs made with 

the 100-inch reflector, numerous exceedingly faint images, apparently of stars, are 
found around the periphery. It was among these that Belanowsky’s nova of 1919 
appeared. The observations are described in Publications of the Astronomical Society 
of the Pacific, 35, 261, 1923. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 
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Galaxy shape & cosmology



• Tully-Fisher relation

• Faber-Jackson relation

Fundamental plane

Rotation velocity vs luminosity (magnitude) 

velocity dispersion vs luminosity (magnitude) 

for spiral galaxies

for elliptical galaxies

velocity dispersion — size — surface brightness

and used to estimate cosmological distance in cosmology
Several empirical relations on galaxy shape have been found

(Tully & Fisher ’77)

(Faber & Jackson’76)

(e.g., Djorgovski & Davis ‘87)

Spin

Size (see e.g., Joachimi et al. ‘15 for spatial correlation)

Galaxy shape & cosmology



Shapes of distant galaxies as background light sources have now 
been extensively used to measure the weak lensing effect

Lensing induces spatial 
correlations between widely 

separated galaxy shapes

Galaxy shape & cosmology



∫ d2θ Iobs(θ) θi θj

∫ d2θ Iobs(θ)
(i, j = 1,2)qobs

ij ≡Quadrupole moment 
of galaxy image

intensity

θ1

θ2

ϵ+ ≡
qobs

11 − qobs
22

qobs
11 + qobs

22
, ϵ× ≡

2qobs
12

qobs
11 + qobs

22
Ellipticity：

ϵ+ > 0

ϵ+ < 0 ϵ× > 0

ϵ× < 0

Galaxy shape & cosmology
Observation of weak lensing effect is made with measuring 
projected quadruple image of galaxies



Non-zero ellipticity of distant galaxy consists of two contributions:

ϵa ≃ γI
a + 2 ga

Reduced shear

ga ≡
γa

1 − κ
( ≪ 1)

(a = + or ×)

Lensing

Lensing induces non-zero spatial correlation

However, 

IA can have non-zero spatial correlation

A clue to detect lensing signal

(contaminant of lensing measurement)

Galaxy shape & cosmology

Intrinsic alignment (IA)
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Early studies on IA

Croft  &  Metzler (’00)

Heavens, Refregier & Heymans (’00)

Lee & Pen (’00,  ‘01, ’02, ’08)

Lee, Pen & Seljak (’00)

Catelan, Kamionkowski & Blandford (’00)

Jing (’02)

Hirata & Seljak (’04)

Heymans, Brown, Heavens, Meisenheimer, Taylor & Wolf (’04)

Crittenden, Natarajan, Pen & Theuns (’01)

Brown, Taylor, Hambly & Dye (’02)

modeling and measuring IA have been a focused issue
Since the detection of weak lensing (cosmic shear) signals on 2000’s,

Troxel & Ishak, Phys.Rep. 558, 1 (’15)

Joachimi et al. Space Sci. Rev. 193, 1 (’15)

For extensive reviews

See
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Figure 5. Comparison of the real space correlation functions between the
observed and mock LRGs. The black points with the error bars show the
observed correlation function (Zehavi et al. 2005). The dashed line is that
of the mock galaxy catalog using the best-fit HOD model for the LRGs (Seo
et al. 2008).
(A color version of this figure is available in the online journal.)

LRGs are then assigned to each halo with a central based on the
Poisson distribution with the average of !Nsat(M)". The satel-
lite LRGs inside dark matter halos are distributed following the
Navarro–Frenk–White profile (Navarro et al. 1997). The result-
ing fraction of central LRGs is 93.7%, consistent with that from
the observation (Section 2).

In Figure 5, we show a comparison of the real-space cor-
relation function between the mock and observed (Zehavi
et al. 2005) LRGs. Very good agreement of the results be-
tween the observation and mock catalog can be seen except
for r < 0.5 h#1 Mpc, as was seen by Seo et al. (2008). This
small discrepancy is irrelevant to the current study because the
satellite distribution within halos dominates on this scale and
only central LRGs are used for the statistical analysis below.

4.3. Modeled Ellipticity Correlation Function

The principal axes of each halo in a projected plane are
computed by diagonalizing the momentum of inertial tensor
(e.g., Miralda-Escudé 1991; Croft & Metzler 2000)

Iij =
!

xixj , (5)

where the sum is over all the particles in the halo. The ellipticity
components of each halo are then estimated in the same way as
those of LRGs (Equation (1)), where the value of q is assumed
to be zero again.

First, we assume that all central galaxies are completely
aligned with their parent dark matter halos. Then the ellipticity
correlation functions of central galaxies are equal to those of
their parent halos. With this assumption, we plot the ellipticity
autocorrelation functions of the mock LRGs, c11 and c22, in
Figure 6. In order to refine the statistics, we averaged over seven
mock LRG samples with different random seeds for assigning
LRGs to dark halos. Interestingly, the ellipticity correlation
function c11 of the mock LRGs has a very similar shape to
the observed function, but the amplitude is about four times
higher. The function c22 is significantly negative at r about a few
h#1 Mpc, compared to the real observed one. In the next section,
we will explain these differences between the observation and
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Figure 6. Ellipticity autocorrelation functions of the central LRGs, (top) c11(r)
and (bottom) c22(r). In both panels, the data points with the error bars are the
measurements from the SDSS, the same ones as those in the bottom panel of
Figure 1. The dashed red lines are results of the mock central LRGs with no
misalignment with their parent halos. The solid red lines are those with the
misalignment parameter of !" = 35$. The horizontal axis at the top shows the
corresponding angular scale when all the galaxies are located at z = 1.
(A color version of this figure is available in the online journal.)

simulation by considering misalignment of central galaxies with
their host halos. In Figure 6 we also show the angular separations
with the assumption of all the galaxies being at z = 1, which is
the typical redshift of recent weak lensing surveys (see Section
6). Note that the values of the ellipticity correlation function of
halos are about an order of magnitude larger than the previous
result by Jing (2002), because we assume q = 0 in the current
study.

5. CONSTRAINTS ON MISALIGNMENT

In this section we consider a more general case in which the
position angle of each central galaxy is not completely aligned
with its host halo. We assume that the probability distribution
function (PDF) of the misalignment angle " between the major
axes of central LRGs and their host halos is a Gaussian function
with a zero mean and a width !" ,

f ("; !" )d" = 1%
2#!"

exp

"

#1
2

#
"

!"

$2
%

d", (6)

where !" is the misalignment angle parameter or the typical
misalignment angle. We artificially assign misalignment to
position angles of each mock central LRG according to Equation
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simulation by considering misalignment of central galaxies with
their host halos. In Figure 6 we also show the angular separations
with the assumption of all the galaxies being at z = 1, which is
the typical redshift of recent weak lensing surveys (see Section
6). Note that the values of the ellipticity correlation function of
halos are about an order of magnitude larger than the previous
result by Jing (2002), because we assume q = 0 in the current
study.

5. CONSTRAINTS ON MISALIGNMENT

In this section we consider a more general case in which the
position angle of each central galaxy is not completely aligned
with its host halo. We assume that the probability distribution
function (PDF) of the misalignment angle " between the major
axes of central LRGs and their host halos is a Gaussian function
with a zero mean and a width !" ,

f ("; !" )d" = 1%
2#!"

exp

"

#1
2

#
"

!"

$2
%

d", (6)

where !" is the misalignment angle parameter or the typical
misalignment angle. We artificially assign misalignment to
position angles of each mock central LRG according to Equation

⟨γ
I +
γI +

⟩(
r)

SDSS LRG @ 
z~0.33

Halo alignment 

Halo + ‘misalignment ‘
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simulation by considering misalignment of central galaxies with
their host halos. In Figure 6 we also show the angular separations
with the assumption of all the galaxies being at z = 1, which is
the typical redshift of recent weak lensing surveys (see Section
6). Note that the values of the ellipticity correlation function of
halos are about an order of magnitude larger than the previous
result by Jing (2002), because we assume q = 0 in the current
study.
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In this section we consider a more general case in which the
position angle of each central galaxy is not completely aligned
with its host halo. We assume that the probability distribution
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axes of central LRGs and their host halos is a Gaussian function
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position angles of each mock central LRG according to Equation

（II correlation）

Okumura, Jing & Li (’09)

Using the information on angular position (2D) + redshirt + shape
Where do Luminous Red Galaxies form?

⟨γI
+γI

+⟩

Early-type 

3D spatial correlation of luminous red galaxy (LRG) samples

Measured result resembles the halo ellipticity correlation in N-body 
simulations (solid & dashed) → IA of LRG traces tidal fields of LSS

LRG

3D intrinsic alignment (IA) correlation



Suppose that the observed IA is linearly proportional to the tidal 
field of LSS

A model for tidally-induced IA (Catelan et al. ’01, Hirata & Seljak ’04)

flat sky

Observer

Gravitational 
potential

(γI
+, γI

×) ∝ − (∇2
x − ∇2

y , 2∇x ∇y) Φ

x
y

galaxy

At first order,

δ > 0δ > 0

γ+ > 0
High 

density
High 

density

Line of sight

Linear alignment model

z
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Figure 1. Measurements of [30] and LA model prediction for wg+. The black dashed line is calculated
using the linear theory P!(k), and the red solid line uses the Halofit model.
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Figure 2. Measurements of [29] and model predictions for w++ (left panel) and w!! (right panel).
The measurements have been projected along the line-of-sight. Open circles, indicating the original
measurements without the (1 + !g(r)) correction, are only shown for w++ and on small scales where
there is an appreciable di!erence. For clarity, these points have a small horizontal o!set. Line
convention is the same as in figure 1. A linear y-axis is used for w!!. The normalization of the LA
prediction for both statistics is set from the fit to w++.

below, only E-modes are produced in the LA model, and thus B-modes could indicate the
presence of separate alignment mechanisms [43].

Following [50], we can express the E- and B-components of the auto-correlation func-
tions in real space in terms of the linear combinations w±(rp) ! w++(rp) ± w!!(rp):

w(E,B)(rp) =
w+(rp) ± w"(rp)

2
, (3.6)

where w"(rp) is a non-local function of w#(rp):

w"(rp) ! w#(rp) + 4

! $

rp

dr"
w#(r")

r"
" 12r2

p

! $

rp

dr"
w#(r")

r"3
. (3.7)

– 8 –

Testing LA model against observations

• Luminous red galaxies (LRGs) from 
SDSS DR6

Okumura, Jing & Li (’09); 
Okumura & Jing (’09)

•  83,773 galaxies at 0.16<z<0.47

Good agreement at rp>10 h-1Mpc

LA model works well to describe 
IA of LRG at large scales
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(projected) GI 
correlation (G+)

Blazek, McQuinn & Seljak (’11)

(projected) II 
correlation (++)



GI correlation II correlation (ξ± ≡ ξ++ ± ξ××)
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momentof!##islargerthanotherIIcorrelationcomponents.
Probingthemultipolemomentsmayenableonetoeasilymeasure
theIIcorrelationfunctionratherthanfocusingonthemonopole
alone.

4.3VIcorrelation

Finally,wederivethesimpleexpressionoftheVIcorrelation
function.Again,bywritingkz/k=y1,0(k̂)andutilizingtherela-
tionbetweeny#mandtheWigner’s3-jsymbols,theresultingVI
correlationfunctionisexpressedas

!v+(r)=!C1cos(2$)µ(1!µ2)%(1)
"&,3(r).(21)

Anothercomponent,!v#,isalsoderivedinthesamemanneras
equation(21),butcos(2$)termisreplacedwithsin(2$).Just
liketheIIcorrelation,theVIcorrelationisnotaffectedbyRSD
atlinearorder,andweomitthesuperscriptSorR.Weplotthis
functionasafunctionofr=(r$,r%)intheright-handpanelof
Fig.1.Althoughwiththevelocityfieldwecanprobethestructure
growthatlargerscalesthanwiththedensityfield,theBAOfeatures
intheVIcorrelationaremuchlessprominentthanthoseintheGI
andIIcorrelations.

Fromequation(21),wecaneasilyfindnon-zeromultipoleswhich
are,#=1and#=3,and

!v+,1(r)=!!v+,3(r)=2
5

!C1%
(1)
"&,3(r).(22)

Thus,thereisarelationsimilartothecaseoftheGIfunction,but
heretheoctopole-to-dipoleratiobecomes!1.Thisisshowninthe
upperrightpanelofFig.2(equivalenttothebluedottedcurvein
fig.12ofOkumuraetal.2019).

4.4Emodeauto-andcross-correlations

Byanalogywithweaklensingsurveys,theabovealignmentstatis-
ticscanbedecomposedintogradienttype(Emode)andcurltype
(Bmode)components(Crittendenetal.2002;Schneider2006;
Troxel&Ishak2015).Sinceweaklensingisknowntoproduce
onlyEmodetothelowestorder,itisusefultoexpressourformulas
derivedabovewiththeellipticitiesdecomposedintoE/Bmodes.

AsshownbyBlazeketal.(2011),intheLAmodeltheEandB
modeautocorrelationsaresimply!EE(r)=!+(r)and!BB(r)=0
.Thecross-correlationbetweengalaxiesandEmodesinrealspace
isderivedas

!R
gE(r)=!2

3
!C1bg

"
P0(µ)%

(0)
"",0(r)+P2(µ)%

(0)
"",2(r)

#
.(23)
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2!R
"+ (left) and in

redshift space r2!S
"+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2!+ (left) and

r2!! (right). Right-hand panel: VI correlation function r!v +. The BAO scale, r " 100 h!1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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moment of !# # is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

!v+(r) = !C1 cos (2$)µ(1 ! µ2)%(1)
"&,3(r). (21)

Another component, ! v #, is also derived in the same manner as
equation (21), but cos (2$) term is replaced with sin (2$). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r$, r%) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

!v+,1(r) = !!v+,3(r) = 2
5
!C1 %

(1)
"&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes !1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply !EE(r) = !+(r) and !BB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as

!R
gE(r) = !2

3
!C1 bg

"
P0(µ) %

(0)
"",0(r) + P2(µ) %

(0)
"",2(r)

#
. (23)

MNRASL 493, L124–L128 (2020)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nrasl/article-abstract/493/1/L124/5731881 by guest on 25 February 2020

AnisotropiesofgalaxyellipticitycorrelationsL127

!100!500

!100

!50

0

50

100

r!
[ h
"
1

M
p
c]

r#[h"1Mpc]

r2!R!+(r#,r!)

050100

r2!S!+(r#,r!)

!60

!45

!30

!15

0

15

30

45

60

!100!500

!100

!50

0

50

100

r#[h"1Mpc]

r2!+(r#,r!)

050100

r2!"(r#,r!)

!60

!45

!30

!15

0

15

30

45

60

050100
r![h"1Mpc]

!100

!50

0

50

100

r!v+(r#,r!)

!3.6

!2.4

!1.2

0.0

1.2

2.4

3.6
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"+(left)andin
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momentof!##islargerthanotherIIcorrelationcomponents.
Probingthemultipolemomentsmayenableonetoeasilymeasure
theIIcorrelationfunctionratherthanfocusingonthemonopole
alone.

4.3VIcorrelation

Finally,wederivethesimpleexpressionoftheVIcorrelation
function.Again,bywritingkz/k=y1,0(k̂)andutilizingtherela-
tionbetweeny#mandtheWigner’s3-jsymbols,theresultingVI
correlationfunctionisexpressedas

!v+(r)=!C1cos(2$)µ(1!µ2)%(1)
"&,3(r).(21)

Anothercomponent,!v#,isalsoderivedinthesamemanneras
equation(21),butcos(2$)termisreplacedwithsin(2$).Just
liketheIIcorrelation,theVIcorrelationisnotaffectedbyRSD
atlinearorder,andweomitthesuperscriptSorR.Weplotthis
functionasafunctionofr=(r$,r%)intheright-handpanelof
Fig.1.Althoughwiththevelocityfieldwecanprobethestructure
growthatlargerscalesthanwiththedensityfield,theBAOfeatures
intheVIcorrelationaremuchlessprominentthanthoseintheGI
andIIcorrelations.

Fromequation(21),wecaneasilyfindnon-zeromultipoleswhich
are,#=1and#=3,and

!v+,1(r)=!!v+,3(r)=2
5

!C1%
(1)
"&,3(r).(22)

Thus,thereisarelationsimilartothecaseoftheGIfunction,but
heretheoctopole-to-dipoleratiobecomes!1.Thisisshowninthe
upperrightpanelofFig.2(equivalenttothebluedottedcurvein
fig.12ofOkumuraetal.2019).

4.4Emodeauto-andcross-correlations

Byanalogywithweaklensingsurveys,theabovealignmentstatis-
ticscanbedecomposedintogradienttype(Emode)andcurltype
(Bmode)components(Crittendenetal.2002;Schneider2006;
Troxel&Ishak2015).Sinceweaklensingisknowntoproduce
onlyEmodetothelowestorder,itisusefultoexpressourformulas
derivedabovewiththeellipticitiesdecomposedintoE/Bmodes.

AsshownbyBlazeketal.(2011),intheLAmodeltheEandB
modeautocorrelationsaresimply!EE(r)=!+(r)and!BB(r)=0
.Thecross-correlationbetweengalaxiesandEmodesinrealspace
isderivedas

!R
gE(r)=!2

3
!C1bg

"
P0(µ)%

(0)
"",0(r)+P2(µ)%

(0)
"",2(r)

#
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2!R
"+ (left) and in

redshift space r2!S
"+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2!+ (left) and

r2!! (right). Right-hand panel: VI correlation function r!v +. The BAO scale, r " 100 h!1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
!+ (lower left) and !! (lower right). The GI and II correlations are multiplied
by r2, while the VI correlation is multiplied by r and a factor of 10. All the
statistics are calculated at z = 0.3.

moment of !# # is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

!v+(r) = !C1 cos (2$)µ(1 ! µ2)%(1)
"&,3(r). (21)

Another component, ! v #, is also derived in the same manner as
equation (21), but cos (2$) term is replaced with sin (2$). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r$, r%) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

!v+,1(r) = !!v+,3(r) = 2
5
!C1 %

(1)
"&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes !1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply !EE(r) = !+(r) and !BB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as

!R
gE(r) = !2

3
!C1 bg

"
P0(µ) %

(0)
"",0(r) + P2(µ) %

(0)
"",2(r)
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Figure1.Left-handpanel:GIcorrelationfunctionasafunctionofseparationsperpendicularandparalleltothelineofsightinrealspacer2!R
"+(left)andin

redshiftspacer2!S
"+(right).ThedifferencebetweentheleftandrighthandsidesisduetoRSDs.Middlepanel:TwoIIcorrelationfunctions,r2!+(left)and
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statisticsarecalculatedatz=0.3.
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momentof!##islargerthanotherIIcorrelationcomponents.
Probingthemultipolemomentsmayenableonetoeasilymeasure
theIIcorrelationfunctionratherthanfocusingonthemonopole
alone.

4.3VIcorrelation

Finally,wederivethesimpleexpressionoftheVIcorrelation
function.Again,bywritingkz/k=y1,0(k̂)andutilizingtherela-
tionbetweeny#mandtheWigner’s3-jsymbols,theresultingVI
correlationfunctionisexpressedas

!v+(r)=!C1cos(2$)µ(1!µ2)%(1)
"&,3(r).(21)

Anothercomponent,!v#,isalsoderivedinthesamemanneras
equation(21),butcos(2$)termisreplacedwithsin(2$).Just
liketheIIcorrelation,theVIcorrelationisnotaffectedbyRSD
atlinearorder,andweomitthesuperscriptSorR.Weplotthis
functionasafunctionofr=(r$,r%)intheright-handpanelof
Fig.1.Althoughwiththevelocityfieldwecanprobethestructure
growthatlargerscalesthanwiththedensityfield,theBAOfeatures
intheVIcorrelationaremuchlessprominentthanthoseintheGI
andIIcorrelations.

Fromequation(21),wecaneasilyfindnon-zeromultipoleswhich
are,#=1and#=3,and

!v+,1(r)=!!v+,3(r)=2
5

!C1%
(1)
"&,3(r).(22)

Thus,thereisarelationsimilartothecaseoftheGIfunction,but
heretheoctopole-to-dipoleratiobecomes!1.Thisisshowninthe
upperrightpanelofFig.2(equivalenttothebluedottedcurvein
fig.12ofOkumuraetal.2019).

4.4Emodeauto-andcross-correlations

Byanalogywithweaklensingsurveys,theabovealignmentstatis-
ticscanbedecomposedintogradienttype(Emode)andcurltype
(Bmode)components(Crittendenetal.2002;Schneider2006;
Troxel&Ishak2015).Sinceweaklensingisknowntoproduce
onlyEmodetothelowestorder,itisusefultoexpressourformulas
derivedabovewiththeellipticitiesdecomposedintoE/Bmodes.

AsshownbyBlazeketal.(2011),intheLAmodeltheEandB
modeautocorrelationsaresimply!EE(r)=!+(r)and!BB(r)=0
.Thecross-correlationbetweengalaxiesandEmodesinrealspace
isderivedas
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2!R
"+ (left) and in

redshift space r2!S
"+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2!+ (left) and

r2!! (right). Right-hand panel: VI correlation function r!v +. The BAO scale, r " 100 h!1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
!+ (lower left) and !! (lower right). The GI and II correlations are multiplied
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statistics are calculated at z = 0.3.

moment of !# # is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

!v+(r) = !C1 cos (2$)µ(1 ! µ2)%(1)
"&,3(r). (21)

Another component, ! v #, is also derived in the same manner as
equation (21), but cos (2$) term is replaced with sin (2$). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r$, r%) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

!v+,1(r) = !!v+,3(r) = 2
5
!C1 %

(1)
"&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes !1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply !EE(r) = !+(r) and !BB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as

!R
gE(r) = !2

3
!C1 bg

"
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"+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2!+ (left) and

r2!! (right). Right-hand panel: VI correlation function r!v +. The BAO scale, r " 100 h!1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
!+ (lower left) and !! (lower right). The GI and II correlations are multiplied
by r2, while the VI correlation is multiplied by r and a factor of 10. All the
statistics are calculated at z = 0.3.

moment of !# # is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

!v+(r) = !C1 cos (2$)µ(1 ! µ2)%(1)
"&,3(r). (21)

Another component, ! v #, is also derived in the same manner as
equation (21), but cos (2$) term is replaced with sin (2$). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r$, r%) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

!v+,1(r) = !!v+,3(r) = 2
5
!C1 %

(1)
"&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes !1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply !EE(r) = !+(r) and !BB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as
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gE(r) = !2

3
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"
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momentof!##islargerthanotherIIcorrelationcomponents.
Probingthemultipolemomentsmayenableonetoeasilymeasure
theIIcorrelationfunctionratherthanfocusingonthemonopole
alone.

4.3VIcorrelation

Finally,wederivethesimpleexpressionoftheVIcorrelation
function.Again,bywritingkz/k=y1,0(k̂)andutilizingtherela-
tionbetweeny#mandtheWigner’s3-jsymbols,theresultingVI
correlationfunctionisexpressedas

!v+(r)=!C1cos(2$)µ(1!µ2)%(1)
"&,3(r).(21)

Anothercomponent,!v#,isalsoderivedinthesamemanneras
equation(21),butcos(2$)termisreplacedwithsin(2$).Just
liketheIIcorrelation,theVIcorrelationisnotaffectedbyRSD
atlinearorder,andweomitthesuperscriptSorR.Weplotthis
functionasafunctionofr=(r$,r%)intheright-handpanelof
Fig.1.Althoughwiththevelocityfieldwecanprobethestructure
growthatlargerscalesthanwiththedensityfield,theBAOfeatures
intheVIcorrelationaremuchlessprominentthanthoseintheGI
andIIcorrelations.

Fromequation(21),wecaneasilyfindnon-zeromultipoleswhich
are,#=1and#=3,and

!v+,1(r)=!!v+,3(r)=2
5

!C1%
(1)
"&,3(r).(22)

Thus,thereisarelationsimilartothecaseoftheGIfunction,but
heretheoctopole-to-dipoleratiobecomes!1.Thisisshowninthe
upperrightpanelofFig.2(equivalenttothebluedottedcurvein
fig.12ofOkumuraetal.2019).

4.4Emodeauto-andcross-correlations

Byanalogywithweaklensingsurveys,theabovealignmentstatis-
ticscanbedecomposedintogradienttype(Emode)andcurltype
(Bmode)components(Crittendenetal.2002;Schneider2006;
Troxel&Ishak2015).Sinceweaklensingisknowntoproduce
onlyEmodetothelowestorder,itisusefultoexpressourformulas
derivedabovewiththeellipticitiesdecomposedintoE/Bmodes.

AsshownbyBlazeketal.(2011),intheLAmodeltheEandB
modeautocorrelationsaresimply!EE(r)=!+(r)and!BB(r)=0
.Thecross-correlationbetweengalaxiesandEmodesinrealspace
isderivedas

!R
gE(r)=!2

3
!C1bg

"
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2!R
"+ (left) and in

redshift space r2!S
"+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2!+ (left) and

r2!! (right). Right-hand panel: VI correlation function r!v +. The BAO scale, r " 100 h!1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
!+ (lower left) and !! (lower right). The GI and II correlations are multiplied
by r2, while the VI correlation is multiplied by r and a factor of 10. All the
statistics are calculated at z = 0.3.

moment of !# # is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

!v+(r) = !C1 cos (2$)µ(1 ! µ2)%(1)
"&,3(r). (21)

Another component, ! v #, is also derived in the same manner as
equation (21), but cos (2$) term is replaced with sin (2$). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r$, r%) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

!v+,1(r) = !!v+,3(r) = 2
5
!C1 %

(1)
"&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes !1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply !EE(r) = !+(r) and !BB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as
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Figure1.Left-handpanel:GIcorrelationfunctionasafunctionofseparationsperpendicularandparalleltothelineofsightinrealspacer2!R
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momentof!##islargerthanotherIIcorrelationcomponents.
Probingthemultipolemomentsmayenableonetoeasilymeasure
theIIcorrelationfunctionratherthanfocusingonthemonopole
alone.

4.3VIcorrelation

Finally,wederivethesimpleexpressionoftheVIcorrelation
function.Again,bywritingkz/k=y1,0(k̂)andutilizingtherela-
tionbetweeny#mandtheWigner’s3-jsymbols,theresultingVI
correlationfunctionisexpressedas

!v+(r)=!C1cos(2$)µ(1!µ2)%(1)
"&,3(r).(21)

Anothercomponent,!v#,isalsoderivedinthesamemanneras
equation(21),butcos(2$)termisreplacedwithsin(2$).Just
liketheIIcorrelation,theVIcorrelationisnotaffectedbyRSD
atlinearorder,andweomitthesuperscriptSorR.Weplotthis
functionasafunctionofr=(r$,r%)intheright-handpanelof
Fig.1.Althoughwiththevelocityfieldwecanprobethestructure
growthatlargerscalesthanwiththedensityfield,theBAOfeatures
intheVIcorrelationaremuchlessprominentthanthoseintheGI
andIIcorrelations.

Fromequation(21),wecaneasilyfindnon-zeromultipoleswhich
are,#=1and#=3,and

!v+,1(r)=!!v+,3(r)=2
5

!C1%
(1)
"&,3(r).(22)

Thus,thereisarelationsimilartothecaseoftheGIfunction,but
heretheoctopole-to-dipoleratiobecomes!1.Thisisshowninthe
upperrightpanelofFig.2(equivalenttothebluedottedcurvein
fig.12ofOkumuraetal.2019).

4.4Emodeauto-andcross-correlations

Byanalogywithweaklensingsurveys,theabovealignmentstatis-
ticscanbedecomposedintogradienttype(Emode)andcurltype
(Bmode)components(Crittendenetal.2002;Schneider2006;
Troxel&Ishak2015).Sinceweaklensingisknowntoproduce
onlyEmodetothelowestorder,itisusefultoexpressourformulas
derivedabovewiththeellipticitiesdecomposedintoE/Bmodes.

AsshownbyBlazeketal.(2011),intheLAmodeltheEandB
modeautocorrelationsaresimply!EE(r)=!+(r)and!BB(r)=0
.Thecross-correlationbetweengalaxiesandEmodesinrealspace
isderivedas
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2!R
"+ (left) and in

redshift space r2!S
"+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2!+ (left) and

r2!! (right). Right-hand panel: VI correlation function r!v +. The BAO scale, r " 100 h!1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.

0

10

20

30

40

50

GI

+r2!R"+,0

!r2!R"+,2

+r2!R"+,4

+r2!S"+,0

!r2!S"+,2

+r2!S"+,4

101 102

r[Mpc/h]

0

10

20

30

40

50

II (+)

+r2!+,0

+r2!+,2

+r2!+,4

101 102

r[Mpc/h]

II (!)

+r2!!,0

!r2!!,2

+r2!!,4

VI

+r!v+,1 " 10

!r!v+,3 " 10

Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
!+ (lower left) and !! (lower right). The GI and II correlations are multiplied
by r2, while the VI correlation is multiplied by r and a factor of 10. All the
statistics are calculated at z = 0.3.

moment of !# # is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

!v+(r) = !C1 cos (2$)µ(1 ! µ2)%(1)
"&,3(r). (21)

Another component, ! v #, is also derived in the same manner as
equation (21), but cos (2$) term is replaced with sin (2$). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r$, r%) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

!v+,1(r) = !!v+,3(r) = 2
5
!C1 %

(1)
"&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes !1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply !EE(r) = !+(r) and !BB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as

!R
gE(r) = !2

3
!C1 bg

"
P0(µ) %

(0)
"",0(r) + P2(µ) %

(0)
"",2(r)

#
. (23)
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4"

#
! !1 !2

0 0 0

$#
! !1 !2

m m1 m2

$
. The resulting GI correlation func-

tion in redshift space reads

# S
g+(r) = #R

g+(r) + 1
7
!C1f cos (2$)

%
1 ! µ2&

$
'
%

(0)
&',2(r) !

%
7µ2 ! 1

&
%

(0)
&',4(r)

(
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
105

!C1f
'
5 %

(0)
&',2(r) ! 2 %

(0)
&',4(r)

(
, (14)

# S
g+,2(r) = #R

g+,2(r) ! 2
21

!C1 f
'
%

(0)
&',2(r) + 2 %

(0)
&',4(r)

(
, (15)

# S
g+,4(r) = 8

35
!C1 f %

(0)
&',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4

3 f bg%
(0)
&',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

# S
gg,4(r) = 8

35 f 2 %
(0)
&',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4

%
(k2

x ! k2
y)2, 4k2

xk
2
y

&
=

±
)

8
35

*
y4,4(k̂) + y4,!4(k̂)

+
+ 4

35 y4,0(k̂) ! 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
105

!C2
1

'
7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
&&,2(r)

+3 P4(µ) %
(0)
&&,4(r)

(
, (19)

#!(r) = !C2
1 cos (4$)

%
1 ! µ2&2

%
(0)
&&,4(r)

= 8
105

!C2
1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x ! k2
y)/k2 ="

2/3 [y2,2(k̂) ! y2,!2(k̂)] where y!m(k̂) #
"

4"/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

#R
g+(r) = !C1bg cos (2$)(1 ! µ2)%(0)

&&,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, #R

g$ is described by replacing cos (2$)
in equation (11) with sin (2$).

The resulting GI correlation function as a function of r = (r%, r&)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, #R

&+(r) = #R
g+(r)/bg. The ridge structures seen around r '

100 h!1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), #R
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

#R
g+,0(r) = !#R

g+,2(r) = 2
3
!C1bg%

(0)
&&,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being !1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), &S

g (k) = &R
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

"
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. The resulting GI correlation func-
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The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

# S
g+,0(r) = #R

g+,0(r) + 2
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# S
g+,4(r) = 8
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In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer !1 unlike the real-space case, and we have
# S

g+,2(r)/# S
g+,0(r) < !1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

# S
gg,2(r) = 4
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(0)
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# S
gg,4(r) = 8
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Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
#++ and #$$ are respectively rewritten as 1

k4
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15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, #±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

#+(r) = 8
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7 P0(µ) %

(0)
&&,0(r) + 10 P2(µ) %

(0)
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(
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1 cos (4$)
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&&,4(r)

= 8
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1 cos (4$)

$ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
&&,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, # S

± = #R
± , we omit the superscript for this statistic. The

cross component, #+$, can be obtained by replacing cos (4$) in
equation (20) with sin (4$). The II correlations, #+ and #!, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
#++ and #$$, and our formula nicely explains the anisotropic feature
of #$$ measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of #±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, #+, ! and #!, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since #!, 0

> #+, 0 beyond r ( 15 h!1 Mpc, #$ $(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of #$ $ is even more suppressed
compared to #++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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2 IN T R I N S I C A L I G N M E N T STAT I S T I C S

In this section, we briefly describe the statistics used to characterize
IAs.

First, the two components of the ellipticity of each galaxy (or
cluster) are given as

!(+,!)(x) = 1 " ("/#)2

1 + ("/#)2
(cos(2$ ), sin(2$ )), (1)

where "/# is the minor-to-major axial ratio, $ is the position angle
of the ellipticity defined on the plane normal to the line-of-sight
direction, and the ellipticity is also defined on the projected plane
(see fig. 1 of Okumura et al. 2019 for the illustration of these
quantities, and note $ #= cos "1µ). Sometimes the superscript I is
added to ! +, ! to distinguish intrinsic ellipticities from the cosmic
shear components in weak lensing surveys. However, we omit it
because lensing is not considered in this Letter.

The II correlation of galaxies has four components, and one of
the four, %++, is defined as (Croft & Metzler 2000; Heavens et al.
2000)

1 + %++(r) =
!
[1 + &g(x1)][1 + &g(x2)]!+(x1)!+(x2)

"
, (2)

where r = x2 " x1. The other components, such as %! ! and %+!,
are defined in the same way by replacing two and one ! + in
equation (2) with ! !, respectively. By combining %++ an %! !,
we can also define %±(r) as

%±(r) = %++(r) ± %!!(r). (3)

The cross-correlation functions of density and ellipticity fields,
namely GI correlations, are defined as (Hirata & Seljak 2004)

1 + %gi(r) =
!
[1 + &g(x1)][1 + &g(x2)]!i(x2)

"
, (4)

where i = { +, !}. Since the distances to objects are measured
through redshift in galaxy surveys, the density field is affected by
their velocities, known as redshift-space distortions (RSDs) (Kaiser
1987; Hamilton 1998). Thus, the superscripts R and S are added
to % g + to denote the GI correlation in real and redshift space,
respectively.

We also consider the velocity alignment statistic corresponding
to the GI correlation, the density-weighted, velocity-intrinsic ellip-
ticity (VI) correlation (Okumura et al. 2019),

%vi(r) =
!
[1 + &g(x1)][1 + &g(x2)]v$(x1)!i(x2)

"
, (5)

where i = { +, !} and v! denotes the line-of-sight component of
the velocity field, v$(x) % v(x) · x̂ (hat denotes a unit vector). As is
the case with the ellipticity field, the velocity field is not affected
by RSDs in linear theory, % S

v+ = %R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real space because
observable shapes of galaxies are the line-of-sight projection.
Moreover, RSDs induce further anisotropies to the the GI corre-
lation function. Thus, we consider the multipole moments of the
correlation functions (Hamilton 1992):

X'(r) = 2' + 1
2

# 1

"1
dµX(r)P'(µ), (6)

where X is any of the statistics introduced above, and µ is the di-
rectional cosine between the vector r and the line-of-sight direction
x̂. Below, we use r& and r! to express, respectively, the separations
perpendicular and parallel to the line-of-sight direction. These are
related to r and µ through r2 = r2

& + r2
$ and µ = r!/r. Throughout

this Letter, we assume the distant-observer approximation, and
particularly take z-axis to be the line-of-sight direction so that
x̂1 = x̂2 % x̂.

3 L I N E A R A L I G N M E N T M O D E L

The most commonly used model for IA studies on large scales is
the LA model (Catelan et al. 2001; Hirata & Seljak 2004). In this
model, the intrinsic ellipticity (equation 1) is assumed to follow the
linear relation with the Newtonian potential, (P,

!(+,!)(x) = " C1

4)G

$
'2

x " '2
y , 2'x'y

%
(P (x), (7)

where G is the Newtonian gravitational constant, C1 parameterizes
the strength of IA. The observed ellipticity field is density weighted,
[1 + &g(x)]!(+,!)(x) (Section 2). However, the density-weighting
term &g(x)! (x) is sub-dominant on large scales and is usually ig-
nored. We also do not consider this term because we are interested in
the large-scale behaviours. In Fourier space, equation (7) becomes

!(+,!)(k) = "&C1

$
k2

x " k2
y, 2kxky

%

k2
&(k), (8)

where &C1(z) % a2C1*̄(z)/D̄(z), *̄ is the mean mass density of the
Universe, D̄ ( (1 + z)D(z), and D(z) is the linear growth factor.

The three-dimensional cross-correlation function between the
density field and the ellipticity is given in the LA model as (Okumura
et al. 2019)

%g+(r) = &C1bg cos (2+)
# )

0

k&dk&

2)2
J2(k&r&)

!
# )

0
dk$

k2
&

k2
P&&(k) cos (k$r$), (9)

where k2
& = k2

x + k2
y , k! = kz, + is the azimuthal angle of the

projected separation vector on the celestial sphere, measured from
the x-axis, J2 is the Bessel function with second order, P&& is the auto
power spectrum of density and bg is the linear galaxy bias parameter.
Likewise, the II and VI correlation functions are expressed using
the Bessel function (see Blazek et al. 2011 and Okumura et al. 2019,
respectively). Here and in what follows, we keep the +-dependence
explicitly for clarity and completeness when a statistic is newly
derived, and we set + = 0 when the multipole moments are further
derived.

4 N E W F O R M U L A S F O R IA STAT I S T I C S W I T H
L I N E A R A L I G N M E N T M O D E L

In this section we present formulas of the IA statistics, namely the
GI, II and VI correlation functions in the LA model. We also show
the results of the numerical calculations at z = 0.3, for which we set
the parameter 'C1 to 'C1/a

2 = 1.5, as determined by Okumura et al.
(2019) for dark matter haloes with the mass greater than 1014 M*.

For later convenience, we newly introduce a quantity ,
(n)
XY,'(r)

defined by

,
(n)
XY,'(r) = (aHf )n

# )

0

k2"ndk

2)2
PXY (k)j'(kr), (10)

where XY = {&&, &-, --}, - is the velocity-divergence field
defined by -(x) = "' · v/(aHf ), H(a) is the Hubble parameter
and f is the linear growth rate, given by f % dln D/dln a. The
quantities P&- and P-- are the cross power spectrum of density and
velocity divergence and the autospectrum of the latter, respectively.
In the linear theory limit, P&& = P&- = P--.

4.1 GI correlation

The conventional expression of alignment statistics in the LA model,
such as equation (9) for the GI correlation, was derived by adopting
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azimuthal angle in ϕ : ⃗r⊥
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2 IN T R I N S I C A L I G N M E N T STAT I S T I C S

In this section, we briefly describe the statistics used to characterize
IAs.

First, the two components of the ellipticity of each galaxy (or
cluster) are given as

!(+,!)(x) = 1 " ("/#)2

1 + ("/#)2
(cos(2$ ), sin(2$ )), (1)

where "/# is the minor-to-major axial ratio, $ is the position angle
of the ellipticity defined on the plane normal to the line-of-sight
direction, and the ellipticity is also defined on the projected plane
(see fig. 1 of Okumura et al. 2019 for the illustration of these
quantities, and note $ #= cos "1µ). Sometimes the superscript I is
added to ! +, ! to distinguish intrinsic ellipticities from the cosmic
shear components in weak lensing surveys. However, we omit it
because lensing is not considered in this Letter.

The II correlation of galaxies has four components, and one of
the four, %++, is defined as (Croft & Metzler 2000; Heavens et al.
2000)

1 + %++(r) =
!
[1 + &g(x1)][1 + &g(x2)]!+(x1)!+(x2)

"
, (2)

where r = x2 " x1. The other components, such as %! ! and %+!,
are defined in the same way by replacing two and one ! + in
equation (2) with ! !, respectively. By combining %++ an %! !,
we can also define %±(r) as

%±(r) = %++(r) ± %!!(r). (3)

The cross-correlation functions of density and ellipticity fields,
namely GI correlations, are defined as (Hirata & Seljak 2004)

1 + %gi(r) =
!
[1 + &g(x1)][1 + &g(x2)]!i(x2)

"
, (4)

where i = { +, !}. Since the distances to objects are measured
through redshift in galaxy surveys, the density field is affected by
their velocities, known as redshift-space distortions (RSDs) (Kaiser
1987; Hamilton 1998). Thus, the superscripts R and S are added
to % g + to denote the GI correlation in real and redshift space,
respectively.

We also consider the velocity alignment statistic corresponding
to the GI correlation, the density-weighted, velocity-intrinsic ellip-
ticity (VI) correlation (Okumura et al. 2019),

%vi(r) =
!
[1 + &g(x1)][1 + &g(x2)]v$(x1)!i(x2)

"
, (5)

where i = { +, !} and v! denotes the line-of-sight component of
the velocity field, v$(x) % v(x) · x̂ (hat denotes a unit vector). As is
the case with the ellipticity field, the velocity field is not affected
by RSDs in linear theory, % S

v+ = %R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real space because
observable shapes of galaxies are the line-of-sight projection.
Moreover, RSDs induce further anisotropies to the the GI corre-
lation function. Thus, we consider the multipole moments of the
correlation functions (Hamilton 1992):

X'(r) = 2' + 1
2

# 1

"1
dµX(r)P'(µ), (6)

where X is any of the statistics introduced above, and µ is the di-
rectional cosine between the vector r and the line-of-sight direction
x̂. Below, we use r& and r! to express, respectively, the separations
perpendicular and parallel to the line-of-sight direction. These are
related to r and µ through r2 = r2

& + r2
$ and µ = r!/r. Throughout

this Letter, we assume the distant-observer approximation, and
particularly take z-axis to be the line-of-sight direction so that
x̂1 = x̂2 % x̂.

3 L I N E A R A L I G N M E N T M O D E L

The most commonly used model for IA studies on large scales is
the LA model (Catelan et al. 2001; Hirata & Seljak 2004). In this
model, the intrinsic ellipticity (equation 1) is assumed to follow the
linear relation with the Newtonian potential, (P,

!(+,!)(x) = " C1

4)G

$
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x " '2
y , 2'x'y

%
(P (x), (7)

where G is the Newtonian gravitational constant, C1 parameterizes
the strength of IA. The observed ellipticity field is density weighted,
[1 + &g(x)]!(+,!)(x) (Section 2). However, the density-weighting
term &g(x)! (x) is sub-dominant on large scales and is usually ig-
nored. We also do not consider this term because we are interested in
the large-scale behaviours. In Fourier space, equation (7) becomes

!(+,!)(k) = "&C1
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x " k2
y, 2kxky
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k2
&(k), (8)

where &C1(z) % a2C1*̄(z)/D̄(z), *̄ is the mean mass density of the
Universe, D̄ ( (1 + z)D(z), and D(z) is the linear growth factor.

The three-dimensional cross-correlation function between the
density field and the ellipticity is given in the LA model as (Okumura
et al. 2019)

%g+(r) = &C1bg cos (2+)
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where k2
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x + k2
y , k! = kz, + is the azimuthal angle of the

projected separation vector on the celestial sphere, measured from
the x-axis, J2 is the Bessel function with second order, P&& is the auto
power spectrum of density and bg is the linear galaxy bias parameter.
Likewise, the II and VI correlation functions are expressed using
the Bessel function (see Blazek et al. 2011 and Okumura et al. 2019,
respectively). Here and in what follows, we keep the +-dependence
explicitly for clarity and completeness when a statistic is newly
derived, and we set + = 0 when the multipole moments are further
derived.

4 N E W F O R M U L A S F O R IA STAT I S T I C S W I T H
L I N E A R A L I G N M E N T M O D E L

In this section we present formulas of the IA statistics, namely the
GI, II and VI correlation functions in the LA model. We also show
the results of the numerical calculations at z = 0.3, for which we set
the parameter 'C1 to 'C1/a

2 = 1.5, as determined by Okumura et al.
(2019) for dark matter haloes with the mass greater than 1014 M*.

For later convenience, we newly introduce a quantity ,
(n)
XY,'(r)

defined by

,
(n)
XY,'(r) = (aHf )n

# )

0

k2"ndk

2)2
PXY (k)j'(kr), (10)

where XY = {&&, &-, --}, - is the velocity-divergence field
defined by -(x) = "' · v/(aHf ), H(a) is the Hubble parameter
and f is the linear growth rate, given by f % dln D/dln a. The
quantities P&- and P-- are the cross power spectrum of density and
velocity divergence and the autospectrum of the latter, respectively.
In the linear theory limit, P&& = P&- = P--.

4.1 GI correlation

The conventional expression of alignment statistics in the LA model,
such as equation (9) for the GI correlation, was derived by adopting
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Figure 1. Alignment statistics of subhaloes with mass Mh ! 1013 M" as a function of r = (r#, r$), GI (upper-left), VI (upper-right), and II (lower-left and
lower-right) correlations, !+ and !%, respectively. The left- and right-hand sides of each panel show the statistics in real and redshift space, respectively. In
each panel, the colour scale shows the measurements from the N-body simulations and the grey sold contours show the LA model prediction. The BAO scale,
r & 100 h%1 Mpc, is denoted by the dashed grey circle.

body results. The ratio of the correlation function in redshift and real
space, !S

%,"/!
R
%,", is shown in the lower right-hand panel of Fig. 4.

Interestingly, while the ratios for the monopole and quadrupole are
more or less consistent with unity, that for the hexadecapole deviates
from unity by &10 per cent at all the scales probed. It is partially
caused by the non-linearity of RSDs that cannot be captured by the
LA model and beyond the scope of this paper. We will investigate
such non-linearities in future work.

4.3 VI correlation

The VI correlation function of subhaloes is shown as a function
of r = (r#, r$) in the upper right-hand panel of Fig. 1. Again, the
difference between the measurements in real and redshift space
is small. However the agreement with the LA model gets worse
in redshift space than in real space, as expected. Since the VI
correlation function depends on odd powers of µ, the sign of the

function flips for r! > 0 and r! < 0. Moreover, because of the
non-linear RSD called the Fingers of God (FoG) effect, the sign of
the VI correlation is further changed at r < 10 h%1 Mpc (see e.g.
Okumura et al. 2014).

The multipoles of the VI correlation function in real space are
shown in the left-hand side of the upper right-hand set of Fig. 2.
The real-space VI dipole has been already presented in Okumura
et al. (2019). The octopole measured from the simulations shows a
behaviour very similar to the dipole. The octopole-to-dipole ratio of
the VI correlation in real space is shown in the lower left-hand panel
of Fig. 3. Although the measured VI multipoles start to deviate from
the NLA model at r & 60 h%1 Mpc, the octopole-to-dipole ratio is
consistent with the prediction of the tidal alignment model, %1,
within 1 per cent to slightly smaller scales.

The multipoles of the VI correlation function in redshift space
are significantly suppressed, even at BAO scales, as shown in
the right-hand side of the upper right-hand set of Fig. 2. The
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caused by the non-linearity of RSDs that cannot be captured by the
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such non-linearities in future work.
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The VI correlation function of subhaloes is shown as a function
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difference between the measurements in real and redshift space
is small. However the agreement with the LA model gets worse
in redshift space than in real space, as expected. Since the VI
correlation function depends on odd powers of µ, the sign of the

function flips for r! > 0 and r! < 0. Moreover, because of the
non-linear RSD called the Fingers of God (FoG) effect, the sign of
the VI correlation is further changed at r < 10 h%1 Mpc (see e.g.
Okumura et al. 2014).

The multipoles of the VI correlation function in real space are
shown in the left-hand side of the upper right-hand set of Fig. 2.
The real-space VI dipole has been already presented in Okumura
et al. (2019). The octopole measured from the simulations shows a
behaviour very similar to the dipole. The octopole-to-dipole ratio of
the VI correlation in real space is shown in the lower left-hand panel
of Fig. 3. Although the measured VI multipoles start to deviate from
the NLA model at r & 60 h%1 Mpc, the octopole-to-dipole ratio is
consistent with the prediction of the tidal alignment model, %1,
within 1 per cent to slightly smaller scales.

The multipoles of the VI correlation function in redshift space
are significantly suppressed, even at BAO scales, as shown in
the right-hand side of the upper right-hand set of Fig. 2. The
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Interestingly, while the ratios for the monopole and quadrupole are
more or less consistent with unity, that for the hexadecapole deviates
from unity by &10 per cent at all the scales probed. It is partially
caused by the non-linearity of RSDs that cannot be captured by the
LA model and beyond the scope of this paper. We will investigate
such non-linearities in future work.

4.3 VI correlation

The VI correlation function of subhaloes is shown as a function
of r = (r#, r$) in the upper right-hand panel of Fig. 1. Again, the
difference between the measurements in real and redshift space
is small. However the agreement with the LA model gets worse
in redshift space than in real space, as expected. Since the VI
correlation function depends on odd powers of µ, the sign of the

function flips for r! > 0 and r! < 0. Moreover, because of the
non-linear RSD called the Fingers of God (FoG) effect, the sign of
the VI correlation is further changed at r < 10 h%1 Mpc (see e.g.
Okumura et al. 2014).

The multipoles of the VI correlation function in real space are
shown in the left-hand side of the upper right-hand set of Fig. 2.
The real-space VI dipole has been already presented in Okumura
et al. (2019). The octopole measured from the simulations shows a
behaviour very similar to the dipole. The octopole-to-dipole ratio of
the VI correlation in real space is shown in the lower left-hand panel
of Fig. 3. Although the measured VI multipoles start to deviate from
the NLA model at r & 60 h%1 Mpc, the octopole-to-dipole ratio is
consistent with the prediction of the tidal alignment model, %1,
within 1 per cent to slightly smaller scales.

The multipoles of the VI correlation function in redshift space
are significantly suppressed, even at BAO scales, as shown in
the right-hand side of the upper right-hand set of Fig. 2. The
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Using halos with M>1013 Msun/h,

Multipole expansion
ξ(r) = Σℓ ξℓ(r)

× 𝒫ℓ(r∥/r)

Anisotropic correlations of halo ellipticities 699

Figure 2. Multipole components of alignment statistics of subhaloes with mass Mh ! 1013 M", ! (R,S)
h+," (upper left-hand set), ! (R,S)

v+," (upper right-hand set), ! (R,S)
+,"

(lower left-hand set), and !
(R,S)
#," (lower right-hand set). In each set, the left- and right-hand panels show the multipoles in real and redshift space, respectively.

While the points show the measurements from N-body simulations, the dotted and dashed curves are the corresponding LA and NLA model predictions,
respectively.

BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with #1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to $3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

! 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =

1.50. Compared to the subhalo sample with Mh ! 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of
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BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with #1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to $3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

! 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =

1.50. Compared to the subhalo sample with Mh ! 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of
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BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with #1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to $3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

! 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =

1.50. Compared to the subhalo sample with Mh ! 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of
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BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with #1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to $3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

! 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =

1.50. Compared to the subhalo sample with Mh ! 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
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Figure 2. Multipole components of alignment statistics of subhaloes with mass Mh ! 1013 M", ! (R,S)
h+," (upper left-hand set), ! (R,S)

v+," (upper right-hand set), ! (R,S)
+,"

(lower left-hand set), and !
(R,S)
#," (lower right-hand set). In each set, the left- and right-hand panels show the multipoles in real and redshift space, respectively.

While the points show the measurements from N-body simulations, the dotted and dashed curves are the corresponding LA and NLA model predictions,
respectively.

BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with #1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to $3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

! 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =

1.50. Compared to the subhalo sample with Mh ! 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of
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BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with #1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to $3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

! 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =

1.50. Compared to the subhalo sample with Mh ! 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of
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However, the FoG effect appeared at scales much larger than we
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2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ! 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
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functions.

First, we find that the parameter of the IA amplitude is !C1/a
2 =
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amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
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GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
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more significant than the NLA model prediction because in peak
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and it reaches $40 per cent at r = 30 h#1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.
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the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
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functions.
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amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
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more significant than the NLA model prediction because in peak
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Figure 1. Left : Two-dimensional error contours (68%C.L.) on the geometric distances, dA(z) and H(z), and the growth of structure,
f �8(z), obtained from BOSS CMASS at z = 0.50. Right : One-dimensional marginalized errors on the growth of structure (top) and
geometric distances (bottom), obtained from BOSS LOWZ (z = 0.33), CMASS (z = 0.50) and DESI LRG (0.6  z  1.2), plotted against
the redshift. Solid lines indicate the fiducial model predictions. The errors on dA are multiplied by 5 for illustration.

tive purpose, we consider the Baryon Oscillation Spec-
troscopic Survey (BOSS) LOWZ and CMASS galaxies,
which are the largest samples to date at z ' 0.33 and
0.50. Further, we consider the upcoming survey, Dark
Energy Survey Instrument (DESI), and combine its LRG
samples at 0.6  z  1.2 with BOSS galaxies to examine
how the cosmological parameters are better constrained
when combining the IA statistics. Note that with a pre-
cision measurement of IAs, we can further extend the
analysis up to z ⇠ 2.4 (Takada et al. 2014). Below, we
assume a flat ⇤CDM model determined by Planck Col-
laboration et al. (2016) as our fiducial cosmology. For pa-
rameters characterizing the surveys and observed galax-
ies (i.e., Vsurvey, ngal, and b1), we adopt Table I of Shi-
raishi et al. (2017) for BOSS samples, and Table 2.3 of
DESI Collaboration et al. (2016) for DESI LRG samples.
To make a conservative estimate, we restrict the analysis
to large scales where the linear theory is safely applied,

and set kmin and kmax to 2⇡/V 1/3
survey and 0.1hMpc�1,

respectively.
The results of the Fisher matrix calculations are shown

in Figure 1, where we separately plot the results using
Pgg alone (black), PEE alone (red), and those using the
three power spectra (blue), labeled respectively as GG,
II, and GG+GI+II. Here, the redshift-dependent am-
plitude of E-mode ellipticity eC1 was chosen as eC1 =
c1/(1 + z)2 with the fiducial value of c1 = 0.75, close
to the one found in SDSS LRG samples (Okumura et al.
2009; Blazek et al. 2011), setting q to zero. Further, we
adopt �� = 0.3 for all surveys as a typical shape noise
(Schmidt et al. 2015).
The left panel of Figure 1 plots the expected two-

dimensional error (68%C.L.) on the growth of structure
and geometric distances, f(z), dA(z) and H(z), normal-

ized by their fiducial values, and we specifically show
the results from the BOSS CMASS samples. The linear
growth rate determined through RSD [i.e., Eqs. (3) and
(4)] is known to degenerate with the power spectrum am-
plitude (Percival & White 2009), and the constraint on
the growth rate here is plotted in the form of f �8(z),
with �8 being the fluctuation amplitude at 8h�1 Mpc.
Clearly, the combination of galaxy clustering data with
the IA correlations leads to tighter constraints, and for
the CMASS samples, the one-dimensional marginalized
error on each parameter is improved by a factor of 1.7�2,
compared to the one obtained from the Pgg data alone.
This is mainly because the auto-power spectrum PEE
is insensitive to the RSD e↵ect. The IA statistics then
tighten the constraints on the geometric distances, and
this helps breaking the degeneracy between geometric
distances and f�8 through the Pgg and PgE data.
These trends are essentially the same for BOSS LOWZ

and DESI LRG samples at z . 0.8. Right panel of Fig-
ure 1 summarizes the one-dimensional marginalized er-
rors on f �8 (top), dA and H (bottom), plotted as func-
tion of z. Because of the redshift-dependent amplitude
eC1 / (1 + z)�2, the E-mode ellipticity starts to be dom-
inated by the shape noise as increasing z, and in our
setup, the errors on the geometric distances from PEE
data become inflating at z & 0.8. Still, the use of IA
statistics is beneficial, and combining the PEE and PgE
data, the constraint on each parameter is improved by
⇠ 17% even at z = 0.95.
The results in Figure 1 are the model-independent

geometric and dynamical constraints, and these can
be translated into the specific cosmological model con-
straints (Seo & Eisenstein 2003). As an explicit demon-
stration, we consider a flat CDM model having the dark

RSD & BAO can be measured 
from GI & II correlations
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Figure 1. Left : Two-dimensional error contours (68%C.L.) on the geometric distances, dA(z) and H(z), and the growth of structure,
f �8(z), obtained from BOSS CMASS at z = 0.50. Right : One-dimensional marginalized errors on the growth of structure (top) and
geometric distances (bottom), obtained from BOSS LOWZ (z = 0.33), CMASS (z = 0.50) and DESI LRG (0.6  z  1.2), plotted against
the redshift. Solid lines indicate the fiducial model predictions. The errors on dA are multiplied by 5 for illustration.
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troscopic Survey (BOSS) LOWZ and CMASS galaxies,
which are the largest samples to date at z ' 0.33 and
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Energy Survey Instrument (DESI), and combine its LRG
samples at 0.6  z  1.2 with BOSS galaxies to examine
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when combining the IA statistics. Note that with a pre-
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raishi et al. (2017) for BOSS samples, and Table 2.3 of
DESI Collaboration et al. (2016) for DESI LRG samples.
To make a conservative estimate, we restrict the analysis
to large scales where the linear theory is safely applied,

and set kmin and kmax to 2⇡/V 1/3
survey and 0.1hMpc�1,
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2009; Blazek et al. 2011), setting q to zero. Further, we
adopt �� = 0.3 for all surveys as a typical shape noise
(Schmidt et al. 2015).
The left panel of Figure 1 plots the expected two-
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and geometric distances, f(z), dA(z) and H(z), normal-

ized by their fiducial values, and we specifically show
the results from the BOSS CMASS samples. The linear
growth rate determined through RSD [i.e., Eqs. (3) and
(4)] is known to degenerate with the power spectrum am-
plitude (Percival & White 2009), and the constraint on
the growth rate here is plotted in the form of f �8(z),
with �8 being the fluctuation amplitude at 8h�1 Mpc.
Clearly, the combination of galaxy clustering data with
the IA correlations leads to tighter constraints, and for
the CMASS samples, the one-dimensional marginalized
error on each parameter is improved by a factor of 1.7�2,
compared to the one obtained from the Pgg data alone.
This is mainly because the auto-power spectrum PEE
is insensitive to the RSD e↵ect. The IA statistics then
tighten the constraints on the geometric distances, and
this helps breaking the degeneracy between geometric
distances and f�8 through the Pgg and PgE data.
These trends are essentially the same for BOSS LOWZ

and DESI LRG samples at z . 0.8. Right panel of Fig-
ure 1 summarizes the one-dimensional marginalized er-
rors on f �8 (top), dA and H (bottom), plotted as func-
tion of z. Because of the redshift-dependent amplitude
eC1 / (1 + z)�2, the E-mode ellipticity starts to be dom-
inated by the shape noise as increasing z, and in our
setup, the errors on the geometric distances from PEE
data become inflating at z & 0.8. Still, the use of IA
statistics is beneficial, and combining the PEE and PgE
data, the constraint on each parameter is improved by
⇠ 17% even at z = 0.95.
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Fig. 12 Top: Examples of some large-scale intrinsic alignments measurements in the literature, employing
a galaxy density-shape correlation function, wg+ , as a function of comoving transverse separation between
galaxies, rp . The samples called “Main” refer to the SDSS main (flux-limited) spectroscopic sample, divided
into two subsamples, both at intermediate (Milky Way-type) luminosities. The red sample results use the
sample from Hirata et al. (2007), but were re-measured by Joachimi et al. (2011) using a different colour cut
that is more consistent with ones used by later works. The WiggleZ results come from Mandelbaum et al.
(2011), and the LOWZ (a low-redshift sample from the SDSS BOSS survey) results come from Singh et al.
(2014). Bottom: A comparison of the observed density-shape correlation for LRGs in SDSS, a prediction
from the MassiveBlack-II (MB-II) hydrodynamic simulation, and the non-linear alignment model. As shown,
both hydrodynamic simulations and this simple analytic model are well able to reproduce the scaling of
the observed density-shape correlations with separation. The data and predictions have been normalised by
the linear galaxy bias, here referred to as blin, relating the galaxy and matter overdensities, !g = blin!. The
analytic model labelled ‘NLA’ corresponds to a slightly modified version of Eq. (16); see also Bridle and
King (2007). Bottom figure based on data from Tenneti et al. (2015), with credit to Sukhdeep Singh

6.3 Late-Type Galaxies

The alignment of late-type galaxies follows an equally persuasive physical picture, but there
are two competing mechanisms as possible explanations. Late-type spiral galaxies have
formed a galactic disc which, depending on the angle of inclination, is perceived to have
a certain ellipticity. The inclination of the disc must be determined by its angular momen-
tum, but how the angular momentum is ultimately linked to the surrounding large-scale
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First evidence of IA signal at z>1
3

measured the correlation function using the estimator of
Joachimi et al. (2011) and confirmed that the two esti-
mators gave almost identical signals.
The covariance matrix for the GI correlation function

is estimated using 82 jackknifed realizations as done in
Tonegawa et al. (2018). The survey regions were split
into 33 (49) sub-regions for W2 (W3). The covariance
matrix is estimated for each of the W2 and W3 real-
izations and they are combined following the inverse-
variance weighting (see e.g., Okumura et al. 2021).
In the FastSound survey, some targets are not assigned

fibers due to their finite number and this a!ects the cor-
relation function measurement at an angular scale of
! 1! (Okumura et al. 2016). However, this e!ect is sig-
nificantly alleviated by considering the cross-correlation
with a photo-z sample.

4. RESULTS AND DISCUSSIONS

4.1. The GI Correlation Functions

We show the GI cross-correlation function between
the FastSound galaxy positions and CFHT red galaxy
shapes, wg+, as the solid red line in the upper panel of
figure 1. We take nine logarithmic bins from r̄p = 1
to 100 h"1Mpc. The error bars represent 1 " ! uncer-
tainties estimated from the 82 jackknifed realizations.
We see a small but non-zero signal in the wg+ measure-
ment. The positive correlation means that the major
axes of CFHT red galaxies tend to point toward over-
densities. The bottom panel of figure 1 shows the other
GI cross-correlation function, wg#, which should vanish
on all scales. The signal of wg# is consistent with zero
beyond 3 h"1Mpc. We thus consider our measurements
free from observational systematics at r̄p > 3 h"1Mpc
and use this scale for the following analysis.
To see the detection significance for the IA sig-

nal, we fit a power-law model, wPL
g+(r̄p) = (1 "

fblund)APL
!

r̄p
20 h!1Mpc

"!

, to the measured correlation

function. The parameter fblund is a fraction of redshift
blunders (noise lines and OIII doulets) and fblund =
0.071 for our FastSound sample (Okada et al. 2016;
Okumura et al. 2016). Taking account of the full co-
variance matrix, we calculate "2 statistics in the range
of 3 < r̄p < 100 h"1Mpc, where wg# is consistent with
zero. We fix # = "0.88, as obtained by Hirata et al.
(2007) for luminous red galaxies (LRGs) at z # 0.3.
This is a reasonable assumption because we obtain # =
"0.75+0.42

"0.42 when we simultaneously determine APL and
#. The resulting constraint on the amplitude parameter
is APL = 0.266+0.112

"0.116 (68% CL), corresponding to a 2.3!
detection of IA.
Our finding is robust because a cross-correlation func-

tion is less sensitive to systematic e!ects because they

Figure 1. Projected correlation functions, wg+ (top) and
wg! (bottom) as a function of transverse separation r̄p. We
use the FastSound sample for the galaxy density field for
all the measurements presented here. We use the di!erent
shape samples as the galaxy shape field for di!erent lines:
red galaxies (red lines) and blue galaxies (blue solid lines).
The blue dashed line is the GI correlation of the FastSound
blue galaxies measured by Tonegawa et al. (2018). The dark
and light red shaded regions in the top panel indicate the
68% and 95% confidence intervals of the best-fitting NLA
model obtained for red galaxies at r̄p > 3 h

"1Mpc denoted
by the vertical lines. The error bars are obtained from the
diagonal elements of the covariance matrix, C1/2

ii .

tend to be uncorrelated between two independent sam-
ples. Furthermore, we have varied several parameters to
confirm that the signal is still detectable. Specifically,
we have applied r̄",max = 200 h"1Mpc and confirmed
the signal at ! 2!. Also, changing the TB threshold to
1.1 (selecting a redder population) resulted in a similar
detection significance. Therefore, we conclude that the
signal indeed indicates the evidence of IA.
Unlike red galaxies, we do not find non-zero GI cor-

relations for the CFHT blue galaxy shapes, selected by
the criteria of 2.0 < TB < 4.0, as seen as the solid blue
line in figure 1. This is consistent with the result of
Tonegawa et al. (2018), as shown as the blue dashed line
for comparison, who measured the GI auto-correlations
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of blue galaxies that are spectroscopically confirmed
from the FastSound at z ! 1.36. Other studies at
lower redshifts also have not found any GI signal for
blue galaxies (Mandelbaum et al. 2011; Johnston et al.
2021). IA of spiral galaxies are likely to be explained
by the quadratic alignment model (Catelan et al. 2001;
Hirata & Seljak 2004, 2010; Kirk et al. 2015), and the
model indeed predicts null GI signals for a Gaussian
density field.

4.2. Linear Alignment Model

Here we consider a more physically motivated pre-
diction of IA, the linear alignment (LA) model
(Catelan et al. 2001; Hirata & Seljak 2004) which re-
lates the shear field linearly to the gravitational poten-
tial. Under this model the density-ellipticity power spec-
trum at redshift z is given by

P!,"(k, z) =
C1!̄(z)

(1 + z)D(z)
a2P!(k, z), (3)

where !̄(z) is the mean matter density, D(z) the growth
factor, and P!(k, z) the matter power spectrum. While
the original LA model used linear theory prediction for
P! (Hirata & Seljak 2004), using the non-linear matter
power spectrum was found to better explain the ob-
served IA (non-linear LA, NLA; Bridle & King 2007;
Blazek et al. 2011). Therefore, we use the non-linear
matter spectrum of Takahashi et al. (2012) to obtain the
theoretical prediction. The normalization parameter C1

varies much with given galaxy samples. Following the
convention, we introduce another parameter, ALA, as
ALA = C1!cr/0.0134, where !cr is the critical density.
The Hankel transform converts the power

spectrum into the 3-D GI correlation function
(Okumura & Taruya 2020; Okumura et al. 2020):

"specg+ (rp, r# , z) = (1" µ2)bg

!

!

0

k2dk

2#2
P!,"(k, z)j2(kr),

(4)

where µ = r#/r with r =
"

r2p + r2# , j2 is the spherical

Bessel function of the second order and bg is the lin-
ear bias parameter of the FastSound galaxies, bg = 1.9
(Okumura et al. 2016). We use photo-z for the shape
sample, which modulates equation (4) due to the scat-
ter along the line-of-sight as (Joachimi et al. 2011)
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where z̄m denotes the mean of photo-z of the shape sam-
ple and spec-z of the density sample, a bar means a

Figure 2. Constraints on the amplitude of the NLA model
as a function of redshift. The points are color-coded ac-
cording to the mean sample luminosity, and di!erent sym-
bols are assigned to di!erent survey samples (see Table 1).
The dashed lines are the best-fitting model prediction at
z = 0.54 obtained by Joachimi et al. (2011) (equation (6))
for !Mr" = #21.5 (green) and #20.5 (blue).

quantity a!ected by photo-z, H is the Hubble param-
eter, c is the speed of light, $(z) is the comoving dis-
tance, z1 = z̄m " r̄#H(z̄m)/2c, and p$(z|z̄) denotes the
probability distribution of the true redshift z under a
given photo-z, z̄, for the shape sample. We assume
that the error in photo-z follows the normal distribu-
tion with %z/(1 + z̄) = 0.04 (Hildebrandt et al. 2012).
We integrate "g+(r̄p, r̄# , z̄m) along the line of sight to
obtain the projected correlation function wg+(r̄p), sim-
ilarly to equation (2). With our choice of r̄#,max,
r̄#,max = 160 h"1Mpc, we find the amplitude of wg+(r̄p)
becomes 76% of that determined with spec-z, wspec

g+ (rp).
As shown by Joachimi et al. (2011), the rp dependence
remains almost unchanged when photo-z are considered.
The LA model fitting to the measured wg+(r̄p) gives a
constraint on the amplitude asALA = 27.48+11.53

"11.54, show-
ing a 2.4% deviation from zero similarly to the result
obtained in section 4.1. The dark and light red shaded
regions in the top panel of figure 1 indicate the 68% and
95% confidence levels of the NLA model.

4.3. IA of red galaxies as a function of redshift

Table 1 and figure 2 show the constraints on ALA ob-
tained from our analysis at z ! 1.3 together with the
previous studies at lower redshifts at z < 1. Since the
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from the FastSound at z ! 1.36. Other studies at
lower redshifts also have not found any GI signal for
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z = 0.54 obtained by Joachimi et al. (2011) (equation (6))
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eter, c is the speed of light, $(z) is the comoving dis-
tance, z1 = z̄m " r̄#H(z̄m)/2c, and p$(z|z̄) denotes the
probability distribution of the true redshift z under a
given photo-z, z̄, for the shape sample. We assume
that the error in photo-z follows the normal distribu-
tion with %z/(1 + z̄) = 0.04 (Hildebrandt et al. 2012).
We integrate "g+(r̄p, r̄# , z̄m) along the line of sight to
obtain the projected correlation function wg+(r̄p), sim-
ilarly to equation (2). With our choice of r̄#,max,
r̄#,max = 160 h"1Mpc, we find the amplitude of wg+(r̄p)
becomes 76% of that determined with spec-z, wspec

g+ (rp).
As shown by Joachimi et al. (2011), the rp dependence
remains almost unchanged when photo-z are considered.
The LA model fitting to the measured wg+(r̄p) gives a
constraint on the amplitude asALA = 27.48+11.53

"11.54, show-
ing a 2.4% deviation from zero similarly to the result
obtained in section 4.1. The dark and light red shaded
regions in the top panel of figure 1 indicate the 68% and
95% confidence levels of the NLA model.

4.3. IA of red galaxies as a function of redshift

Table 1 and figure 2 show the constraints on ALA ob-
tained from our analysis at z ! 1.3 together with the
previous studies at lower redshifts at z < 1. Since the
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Figure 2. The monopole moment of the cross-power spec-
trum between matter and the galaxy E-mode shape, P (0)

�E (k),
for ELGs at z = 1.5. The red triangles show the result when
using the aperture shape estimator (Eq. 1). For comparison
the open diamonds show the result when using the standard
method of shape estimator (Eq. 2) for the same sample of
EGLs, and the squares show the result using the standard
method for the host halos using DM particles centered on
each ELG.

Figure 3. The IA strength, characterized by P (0)
�E /P��,

for the ELG samples of the fixed number density at di↵er-
ent redshifts. The AIA values in the legend are the best-
fit linear IA coe�cient, obtained from the data points with
k < 0.4hMpc�1 (see text for details).

power spectrum for DM halos hosting ELGs, where we
use the parent halos even for satellite ELGs (the member
DM particles) to characterize the halo shapes centered
on each ELG. The DM halo gives AIA = 15.7±2.4, which
is very similar to the IA signal of ELGs. The good agree-
ment between the flux based aperture inertia tensor and
the DM halo particle based inertia tensor suggests that
the light distribution follows the matter distribution,
which is supported by the good correlations (although
with scatters) between the ellipticities calculated using
light and matter distributions as shown in Appendix A.
This is also consistent with the results shown in Shin
et al. (2021) and O’Neil et al. (2021), where they show
the baryons trace the matter distribution well using DES
lensing profile and IllustrisTNG hydro-simulation sepa-
rately. Also, the stronger IA signal with our aperture
based inertia tensor is in consistent with the picture that
the outer region of galaxies/satellites in galaxy groups
are more aligned with the large scale tidal field as re-
vealed by previous studies (Singh & Mandelbaum 2016;
van Uitert et al. 2017).

Table 1 summarizes the IA signal for ELGs at dif-
ferent redshifts, z = 0.5, 1.0, 1.5 and 2.0. Note that
all ELG samples have the fixed number density of
10�4 (h�1Mpc)3. The ELG samples at all the redshifts
give a clear detection of AIA. Fig. 3 shows the ratio of
the IA power spectrum to the matter power spectrum.
The figure shows that the IA signals are detected over
the range of k bins, with very weak redshift dependence.
As can be found from Table 1, the samples display slight
increases in the mean stellar mass and host halo mass
with the decrease of redshift. The redshift evolution of
AIA depends on the sample selection and redshift, as
shown in Fig. 6 of Kurita et al. (2021). In our previous
work of Shi et al. (2021), we found that AIA shows very
weak redshift dependence for the galaxy samples of a
fixed stellar mass range across z = 0.3 to z = 2. The
mean stellar mass evolves within ⇠ 0.4 dex from z = 0.5
to z = 2 for the ELGs, as listed in Table 1. The weak
redshift dependence in the ELG IA signals is thus con-
sistent with our previous studies. In addition the ratio
displays very weak k-dependence up to k ⇠ 1hMpc�1,
which is in agreement with the prediction of non-linear
alignment model.

In Appendix B we also show how the results change
with varying aperture sizes and the S/N cuts in the pix-
els that are needed to define the aperture based shapes
of ELGs. Figs. 3 and B.2 show that the findings we de-
scribed above hold for these di↵erent definitions of the
ELG shapes.

5. DISCUSSION AND SUMMARY

IA cosmology from star-forming galaxies
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accretion direction should reflect shapes of the host halo
and surrounding cosmic web, and the method we pro-
pose below is sensitive to these building blocks to better
capture the overall IA signal. However, some of these
building blocks become invisible when the sky noise is
added, as shown in the middle panel. The right panel
shows the pixels that have S/N � 3, and bright building
blocks survive even after the S/N cut.

3.2. An aperture shape estimator for ELGs

We now characterize the “shape” of each ELG using
the simulated images around each ELG we described
in the preceding section. In this work, we propose an
“aperture inertia tensor” for ELG shapes, defined as

Iapij =

P
n;(S/N)pix>3;r2Dn 500h�1kpc fnxnixnjP

n;(S/N)pix>3;r2Dn 500h�1kpc fn
, (1)

where fn is the flux of the n-th pixel in the simulated
image, xni, xnj(i, j = 1, 2) are the relative position of
this pixel with respect to the ELG position, and the
summation runs over all the pixels within circular aper-
ture of the projected radius r2D  500h�1kpc that have
S/N � 3 for the signal-to-noise ratio of photon counts in
the pixel. The average virial radius of the host halos for
ERGs at z = 1.5 is hR200i ' 470h�1kpc, corresponding
to the average halo mass hM200i ' 7.6 ⇥ 1012 h�1M�
(Table 1), and roughly matches the aperture radius.
Note that we use the fixed aperture of r2Dap = 500h�1kpc
for all the results in this paper. We also test our re-
sults with smaller aperture sizes, such as 200h�1kpc or
300h�1kpc, as shown in Appendix B.

We find that the inertia tensor is ill-defined if we do
not employ the S/N cut. However, the results basically
do not change if we adopt di↵erent S/N cuts such as
S/N > 4 or S/N > 5. For the above inertia tensor,
stellar particles at outer radii are up-weighted so that
the estimator can capture contribution from building
blocks around each ELG as seen in the middle and right
panels of Fig. 1.

For comparison, we also study the conventionally used
inertia tensor for the same sample of ELGs. The reduced
inertia tensor is widely used (Tenneti et al. 2015),

Ireducedij =

P
n mn

xnixnj

r2nP
n mn

, (2)

where mn is the mass of the n-th member stellar particle
of the ELG, xni, xnj(i, j = 1, 2, 3) are the 3D position
vector of the particle with respect to the ELG center.
For this method, the weight 1/r2n is used, but the fol-
lowing results we show remain almost unchanged even
if we do not use this radial weight, as long as the sum-
mation is restricted to member particles of each ELG.

The ellipticity of a galaxy is (assuming the x3-axis as
the LOS direction):

✏1 ⌘ I11 � I22
I11 + I22

, ✏2 ⌘ 2I12
I11 + I22

. (3)

In the following we use either of Eq. (1) or (2) for the
inertia tensor. The column “�✏” in Table 1 gives the
intrinsic rms ellipticities for the new method (Eq. 1),
showing that the new method gives a larger �✏ ⇠ 0.4
than that of the usual method, �✏ ⇠ 0.3 as shown in Shi
et al. (2021).

The IA power spectrum between matter density field
�m and E-mode shear field �E is estimated following the
method in Kurita et al. (2021):

h�E(k)�m(k0)i ⌘ (2⇡)3�D(k + k0)P�E(k), (4)

where �E(k) = �1(k) cos 2�k + �2(k) sin 2�k is the E-
mode decomposition of galaxy shear in Fourier space
and �1,2 = ✏1,2/(2R) (R ⌘ 1 � h✏2i i is the responsivity
as defined in Bernstein & Jarvis 2002). The non-linear
alignment model (Blazek, McQuinn & Seljak 2011) pre-
dicts

P�E(k, µ) = �AIAC1⇢cr0
⌦m

D(z)
(1 � µ2)P��(k, z), (5)

where P��(k, z) is the non-linear matter power spectrum
at redshift z, D(z) is the growth rate, and C1⇢cr0 =
0.0134 for convention (Joachimi et al. 2011). The
dimension-less coe�cient AIA is an indicator of the IA
strength (Shi et al. 2021).

4. RESULTS

In this section we show the main results of this pa-
per. Fig. 2 shows that our new estimator of ELG shape,
defined by Eq. (1), allows for a clear detection of the

monopole moment of P (0)
�E (k) at z = 1.5, while the con-

ventional shape method gives only an upper limit on
the cross-power spectrum in low k bins. To be more
quantitative, the new method gives more than a ten-
fold boost in the P (0)

�E amplitude over the range of k
bins we consider. Recalling that the TNG300 simula-
tion has a small volume of ⇠ 0.0086 (h�1Gpc)3, this re-
sult means that upcoming galaxy surveys covering more
than 1 (h�1Gpc)3 volume enables a significant detection
of the IA signal. The IA signal in smaller k bins contains
cleaner cosmological information, and a fitting of the
model (Eq. 5) with the measured power spectrum over
the three lowest k-bins (up to k ' 0.4hMpc�1) gives
AIA = 12.86 ± 2.83, 4.5� detection, while AIA for the
standard method is consistent with a null detection at
2� level (AIA = 3.2±2.0). Is this new IA estimator opti-
mal? To address this question, Fig. 2 also shows the IA

Shi, Osato, Kurita & Takada (’21)
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Figure 1. A simulated i-band image of the region around an example ELG at z = 1.5, made from the TNG300 simulation
data. Left panel: The original image of the ELG region. Middle: The simulated image taking into account the 0.600 FWHM
seeing e↵ect , the total system throughput of the Subaru telescope (0.5), and the sky background noise at the Subaru site,
assuming texp = 1, 200 sec for the exposure time and the i-band filter transmission. Right: Similar to the middle panel, but it
shows only the pixels with S/N > 3 within an aperture of radius 500h�1kpc around the ELG. The legend gives the stellar mass
and the half-stellar-mass radius of the ELG, and the halo mass and the virial radius of the host halo.

Volmerange 2019). Each stellar particle represents
a single age stellar population. First, we construct
the table of SEDs for di↵erent metallicities Z =
[0.0, 0.0001, 0.0004, 0.004, 0.008, 0.02, 0.05, 0.1] up to the
age of 100Myr. Then, for each particle, we allocate
SEDs by linearly interpolating the table with respect
to the metallicity and age. The attenuation due to
di↵use interstellar medium and dust is taken into ac-
count in PÉGASE.3. Using the rest-frame luminosity
per unit wavelength and the luminosity distance to the
galaxy redshift (e.g. z = 1.5), we calculate the observer-
frame flux per unit wavelength. Then we include the
filter transmission to calculate the noise-free and PSF-
free photon counts in each pixel of the simulated im-
age, taking the x3-direction as the line-of-sight direc-
tion, as shown in the left panel of Fig. 1. In doing
these we assume the atmosphere transparency of 1.0,
the aperture of the 8.2m Subaru Telescope, the total
system throughput of 0.5, texp = 1, 200 sec for the expo-
sure time, and the transmission of i-band, more exactly
the i2-filter of Subaru HSC2 that has a transmission
curve over 689 < �/[nm] < 845. We generate a sim-
ulated image of each ELG in 1282 pixels for a square
region of 1 (h�1Mpc)2 around the ELG. The pixel size
is 7.8h�1kpc corresponding to 0.53 arcsec for a galaxy
at z = 1.5.

2 https://www.subarutelescope.org/Observing/Instruments/
HSC/sensitivity.html

We then include the atmospheric e↵ects. The turbu-
lence of the atmosphere smears the image resolution –
the seeing e↵ect. To model the seeing e↵ect, we con-
volve the above observer-frame image with a 2D Gaus-
sian function with FWHM= 0.6 arcsec, which is a typical
seeing size of the HSC data (Aihara et al. 2018). In addi-
tion, the sky itself emits light – the sky background. As-
suming the sky background dominated regime, we gen-
erate the random noise in each pixel, assuming a Gaus-
sian distribution with width �sky = 2849e�/s/arcsec2

(electron counts per second per arcsec2 solid angle) and
texp = 1, 200 sec for the exposure time, where �sky is
obtained from the HSC ETC3 assuming an observation
at 7 days after new moon with moon-object distance of
90 degrees. Our simulated image fairly well reproduces
ilim ' 25.7 for the 5� limiting magnitude (200 aperture)
for a point source as obtained in the HSC ETC, and this
depth is roughly equivalent to the depth of the ongoing
Subaru HSC survey (Aihara et al. 2018).

Fig. 1 shows the simulated image in the region around
an example ELG. This ELG resides at the central sub-
halo, and the host halo has the virial radius R200 '
1h�1Mpc (M200 ' 7.4⇥ 1013 h�1M�), greater than the
panel size, whilst the ELG itself has a half-stellar-mass
radius of R⇤ ' 46 h�1kpc, much smaller than R200.
The figure shows that the ELG is surrounded by satel-
lites or many building blocks, which would accrete onto
the ELG to form a bigger galaxy at lower redshifts. The

3 https://hscq.naoj.hawaii.edu/cgi-bin/HSC ETC/hsc etc.cgi
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Galaxy intrinsic shape & spin/angular momenta are not the 
systematics to be removed, but can be probes of large-scale 

structure and primordial universe

Delivering a large scientific benefit from galaxy surveys:

• New ideas to test/constrain cosmology

• Development of techniques and methodologies

• Theoretical framework and its application to observations

Scope of this workshop

 Also providing a unique channel that cannot be 
accessed by conventional galaxy clustering

Scope of this workshop

Exchanging ideas and discussing recent progress
we hope to initiate new projects and to develop collaboration

(dark matter, dark energy, modified gravity, …)
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accessed by conventional galaxy clustering
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Hopefully we shall present our achievements at in-person 
workshop next year !
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