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INTRODUCTION

Granular systems are constituted by macroscopic grains that collide
Inelastically so that the total energy decreases with time

Behaviour of granular systems under many conditions
exhibit a great similarity to ordinary fluids

Rapid flow conditions: hydrodynamic-like type equations. Good
example of a system which is inherently in non-equilibrium

Dominant transfer of momentum and energy is through
binary inelastic collisions. Subtle modifications of
the usual macroscopic balance equations

To isolate collisional dissipation: idealized microscopic model
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Smooth hard spheres
with inelastic collisions
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FIG. 1: Sketch of inelastic collisions (after T.P.C. van Noije & M.H. Ernst).
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Momentum conservation vi+vo=v}+ v}

Collisional energy change

1
AB = Zm (vi2 4+ 082 — 0} — 03) = —2:(1 — a?)(V12:5)?

Very simple model that captures many properties of granular flows,
especially those associated with dissipation
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In real experiments, external energy must be injected into the system to
compensate for the energy lost by collisions. Nonequilibrium steady
states. Most of the simulations are carried out under steady
state conditions (external nonconservative forces)

The effect of the interstitial fluid (like air) surrounding the grains is
usually neglected in most of the theoretical works

At a kinetic theory level, description of gas-solid flows Is intricate:
(1) there are two different phases and (ii) set of two coupled Boltzmann equations
for each one of the phases

Both previous effects can be modeled by the introduction of external forces
(" "thermostats™)
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Driven granular monocomponent granular gases

Inspired in Andrea Puglisi and coworkers. Interaction of a granular gas with
a thermal bath at fixed temperature

of

Operator representing the effect of an external force on solid particles

Thermostat constituted by two different terms: (i) viscous drag force plus (i)
stochastic force
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F = Fdrag _I_ FSt

Viscous drag force proportional to the velocity of particles. This force attempts to
model the friction of solid particles on the surrounding interstitial gas

FO29 = —myy, (v — Uy)

or drift coefficient Flow velocity of the interstitial gas
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Stochastic force: tries to simulate the kinetic energy gain due to
eventual collisions with the more rapid molecular surrounding gas.
It does this by adding a random velocity to each particle between
successive collisions.

[Williams and MacKintosh, PRE 54, R9 (1996)]

Gaussian white noise. It is represented by a Fokker-Planck operator in the BE

~—
jE‘Stf N 1 62 0 f van Noije and Ernst,
4 b U2

27°9 GM 1, 57 (1998)

Strength of the correlation
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Boltzmann equation for driven granular gases

of 0 1 ,0%f
i@tf—FV'Vf—WbAU'@V—’Yb@V'Vf—2 2@02 = JIf, fi

AV =Ye Ug vV =Wl

Similar kinetic equation to a model for gas-solid suspensions
(VG etal. J. Fluid Mech. 712, 129 (2012))
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Boltzmann equation for driven granular mixtures

There is some flexibility in the choice of the external forces for mixtures
since either one takes both forces to be the same for each species or they can be
chosen to be functions of mass of each species

To cover both possibilities fzfz — fidragqu + f@Stfz

0
=gy V= Ua)
FZ fZ_ 2mA8U2fZ

(/
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Particular choices: | 1, Stochastic thermostat (v = 0, X = 0)

82 (Henrique et al. PRE 63, 011304 (2000);
F f __gtz) fz Barrat and Trizac, GM 4, 57 (2002),
Ov? Dahl et al. PRE 66, 041301 (2002))

2. FokkersPlamek moselNe Goe= Tn =0\-=40 _SeUr—7)

Fifi = i 9%, (v-U)f; - L2

m; OV 2m 2 Ov2 fz

(Hayakawa, PRE 68, 031304 (2003)
Sarracino et al. JSTAT P04013 (2010))
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Results derived from this Boltzmann equation could be applicable to bidisperse
granular suspensions at low-density
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MACROSCOPIC BALANCE EQUATIONS

Hydrodynamic fields n;(r,t) = /dvfi(r,v,t)
U(r,t) = ( 5 Z/dvmzvfz(r v, t)
T(r,8) = — t)Z/dv—(v—U) £(r, v, b)

Collision operators conserve the particle number of each species and the total
momentum but the total energy is not conserved.

/dVJij =0 Z/dV{mz > v }JZJ = {0, dfn;C}
Cooling rate
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Balance equation for the partial densities

Din; +n,V-U+m;1v.j; =0

Balance equation for the flow velocity

DU + V- P = —y, (AUzmnz-l-Z L )|

Balance equation for the granular temperature

2
(Dt_I_C)T‘Fk(P VU4 V. q)_nzv .]z:_ ’YDZ

. m; dn

Di=0t+v-V
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Mass flux of species i

=m; [ dv'V fi(v)

Pressure tensor

>
B [ dvmVV £i(v)

Heat flux

q—z [ av TRV fi(v)
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HOMOGENEOUS STEADY STATES (HSS)

Most simple situation: the partial densities and temperature are
spatially uniform and with a selection of frame of reference

Partial temperatures: associated with the kinetic energy of species |

T, =22 [ dv o2 fi(v)
dni
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Extension to dense gases (Enskog equation) is quite simple J Fo X1j Jz]

After a transient regime, the system achieves a steady state. The (asymptotic)
steady partial temperatures obey the coupled equations

2
5 b G = T

{

Partial cooling rates ~ Ci =

Z [ ave?ail £

dnZ
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Elastic collisions

When both partial distribution functions are Maxwellian distributions
at the same temperature, then partial cooling rates vanish and

&b
A—B—1

(

Tzel i
2vpm

Energy equipartition is fulfilled for equal masses orwhen A — 5 =1

Equivalent to " Fluctuation-dissipation™ relation

5% mimoy

2o (@) e GO =110

3

“Bath temperature” TS =T}, =
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Dimensional analysis requires that the distribution functions have
the scaled forms

f?,(vaf)/b &.b) - nzvth Pi (wl,C,g*,”y*j

vth = /2T/m, € =V /vt

2
5* _ gb *x __ b - w*£*1/3

d— i d—1 i
noys LmA— 1T’Uth n012 mPop

Scaled distributions verify the BE

1.0 il e TR 1 &+ 92

Sy TRyt TGN - = T -— :
2% po ¥ 20> Ty;0c T aM}ocRT T Z iilei @5

il B
¢ = Ci/nols v, M;=myfm,  x;=T;/T
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Once the scaled distributions are obtained , the partial cooling rates
can be determined and hence the partial temperatures

A—1— _ as2—1
i N (G TE S i Ve P S
T =T/T,, T"=T/Tp,=z1T7 + 2215
Well-possed mathematical problem: partial temperatures are given in terms of

the model parameters, concentration, and the mechanical parameters
of the mixture

Unfortunately, the scaled distributions are not exactly known
for inelastic collisions
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A good estimate for the scaled distributions Is to consider
the low order truncation in a Laguerre (Sonine) polynomial expansion

d(d =+ 2)
=l

e % lefc“ — (d+ 2)8;c* -

pi(c) — ¢; m(c) {1

2

_d/2.d/2 e *
pim(c) = d/297;/ M T o )

Deviations of the scaled distributions from their Maxwellians forms
(kurtosis or cumulants)

XN =2 Q/dccgo(c)—ll

[d(d )

As usual, only linear contributions in cumulants are retained
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Comparison against MD simulations for dense systems (hard spheres)
(Khalil and VG, J. Chem. Phys. 140, 164901 (2014))
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FIG. 3. Case I: Plot of the temperature ratio T/T; and the cumulants 4; and
»2 as a function of the mass ratio m/mz for o1/o2 = ¢1/¢$2 = 1, and two
different values of the (common) coefficient of restitution «: o = 0.8 (solid
lines and circles) and @ = 0.9 (dashed lines and squares). The lines are the
Enskog predictions and the symbols refer to the MD simulation results. The
first, second, and third columns correspond to ¢ = 0.00785, ¢ = 0.1, and ¢
= 0.2, respectively.
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FIG. 4. Case II: Plot of the temperature ratio T1/T> and the cumulants 4,
and A2 as a function of the size ratio o (/a2 for mi/mz2 = ¢1/¢p2 = 1, and two
different values of the (common) coefficient of restitution o: & = 0.8 (solid
lines and circles) and & = 0.9 (dashed lines and squares). The lines are the
Enskog predictions and the symbols refer to the MD simulation results. The
first, second, and third columns correspond to ¢ = 0.00785, ¢ = 0.1, and
¢ = 0.2, respectively.
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FIG. 5. Case III: Plot of the temperature ratio 7}/7T> and the cumulants A,
and A7 as a function of the composition ¢ /¢, for m;/my = o /oy = 1. and
two different values of the (common) coefficient of restitution «: o = 0.8
| (solid lines and circles) and e = 0.9 (dashed lines and squares). The lines are
the Enskog predictions and the symbols refer to the MD simulation results.
The first, second, and third columns correspond to ¢ = 0.00785, ¢ = 0.1, and
¢ = 0.2, respectively.

mi/mo = 8,01/00 = 8
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CHAPMAN-ENSKOG SOLUTION

The HSS is perturbed by small spatial gradients. Nonzero contributions
to the mass, momentum, and heat fluxes. Boltzmann equation can be solved
by means of the Chapman-Enskog method

Normal or hydrodynamic solution. For times longer than the mean free time
fi(r,v,t) = fi[v|z1(r,t), p(r,t), T'(r,t), U(r, ¢)]

This functional dependence can be made local in space and time through an
expansion in powers of spatial gradients
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Ji= f@(O) 1 Gfi(l) 3l o2 fZ(Q) i

Implicit gradient of a hydrodynamic field

Some considerations:

(i) Driven parameters of the model do not induce any flux
(zeroth-order in gradients)

(i1) Difference of the mean velocities iIs assumed to be at least of
first order in gradients. In the absence of gradients U — Uy
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ZEROTH-ORDER DISTRIBUTION FUNCTION

o 1 &2 92
o115y {02 5")\ — 1% = S T N ]
m; j=1

Balance equations at zeroth-order

y
A =2, 3 3319[(3@ ¥ i Z _|_ c©

=1 My zlm

Steady-state condition: /\(0) — 0
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Steady-state condition establishes a mapping between the partial densities,
the pressure, and the temperature

Subtle and original point: Since the hydrodynamic fields are specified separately
In the local reference state, then the collisional cooling cannot be in general
compensated for by the energy injected in the system by the driving force

The presence of the external thermostat introduces the possibility of
a local energy unbalance

BRI 59" 6 I el O
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Local zeroth-order distribution

p(r,t)

—d * ok
r.t : C
T(I‘, t),Uth( ? ) 9071 (:’B17 J’Y 75 )

O, v, ) = 2;(r, 1)

The dependence of the zeroth-order distribution on temperature and pressure
Is explicit and also through the (reduced) velocity and driven parameters

o0 £ = =\ (Tor + p8y) 17

(0)

(Q) g W ®G )\ _ 3.+94;
T W= L _ S ; o M, 23, W CF,
(TOr + pdp) f; oo Wt

We are interested in obtaining the transport coefficents in the steady-state.
These coefficients depend on the derivatives of temperature ratio on concentration,
and driven parameters
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NAVIER-STOKES TRANSPORT COEFFICIENTS ‘

The first-order distribution function is

1 2
fi(l) == Ai'V:cl+B¢'VP+Ci'VT+Di,k£§ (VkUe AN afskev : U) +&V-U+G;-AU

The unknowns verify a set of coupled linear integral equations. They can be
solved approximately by considering the leading terms in a
Sonine polynomial expansion

Constitutive equations for the mass, momentum, and heat fluxes. Linear deviations
from the steady state. Transport coefficients evaluated when the
steady state conditions applies. Significant simplification
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Mass flux

jgl) LY (m1m2n) Dle—BDpr—%DTVT—DUAU
P p

Pressure tensor

1 2
Pk(e) = (8kU€ AR e U)

Heat flux

q(l) = —T?D"Vz1 — LVp — kVT — ky AU

(N. Khalil, VG PRE 88, 052201 (2013))
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Nine transport coefficients

S\ diffusion coefficient
Dy, pressure diffusion coefficient
D thermal diffusion coefficient
Dy; velocity diffusion coefficient
D Mla— Dufour coefficient
L pressure energy coefficient
K thermal conductivity
KU velocity conductivity

e -~ shear viscosity ]

These coefficients are determined at the steady state

A=
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Transport coefficients associated with the mass flux

D= — /dVV A1

dmon

Dp: rn;lp/dvv-lgl

T
DT: ml /dVV Cl

DU:—%/C‘VV'Q]_
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- = - 1 _— 1 2
Shear viscosity coefficient n = — DS 2;

/dV m;ViVeD; ke

Transport coefficients associated with the heat flux

2= 22: /dv—m VeaiVha A
AN T2 . 7’
1 2
= —3 Z fdv —mZVQV B,
="
1 2
K= —— Z /dv —mZVQV C;
di=1
i 1
fyb~ = > /dv “m;V2V - G;
=i
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As an example, let us consider the diffusion (coupled) transport coefficients

m11MmMonNn m11mMon
e Ve R S e )
pn11y pn217
B1(V) = -fiuV Dp, Ba(V)—= fouV Dy
1T1 2T2
C1(V) = —f1mV P _Dp, Ca(V)— f MV D

d/2 =
m; m;V
e (NS0, L e i
fz,M( ) n; (27TT7;) XD( 2,1_;)
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Simple limit case (tracer limit)

Relevant transport coefficient: tracer diffusion coefficient

pl’

D = D"
& ga 1/3
YD Hﬂw*g* /
m; 27’l'(d_1)/2
e - VD) (14 a12)po1y/ 112 + p21X
i A D dl‘(%) 12 21\/ 12581121961
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Brownian limit (ml/mg =7 OO) (Sarracino et al. JSTAT P04013 (2010))
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FIG. 3. (Color online) Plot of the self-diffusion coefficient D as
a function of the (common) coefficient of restitution @ = @y = a2
for a two-dimensional system (d = 2). The parameters of the system
are m; = 100m,, o) = o3, ¢ = 0.007 85, _E,f =0.2, and y = 0.1.
Symbols are the simulation results obtained in Ref. [30] by means
of the DSMC method (red diamonds) and MD simulations (black
circles). The solid line is the theoretical result obtained from Eq. (92)
for m; = 100m-, while the dashed line corresponds to the theoretical
result obtained from Eq. (95) in the Brownian limit (m /m,; — 00).
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Hard disks

1
T = 5,01/02 = 1,m3/mo :2|
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Qi 250

05 05 07 s (c) Stochastic bath with friction

0.1

D 0.05 |

(57 =02 N i = 2y

-0.05

(d) Undriven system
R (&6 = 1 = 0)

-0.1

Rheology of disordered particles - suspensions, glassy and granular materials, June 2018, Kyoto




1.2

1
2

(a')ml/mQ =1, 0.9

0.5 0.6 0.7 0.8 0.9 1

(b)m1/mo

|
N

(c)my/mo =4

Stochastic thermostat

(’Yb — = O) | 0.9

0.5 0.6 0.7 0.8 0.9 1

Rheology of disordered particles - suspensions, glassy and granular materials, June 2018, Kyoto




Stochastic bath with friction d=2

(TN =TS R =G
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Heat flux conjugate to temperature gradient (Onsager’s reciprocal relation)

(1)
Ji 2L KT]) g_l)—R,VT—LPVP—HJ,UAU

Jg=qMo d+2TZ

—1 ™y m1m2n2

TD” d+ 2n
—(mz —m1) —> Thermal diffusion (Soret)

R ie—

D 2
2TDIID . .
M Ik T ___, Thermal conductivity
mimonD
pQTD”D 18 )
Il = [ p > New coefficient; vanishes for
mymanl elastic collisions
/ PQTD”DU
H’U = iy —
mimonD
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| Thermal diffusion factor |

T =0 G N e o
Stochastic bath with friction

a)mi/mo = 0.5, (c)myi/mo = 2,(d)my/mo = 4

K(o)/er(1)
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Thermal conductivity coefficient |

mi/mp =1

1.4 }
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LINEAR STABILITY ANALYSIS OF THE HSS

We want to investigate the stability of the HSS with respect to long
enough wavelength perturbations.
Stability analysis of the nonlinear hydrodynamic equations with respect to HSS
for small initial excitations

HSS selution- vz .\ =&p, = VT, ="0, U, = =10

BT =0, 2M PxisyidCixis = M} 2e,i=1,2

This basic solution is stable or unstable to linear perturbations?
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We linearize the Navier-Stokes equations
with respect to the HSS solution. Deviations of the hydrodynamic
fields from their values in HCS are small

t1(r,t) = 15 + 0z1(r,t),p(r,t) = ps + op(r, 1),

U(r,t) = 0U(r,t),T(r,t) =Ts 4+ 6T (r,t)

To compare with the results derived for undriven granular mixtures:

Vs

CLrF T (0 B (o) & — dr
Uth,s
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Set of Fourier transformed dimensionless variables:

p1x(7T) = 6m1k(7), My () = D
L1s Ps

wi(7) = 6Uk(T)a O (1) = 5T;(T)
Uth,s S

oyg(T) = / dﬁe_ik'%yﬁ(f,’r)

OYkp = {Pl,ka My, W, Qk}
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Set of Fourier transformed dimensionless variables:

pr(r) = 2Ty = ST
L1H nmp
U)o ()
k(7) v (7) (T Ty (T)

Syiea(T) = / dle =% L5y (0, 7)

OYkp3 = {m,k, Pk> Wk Hk}
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As usual, transversal component of the velocity field is decoupled
from the other modes. This identifies “d-1" shear (transversal) modes

ow
aff_d = A Wk
o mp 77*,{32_'_,7* mp ) e Pl’mg Sk melf
. 2pT 26T . 7. U ol + m2)B
m
5m5 _— 18
(m1 + mp)

wy | (k, 7) = wy | (0)e L™

Transversal shear mode is linearly stable if )\ 1< @)
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For mechanically equivalent particles D;} =i(es A <O

For mixtures, it Is easy to prove that

- -
mp P

S el ]
p p1m] + pomh

Transversal shear mode is always linearly stable
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The remaining 4 longitudinal modes are coupled and are
the eigenvalues of a 4X4 matrix

The eigenvalues are the solutions of a quartic equation. In general, they can

be obtained by numerically solving this equaiton

Special simple case: mechanically equivalent particles of an inviscid fluid (k=0)

)\H = (Oa 0, _27*(”5_32 Sk :c15m5),)\J_) e
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General case

One of the longitudinal modes could be unstable for Lk < kc

The solutions to the hydrodynamic matrix leads to

3 TR Y
e e o L . e
| B B

An analysis of the ratio A/B on the control parameters shows that
this ratio is always positive. NO instabilites are found for the
longitudinal modes in driven granular mixtures
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CONCLUSIONS

v'Transport coefficients of a granular binary mixture driven by
a stochastic bath with friction have been explicitly obtained from
the Boltzmann kinetic equation. 9 relevant transport coefficients

v/ Stationary state has been considered for the sake of simplicity. However,
the form of these coefficients depends not only on the properties of the
steady state but also on the dynamics of the transport coefficients

In the vicinity of the state state

v'"Homogeneous steady state (HSS): Temperature ratio and cumulants. Comparison
between kinetic theory and MD shows excellent agreement for temperature
ratio but significant discrepancies are found for cumulants at high densities
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CONCLUSIONS

v'Although the impact of inelasticity on transport is in general important, it
Is less significant than in the undriven case

v'Application: stability of the HSS. Stability analysis of the
linearized Navier-Stokes hydrodynamic equations shows that the
transversal (shear) y longitudinal modes are stable
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