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Introduction



Equilibrium phase separation by attractive force
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Motility-induced phase separation with no attractive force

d𝒓!
d𝑡

= 𝑣$𝒏! + 𝜇 &
" #!

𝑭!" + 𝝃!

Active Brownian particles (2D)
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cos 𝜃!
sin 𝜃!

Motility

𝜃!

Translational noise

Fily & Marchetti, PRL (2012)
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= 𝜉!% Rotational noise

Exclusion

200µm

+ Motility

Buttinoni et al., PRL (2013) Liu et al., PRL (2019)
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Comparison of motility-induced & equilibrium phase separation

Motility

Attractive
force

Exclusion
Equilibrium

phase separation

Motility-induced
phase separation Exclusion

Critical phenomena
Siebert et al., PRE (2018); Partridge & Lee, PRL (2019)
Dittrich et al., EPJE (2021); Speck, PRE (2022)

Digregorio et al., PRL (2018)
Typical phase diagram (2D)

Phase
separation

Density

M
ot

ilit
y Lever rule

e.g., Shi et al., PRL (2020)
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Our focus: two classes of nonequilibrium phase separation

Motility

Exclusion

Motility-induced phase separation Phase separation under external driving
e.g., Schmittmann & Zia, “Statistical Mechanics of Driven Diffusive Systems”

Any connection?

Spatial anisotropy
will be the key

Attractive
force

External driving

Exclusion

Marro & Dickman (1999)
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Question

Luo et al., arXiv:2206.12574Yamauchi et al., arXiv:2008.10852

200μm

Effect of inhomogeneity Effects of anisotropy
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Substrate orientation Anisotropy of motility

Can anisotropic motility in active matter provide
a connection to externally driven systems?

?



We consider two models with anisotropic motility

d𝒓!
d𝑡

= 𝑣$𝒏! + 𝜇 &
" #!

𝑭!" + 𝝃!

Active Brownian particles (2D)
Nakano & KA, in prep.

Motility

d𝜃!
d𝑡 = −𝑎 sin 2𝜃! +𝜉!% Noise

Exclusion

Anisotropy

or

or

Active lattice gas (2D)
KA, Takasan & Kawaguchi, Phys Rev Research 4, 013194 (2022)

1 + 𝜀

1

1

1 − 𝜀

Motility

Biased hopping rate

Thompson et al., J Stat Mech (2011); Kourbane-Houssene et al., PRL (2018)

Rotation rate
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0 < 𝜀 < 1
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Connection to externally driven systems:
phase transition property



Anisotropic phase separation reminiscent of driven systems

𝜀 = 0.1 𝜀 = 1𝜌$ = 0.5

Homogeneous Phase separation

𝜀

Density 𝜌!

Phase
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boundaries

ℎ = 0.025

1 + 𝜀

1

1

1 − 𝜀

Marro & Dickman (1999)

Attractive
force

External
driving

?Motility

PRR 4, 013194 (2022)
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Approximate fluctuating hydrodynamic equation
Andreanov et al., PRE (2006); Lefèvre & Biroli, J Stat Mech (2007); Partridge & Lee, PRL (2019)

Trajectory
𝑃 𝜌!,' 𝑡 = @DB𝜌 exp −𝑆 𝜌, B𝜌

1 2 3 1 2 3 1 2 3

𝑡 = 𝑡( 𝑡 = 𝑡) 𝑡 = 𝑡*

𝜌(,+ = 𝜌*,, = 1 𝜌),+ = 𝜌*,, = 1 𝜌),+ = 𝜌*,+ = 1

Probability for trajectory
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/
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!
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!

"
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𝑠𝜌#,% 1 − 𝜌#/ 01 e+ ,-!,#.,-!&'(,# − 1 − 1 − 𝜌#. 01 e+ ,-!,#.,-!%'(,# − 1

Long-wavelength approximation with 𝜌",$ 𝑡 ∈ 0,1 → 𝜌$ 𝒓 ∈ 0,1
𝑆 𝜌, (𝜌 → −i,

!

"
d𝑡,d2𝒓/

%

(𝜌 𝜕&𝜌% − Δ𝜌% − 𝜌.%Δ𝜌% + 𝜌%Δ𝜌.% + 2𝜀𝑠𝜕1 1 − 𝜌 𝜌% + ℎ𝑠 𝜌/ − 𝜌. +
1
2
,
!

"
d𝑡,d2𝒓 /

%

2 1 − 𝜌 𝜌% ∇ (𝜌% 2 + ℎ𝜌 (𝜌/ − (𝜌. 2

e.g., Tauber, “Critical dynamics”MSRJD approach (functional integral ⇔ Langevin eq.)

𝜕-𝜌' = Δ𝜌' − 𝜌,'Δ𝜌' + 𝜌'Δ𝜌,' − 2𝑠𝜀𝜕0 1 − 𝜌 𝜌' − ℎ 𝜌' − 𝜌,' + 𝜉'
𝜉% 𝒓, 𝑡 = 0

𝜉% 𝒓, 𝑡 𝜉%) 𝒓3, 𝑡3 = 𝑀%%)𝛿 2 𝒓 − 𝒓3 𝛿 𝑡 − 𝑡3

𝑀%%) ≔ 𝛿%%) −2∇ ⋅ 1 − 𝜌 𝜌%∇ + 2𝛿%%) − 1 ℎ𝜌

PRR 4, 013194 (2022)
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Interpretation of hydrodynamic equation

𝜕%𝜌$ = Δ𝜌$ − 𝜌&$Δ𝜌$ + 𝜌$Δ𝜌&$ − 2𝑠𝜀𝜕' 1 − 𝜌 𝜌$ − ℎ 𝜌$ − 𝜌&$ + 𝜉$
MotilityDiffusion Rotation Noise

𝑠 ∈ {+,−}

𝜌( 𝒓, 𝑡
𝜌& 𝒓, 𝑡

𝑥

𝑦

PRR 4, 013194 (2022)
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Critical dynamics based on tree-level renormalization group

𝜕-𝜌' = Δ𝜌' − 𝜌,'Δ𝜌' + 𝜌'Δ𝜌,' − 2𝑠𝜀𝜕0 1 − 𝜌 𝜌' − ℎ 𝜌' − 𝜌,' + 𝜉'

𝜌 ≔ 𝜌+ + 𝜌,

𝜕-𝑚 = 1 − 𝜌 Δ𝑚 +𝑚Δ𝜌 − 2𝜀𝜕0 1 − 𝜌 𝜌 − 2ℎ𝑚 + 𝜉1

𝜕-𝜌 = Δ𝜌 − 2𝜀𝜕0 1 − 𝜌 𝑚 + 𝜉2

𝑚 ≔ 𝜌+ − 𝜌,

Exponential decay of 𝑚

Neglect irrelevant terms for anisotropic phase separation
Adiabatic approximation 𝜕%𝑚 = 0

𝜕%𝜙 = 𝜏'𝜕')𝜙 + 𝜏*𝜕*)𝜙 − 𝑎𝜕'+𝜙 + 𝑢𝜕')𝜙, + 𝜉

Density 𝜌!

Phase
separation

HomogeneousM
ot

ilit
y
𝜀

Critical
point

𝜙 𝒓, 𝑡 ≔ 𝜌 𝒓, 𝑡 − 𝜌!

PRR 4, 013194 (2022)
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Connection to externally driven systems: transition property

𝜕%𝜙 = 𝜏'𝜕')𝜙 + 𝜏*𝜕*)𝜙 − 𝑎𝜕'+𝜙 + 𝑢𝜕')𝜙, + 𝜉

Præstgaard et al., Eur Phys J (2000)
Same as critical dynamics of randomly driven lattice gas

Attractive force

Temporally random
external driving

or
Anisotropy

Motility

Active lattice gas Randomly driven lattice gas
M

ot
ilit

y

by H. Nakano
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PRR 4, 013194 (2022)
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Præstgaard et al., Eur Phys J (2000)



Connection to externally driven systems:
homogeneous state property



𝜀

𝜌$

M
ot

ilit
y 
𝜀

Density 𝜌!

Phase
separation

Homogeneous

Singular structure factor & long-range correlation

𝑆 𝒌

Exponential decay of 𝐶(𝒓)

cf. Typical equilibrium
models

Density correlation function 𝛿𝜌" ≔ 𝜌" − 𝜌!

Structure factor 𝑆 𝒌

𝜌" = 0𝜌" = 1
Fourier transformation

𝐶 𝒓" − 𝒓- ≔ 𝛿𝜌" 𝛿𝜌-

Inverse Fourier transformation

Power-law decay of 𝑪 𝒓
𝐶 𝒓 → ∞ ∼ −𝑥) + 𝑦) /𝑟+

Singularity of 𝑺 𝒌 at 𝒌 = 𝟎

𝑆 𝑘' = 0, 𝑘* → 0 < 𝑆 𝑘' → 0, 𝑘* = 0

𝜌$ = 0.6
𝜀 = 0.2

Schmittmann & Zia (1995)

PRR 4, 013194 (2022)
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Generic singularity of structure factor in homogeneous state

𝑆345 𝒌 = 1 − 𝜌$ 𝜌$
2ℎ + 1 − 𝜌$ 𝒌) 𝒌) + 4𝜀) 1 − 𝜌$ 𝑘0)

2ℎ + 1 − 𝜌$ 𝒌) 𝒌) − 4𝜀) 1 − 𝜌$ 2𝜌$ − 1 𝑘0)

Simulation Plot of 𝑆./0 𝒌

Anisotropic motility 𝜺 Singularity of 𝑺 𝒌 regardless of parameter details

PRR 4, 013194 (2022)
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Connection to externally driven systems: homogeneous state property

by H. Nakano

or
Anisotropy

Motility
Active lattice gas Randomly driven lattice gas

Attractive force

Temporally random
external driving

Spatial anisotropy + violation of the detailed balance
e.g., Schmittmann & Zia, Phys Rep (1998)

PRR 4, 013194 (2022)
14/15



Universal properties of active & driven systems with anisotropy
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ℎ

1
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attractive force

Active matter
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＋Spatial
anisotropy

＋External
driving

Anisotropic phase separation

Singular structure factor

KA, Takasan & Kawaguchi, Phys Rev Research 4, 013194 (2022)
Nakano & KA, in prep.

Active lattice gas
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