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• Mixed physical property • Scale-dependent behavior

Viscoelasticity

SolidLiquid

Parnell, T. et al. Eur.J.Phys. (1984)
Time scale

What is crossover of scaling law? : Soft/compex matters 

Fardin, Rheology Bull. 2014, 
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• Crossover of scaling is the process of transition of scaling law by continuous 
change of scale parameter
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What is crossover of scaling law?



Motivation of my study

• How can we characterize scale-dependent behaviors and mixing properties?

• How can we integrate two different behaviors, two different scaling law?

• Self-similarity
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Intermediate asymptotics

idealized region nonidealized
region

What is crossover of scaling law in terms of self-similarity?

Self-similar solution

• Scaling law
→ intermediate asymptotics

• Crossover of scaling law
→ self-similar solution

Barenblatt, Scaling (CUP 2003)



Viscoelascitiy on contact mechanics

• Velocity-dependent behaviors derived from viscoelasticiy
appear.

• The viscoelasticity derived from the adhesion is dominant 
for contact though here I focus on the viscoelasticity from 
bulk.

Viscoelasticity(adhesion)

Viscoelasticity(bulk)
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Research Strategy

• A stability of scaling laws can be understood by intermediate asymptotics. The convergence of self-
similar solution to a finite limit gives the asymptotic expression of scaling law.

• Incomplete convergence of scaling law generates the transition of scaling law?

• What is a self-similar solution that describes the transition from elastic impact to viscoelastic impact?

Strategy
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Experimental set up

Polydimethylsiloxane

High speed camera
(FASTCAM SA1.1)
Flame rate = 10000 f sec-1

ρ=7800 kg/m3
R= 3.0, 4.0, 5.0, 7.0, 8.0 mm

https://arxiv.org/abs/2203.00253

E ≃ 0.78 MPa
μ = 141 Pa⋅s
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R = 8.0 mm
Vi = 390 mm/s
ρ=7800 kg/m3

Mettalic ball

R = 8.0 mm
Vi = 750 mm/s
ρ=7800 kg/m3

Mettalic ball

R = 8.0 mm
Vi = 1290 mm/s
ρ=7800 kg/m3

Mettalic ball

R = 8.0 mm
Vi = 2302 mm/s
ρ=7800 kg/m3

Mettalic ball

Dynamical impact of sphere on R = 8.0 mm
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R = 8.0 mm
Vi = 390 mm/s
ρ=7800 kg/m3

Mettalic ball

R = 3.0 mm
Vi = 471 mm/s
ρ=7800 kg/m3

Mettalic ball

R = 4.0 mm
Vi = 430 mm/s
ρ=7800 kg/m3

Mettalic ball

R = 6.0 mm
Vi = 369 mm/s
ρ=7800 kg/m3

Mettalic ball

Dynamical impact of sphere on vi = 400 mm/s
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The maximum deformations and the impact velocities
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𝜂1/3 : elastic impact (Chastel et al, J. Fluids Mech, 2016)
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• The similarities of the attractors of 
deformations is found.

• A scaling relation between the contact 
times and the impact velocities.

Time evolution of deformation on the impacts

R = 8.0 mm
Vi = 2302 mm/s 13



𝜎 : stress
𝜖 : strain

Maxwell Viscoelastic Foundation model

https://arxiv.org/abs/2203.00253
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• Z << 1 corresponds to elastic energy estimation
• Z ~   1 corresponds to viscoelastic energy estimation 

Maxwell Viscoelastic Foundation model
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CGR solution

Chastel et al., J. Fluid Mech., 2016. 

How to construct a self-similar solution 

Step 1 : Start from a scaling law of the elastic regime

Step 2 : define a dimensionless number composed 
of the scaling law.
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Step 3 : construct a self-similar solution by 
identifying  an interfering dimensionless:

The self-similar solution

The interfering dimensionless 
number: An inverse Deborah 
number.

CGR sollution
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How to construct a self-similar solution 



Hierarchical structure of self-similarity 

elastic viscoelastic

small large

18Perturbation method



Conclusion

• Crossover of scaling law corresponds to a self-similar solution. : There is a self-similar solution that 
connects different scaling laws.

• There is a scaling law for the contact time and the impact velocity experimentally, which validate the 
Maxwell foundation model.

• Finally, the phenomena is reduced to two dimensionless number, 𝚿 and Z, elasticity/kinetics and 
viscosity/elasticity.

• The self-similar solution naturally appears as the extension of the scaling law of the idealized region 
to the non-idealized region. 

Main results in this study

https://arxiv.org/abs/2203.00253 19

• Can we find the algorithm to find the similarity variables to get data collapse/self-similar solution?

• What is the relation between phase transition phenomena?

Future and ongoing works



Scale invariance of dimensionless numbers

Scale invariance

×

○

○

Scale transformation Self-similar solution

the first class the second class

• Scaling 
behavior

• Dynamical 
balance

• Scale 
dependence
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