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Extension of Entropies to Heat Conduction

Need a GLOBAL viewpoint for Heat Conducting systems

Which is the steady state ?



Global thermodynamic structure with Global temperature

T2

p

T1 T̃ T̃

p
Thermodynamically 

 equivalent 

ε = |T2 − T1 |
T1

S = S(T̃, p, N) + O(ε2) μ̃ = μ(T̃, p) + O(ε2)
H = H(T̃, p, N) + O(ε2) p = p(T̃, ρ̄) + O(ε2) etc

dH = T̃dS + Vdp + μ̃dN + O(ϵ2)
G = H − T̃S + pV + O(ϵ2)

Thermodynamic relations in linear response regime

G = μ̃N

The degree of non-equilibrium



Global Temperature

mean kinetic energy of the system

⟨K⟩ = 3N
2 T̃

T2

T1 x
T̃

T̃ = T1 + T2
2 + O(ϵ2)

mean temperature

ε = |T2 − T1 |
T1

T̃ =
∫ Lx

0 ρ(x)T(x)dx

∫ Lx

0 ρ(x)dx



Additivity ?

Liquid Gas

+
H = HL + HG

N = NL + NGS SL SG

SL = S(HL, p, NL) SG = S(HG, p, NG)

Question

No ! T̃L = T̃G

$ = SL + SG ? Thermodynamic additivity?

$ = SL + SG + ϕψ unknown intensive quantity

unknown extensive quantity

ϕ ∝ J

Ψ

to be answered



Simultaneous Extension of Thermodynamic and Variational Entropies

1
T̃

= ( ∂S
∂H )

p,N,ϕ

V
T̃

= − ( ∂S
∂p )

H,N,ϕ

μ̃
T̃

= − ( ∂S
∂N )

H,p,ϕ
Ψ = ( ∂S

∂ϕ )
H,p,N

HL = HL(H, p, N, ϕ) NL = NL(H, p, N, ϕ)

$(ℋL, )L; H, p, N, ϕ) = SL + SG + ϕψ
S(H, p, N, ϕ) = SL + SG + ϕΨ

ℋL
HL

$

S(H, p, N, ϕ)
S(H, p, N, ϕ) = max $(ℋL, )L; H, p, N, ϕ)

ℋL, )L

(HL, NL) = arg max $(ℋL, )L; H, p, N, ϕ)
ℋL, )L



Conditions

1
T̃

= ( ∂S
∂H )

p,N,ϕ

V
T̃

= − ( ∂S
∂p )

H,N,ϕ

μ̃
T̃

= − ( ∂S
∂N )

H,p,ϕ
Ψ = ( ∂S

∂ϕ )
H,p,N

dS = dH
T̃

− V
T̃

dp − μ̃
T̃

dN + Ψdϕ T̃ =

R
⇢(x)T (x) dxR

⇢(x) dx

(1)

(2)

(3)

S(H, p, N, ϕ) = max $(ℋL, )L; H, p, N, ϕ)
ℋL, )L

Thermodynamic variables (H, p, N, ϕ)



Results

$(ℋL, )L; H, p, N, ϕ) = SL + SG + ϕψ

ϕ = T2 − T1
Tc(p) ψ = ℋG)L − ℋL)G

2NTc(p)

S = SL + SG + ϕΨ

̂q(p) = ĥG(p) − ĥL(p) latent heat 

Unique extension of Entropy

S(H, p, N, ϕ) = max $(ℋL, )L; H, p, N, ϕ)
ℋL, )L

Variational function

Thermodynamic function

Ψ = ̂q(p)
Tc(p)

NLNG

2NΨ = HGNL − HLNG

2NTc(p)

X

T(x)

xT1

T2

p

J JH



Interface temperature θ and meta-stable states

θ − Tc(P) = X(Lx − X)
2Lx [ |J |( 1

κG − 1
κL ) − |T2 − T1 |

Lx

V
N (ρL − ρG)]

Heat flow stabilizes meta-stable local states.

J JLiquid GasSuper-cooled 
Gas

Tc(p)

x

T(x)

X
θ

p

κL/G heat conductivity of liquid or gas

ρL/G density of liquid or gas



95.2 ∘C

X/Lx = 0.4086

p = 1013 hPa

95 ∘C 105 ∘C

Prediction from Global Thermodynamics

H2O in atmospheric pressure

μL(X−) ≠ μG(X+)



Summary of Global Thermodynamics

T1 T2

T1 T2

p

J J(H, p, N, ϕ)

(T̃, p, N, ϕ)

(T̃, V, N, ϕ)

super-cooled gas

T̃ =
∫V ρ(r)T(r) dr

∫V ρ(r) dr

Numerical Verification in the Next Talk! 
Experimental studies are now in progress.

θ − Tc(P) = X(Lx − X)
2Lx

|J |( 1
κGc

− 1
κLc ) − |T2 − T1 |

Lx

V
N (ρL

c − ρG
c )

ϕ = T2 − T1
Tc(p) Ψ = ̂q(p)

Tc(p)
NLNG

2N

Steady States

Global Temperature

intensive and extensive variables

Thermodynamic 
Equivalence


