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2.  glassy systems without permanent extrinsic disorder… disorder is self-generated (?)

structural glasses glass forming frustrated magnets

see K. Mitsumoto’s talk 

[Q] What is self-generated randomness?

Glass forming systems

1. glassy systems with “permanent” extrinsic disorder

spin-glass, vortex glass,  pinned CDW, … 



Introduction



p-spin model 

function node with p arms

variable node with c arms
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N � c � 1

1. “Random” graph

2. “Regular” graph

B) Global coupling
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c / Np�1

contribution of loops can be neglected…Bethe lattice
saddle point computations become possible

a) Ferromagnet
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J⌅ = J

b) Spinglass
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J⌅ Gaussian with zero-mean and unit variance

Kirkpatrick-Thirumalai-Wolyness,
Cugliandolo-Kurchan, Frans-Parisi, Monsasson,…. 

..played very important roles in development of 
1st principle mean-field theories for glasses
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Random Energy Model (REM) and  p-spin Spin-Glass Models
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B. Derrida, PRL 45,  79 (1980) 

b) Spinglass
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J⌅ Gaussian with zero-mean and unit variance

B) Global coupling
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Random Energy Model

Model

B. Derrida, PRL 45,  79 (1980) 
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� = ↵/p

Thermodynamics

spin-glass transition (or Kauzmann transition)

complexity
(entropy)

replica theory with 1RSB recovers these results

peculiarity:  <latexit sha1_base64="3VBMWfUs7BEEbUk6aypBQ3hqjb8="></latexit>

qEA = 1 always jammed, no melting (dynamical transition)
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REM in the ferromagnetic p-spin model



Ferromagnetic p-spin model with dense/global coupling
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FIG. 12. Free-energy function and equation of state of the p-spin ferromagnets. In the case p > 2, the m = 0 solution
(paramagnetic phase) remains as a metastable state down to T = 0 (A = 1). In this m = 0 sector, we will look for glassy
phases later. Contrarily, in the case p = 2, the m = 0 solution becomes unstable below the ferromagnetic transition temperature
Tc. In this case we are forced to introduce strong quenched disorder to eliminate the ferromagnetic phase so that glass transitions
become possible. (Note: this is the situation with the linear-potential Eq. (III.22). With non-linear potentials like the hardcore
potential, Eq. (III.23) glassy phases can emerge even with p = 2 [15]. )
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Free-energy landscape with dense or global coupling

Glass transition in 
super-cooled paramagnetic phase?

Ferromagnetic  p-spin model

a) Ferromagnet
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J⌅ = J

A) Dense coupling   /    B) Global coupling



Glass transition has been found ferromagnetic p=3 model on sparse “random” graph
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N = 2D

Can we get rid of “randomness” completely?
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A. G. Cavaliere, T. Rizzo and HY in progressEX. “Regular” graphs on D-dim hyper-cube



Distribution of energy in the ferromagnetic p-spin model
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J⌅ = J
HY (in preparation)HY, SciPostPhys 4, 6 (2018)

regular-regular graph

Loop corrections

global coupling

regular-random graph

…

qualitatively similar to the above
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Numerical check by exact enumeration
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A. G. Cavaliere, T. Rizzo and HY in progress
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Dense coupling Global coupling

p=3 ferromagnetic model on Regular dense graph
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Mean-field theory for the glassy supercooled-paramagnetic 
phases of the ferromagnetic p-spin model



Replica theory
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Legengre transform

“explicit RSB”  G. Parisi and M. A. Virasoro, 
Journal de Physique 50, 3317 (1989).

How to obtain free-energy functional (with/without quenched disorder)

Evaluate this by cumulant 
expansion
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Diagramatic expansion:  (1) “G” does not contain disconnected diagrams  (2) “F” does not contain 1PR (one-particle-reducible) diagrams

Contribution of higher-order terms including loops are negligible when we are lucky:  
 1) Gaussian spin-glass 2) disorder-free model in “dense limit”

This strategy works well to obtain exact free-energy functional of disorder-free glassy systems in large-d limit

replicated liquid theory Mezard-Parisi (1999), Kurchan-Parisi-Zamponi (2012)

disorder-free spin models  
in “dense” network

Yoshino, SciPostPhys 4,40 (2018)  and in preparation 

Cavaliere-Nagasawa-Yokoi-Obuchi-Yoshino(in preparation) (see A. G. Cavaliere’s poster)
(see K. Mitsumoto’s talk)Mitsumoto-Yoshino(2023)

1+d dim replicated liquid   Tomita-Yoshino (in preparation)(see Y. Tomita’s poster)

1+d dim systems

p-spin model put in layered geometry 
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L

(see Y. R. Hamano’s poster)

Deep Neural Network   Yoshino SciPostPhys Core 2, 5 (2020),  arXiv:2302.07419
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[Q] Really self-generated randomness?

Still something hidden under the carpet…



<latexit sha1_base64="WhLh/rBYLBZY//nRXg8I9pMUByE="></latexit>

P (1) =

Z 1

0
dxp(x)P (1;x) =

T

TK
+O(

T

TK
)2

<latexit sha1_base64="7TfIS/b8b7PpF57WY2XkVP2tPi4="></latexit>

P (y) = yT/TK � 1

<latexit sha1_base64="ssR8sWnCMbxCcFSQ3BTozrmQ7HI="></latexit>

Z = 1 + y y = e���E1

<latexit sha1_base64="nK9IJEGNFIwzvrdyPTBaS9EmKXs="></latexit>

P (1; y) =
1 + y2

(1 + y)2
<latexit sha1_base64="ed8LJPbqNsrrYMiY/JV9iif1KDg="></latexit>

P (0; y) = 1� P (1; y)

<latexit sha1_base64="BdYdLLKhREJLqawP7JYWZq2XPTk="></latexit>

q

<latexit sha1_base64="e5H/eUt8Q6TXMbkLrpazr1oTHcM="></latexit>

P (q)

<latexit sha1_base64="nzrMRkjL5A59U+PDhsSIhkn+b3M="></latexit>

0
<latexit sha1_base64="6mKL5/rxfMdxo+HQE3nmbJFbjFc="></latexit>

1

two level system

average over samples

distribution of overlaps

<latexit sha1_base64="9CClp6kIU8A45+MM+pY9E4adfao="></latexit>

P (0; y)

<latexit sha1_base64="BPLjCwPQGJYYlsZ7MEtXYfizws0="></latexit>

P (1; y)

low lying states of REM (extreme value statistics)

<latexit sha1_base64="Dr0n++7EfJQpEODL3m5hQMgJllA="></latexit>

Esample 1

<latexit sha1_base64="Dr0n++7EfJQpEODL3m5hQMgJllA="></latexit>

Esample 2

put energies in the ascending order

<latexit sha1_base64="IQY2Mrrwzp9p+DfNHYvlpywy6Zg="></latexit>

E0

<latexit sha1_base64="IQY2Mrrwzp9p+DfNHYvlpywy6Zg="></latexit>

E0

<latexit sha1_base64="VVWETt4HpFroKd0jNmtGk7fhM18="></latexit>

E1

<latexit sha1_base64="VVWETt4HpFroKd0jNmtGk7fhM18="></latexit>

E1
<latexit sha1_base64="e2RtA1QAV0ELu/MayKJZ1TGHC5c="></latexit>

E2

<latexit sha1_base64="e2RtA1QAV0ELu/MayKJZ1TGHC5c="></latexit>

E2
<latexit sha1_base64="g/NGTf1GHNCaffuZBfy354deTbo="></latexit>

En
<latexit sha1_base64="k4sD/sgdc90i9Ry0pcbNTgyS2p4="></latexit>

En+1

<latexit sha1_base64="HvAfCmEtkbLc9m2BWhBx7zY/Ax4="></latexit>

�En

<latexit sha1_base64="YpY+s4zZ1O/XwKXqXNjhTCeNa3w="></latexit>

 =
1

�TK

<latexit sha1_base64="uW81s85ZvEacFUy7suXbFORim8M="></latexit>

p(E0) : Gumbel distribution

<latexit sha1_base64="Z7pqOzstQrzuVNjA6nftTmS7bpI="></latexit>

p(�En) = ne�n�En

1step replica symmetry breaking (RSB) 
solution <latexit sha1_base64="SHk/77WAy8LZvM0oSQusXX0Py9Y="></latexit>

P (1) = x =
T

TK

 level system
<latexit sha1_base64="Fw9BMo0sotNowUo+7K5UiUo/aKQ="></latexit>1

…
.

…but in disorder-free system we just have  1 sample !!



<latexit sha1_base64="dIGhqdYwLm1/g2axdz+6fgXuVi0="></latexit>

e��Gn[✏̂] =
Y

a

Y

i

TrSa
i
e��Hn =

Y

a

Y

i

TrSa
i
e��

P
a H[{Sa

i }]+
P

i

P
a,b ✏abS

a
i S

b
i

=
Y

a

Y

i

TrSa
i
e��

P
a H[{Sa

i }]e
P

a

P
i h

a
i S

a
i

<latexit sha1_base64="ErBBLsF9VQxS29w9OEcEBUxURHs="></latexit>

1 =

Z 1

�1

Z i1

�i1

Y

a<b

✓
N

2⇡i

◆
dqabd"abe

N
P

a<b "ab(N�1 PN
i (Si)

a(Si)
b�qab)

Random pinning field hidden in the replica approach

average over random pinning field
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In glass

Sensitivity to infinitesimal random pinning field

“explicit RSB”  G. Parisi and M. A. Virasoro, 
Journal de Physique 50, 3317 (1989).



low lying states of the p-spin ferromagnetic model on regular-regular graph

Chaotic reshuffling of energy levels by weak random pinning field? 

H. Yoshino and T. Rizzo, PRB 77, 104429 (2008)

p-spin Ising spinglass model under magnetic field



Summary and Outlook

REM can be found in disorder-free            p-spin ferromagnetic model in dense limit 
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N � c � 1
All p-spin spin-glass results (replica/dynamic) can be recovered in the supercooled paramagnetic phase
of the disorder-free ferromagnetic model

Glassy(?)  ground state and low lying states in the super-cooled paramagnetic sector 
on the system on the “regular-regular” graph

1. What are they?      (ideal glass states)
2. They can be chaotically reshuffled by infinitesimal pinning field?
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