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1. Quantum torus algebra

1.1 Matrix realization

7, x 7, matrices

A= Z En—l,n

nez




1. Quantum torus algebra

1.1 Matrix realization (cont’d)

Basis
U?(ﬁ) _ q—km/QAmqkA _ q—km/Z Z qknEn—m,n (k,m c Z, |q| < 1)
neZz

Commutation relations

[Uﬁrlf), v?(f)] = (q(lm—kn)/Z _ q(kn—lm)/z)v(k_H)

m-+n

Remark: “Quantization” of classical torus algebra (Poisson

brackets of functions on 2D torus)



1. Quantum torus algebra

1.2 Fermionic realization

Fermion creation/annihilation operators ;, ¥} (i € Z):

anti-commutation relations

Vb + i = diggo,  ithy + b = YT + iy =0

Vacuum states (0|, |0)

Gil0) =0 (0> 0), [0)=0(i> 1),
(Ol =0 (i < ~1), (047 =0 (i < 0)

Excited states (), s|, |\, s) labelled by partitions
A= (A, A2, -, A, 0,---) € P and an integer (charge) s € Z

A 8) = (saa—1)—1 Vst rn—n) =1V (541 P (5—1)4119)



1. Quantum torus algebra

1.2 Fermionic realization (cont’d)

Fermion bilinears (spanning gAl(oo) algebra)

Eij < bl =7 — (0¢—47]0)

o) or VI g2 S s

neZ

= q"“”]{%zmrw(qk/%)w*(q_’“/%)r

271

where

Blz) =S iz wr(z) = 3w

1€Z €7



1. Quantum torus algebra

1.2 Fermionic realization (cont’d)

Commutation relations
AR AY)

l

(k+l)ym/2 _ ,—(k+l)m/2
(q(l hn)/2 q(k : )/2)VTS’L—|—’I’L) o 1 qk—l—l 5m+n,0qk+

— (g RmEn)/2 qk(m+n)/2)VT§L0J)rn + MOmgno ifk+1=0

VASOAR span a (7(1\) (or Heisenberg) subalgebra:

Vi =T = Whmnthty [T, Jn] = MOmin.o

nez



2. Melting crystal model

2.1 Melting crystal corner

P Adidil complement

/ <

-l
.
| -

.
-
|

-!
|

melting crystal corner 3D Young diagram

Ref: Okounkov, Reshetikhin & Vafa, “Quantum Calabi-Yau and

classical crystals”



2.2 Plane partitions and diagonal slicing
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-, -,
. -,
. -,
. ,

plane partition 7
(3D Young diagram)

2. Melting crystal model

BVAVANAYA

~ ~
N ~ ~
\ ~ ~
| | | | )

(Young diagrams)

o

diagonal slices w(m) (m € Z)

main diagonal slice A = 7(0)

Generating function Z = Z g™ = H(l —q")™" (MacMahon)

TeEPP n=1



2. Melting crystal model

2.3 Generating operators of plane partitions

00 k/2
G1 =exp (Z k(lq— ) Jik> (Okounkov & Reshetikhin)
k=1

generate a linear combination of (orthonormal) excited states

weighted by special values sx(g?), ¢° = (¢*/2,¢%/%,¢%/2,---), of

Schur functions:

01G+ =) sal@)(Al, G-10) =D sa(a”)|N).

AEP AeP

The scalar product gives the generating function of plane partitions:

01GLG_|0) = > sa(@®)? =] —¢") ™= D> 4~

A€EP T PP



2. Melting crystal model

2.4 Deformed melting crystal model

Z(s,t) = (s|GreTDG_|s) = Z e (50 gy (¢P)?

AEP
where s and t = (t1,1s2,- -+ ) are deformation variables, and
= Ztka, Hy, =V, = Z ¢ _n iy
k=1 nez
= Z tkqb\,k(s)
d k(s+Xi—i+1) k(s—i+1) k 1— q8k
Akl Z 4 ) +4q 1 — gk’
(s| =(0,s], |[s)=10,s) (ground states in charge-s sector)
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3. Toda tau function from melting crystal model

3.1 Fermionic formula of tau function of 2D Toda hierarchy

7(s,T,T) = (s|exp (Z Tka> g exp (— ZTka> |s)

where T' = (T, T5,---) and T = (11, T5,---) are time variables of

the 2D Toda hierarchy, s)|T'| and s, |—T] are the associated values
of Schur functions (given by the Jacobi-Trudi formula) and ¢ is an
element of éi(oo) ~ exp (gAl(oo)) (A, s|lg|p, s)’s are semi-infinite

determinants.

11



3. Toda tau function from melting crystal model

3.2 Partition function of deformed melting crystal model

Theorem The partition function
Z(s,t) = (s|GLeTPG_|s)

of the deformed melting crystal model coincides, up to simple
functions, with the Toda tau function 7(s, T, T) for the GL(c0)

element
g= qWO/Q(G_G+)2qWO/2
where

Wy = Z n?:ap_pb*:  (zero-mode of W) algebra)
neZ

12



3. Toda tau function from melting crystal model

3.3 Technical clue of proof: shift symmetries

First symmetry (shifting m)

k

GGy (véf) — ot qk) (G-G4)™ = (-1} (Véﬁk ~Omno

Second symmetry (shifting k)

qWO/2V,n(7Jk)q_WO/2 — Vn(@k_m)

Remarks: 1. The second symmetry is a consequence of
straightforward calculations. The first symmetry is far more
technical.

2. Wy is a fermionic realization of the cut-and-join operator.

13




3. Toda tau function from melting crystal model

3.4 To derive Toda tau function Start from

Z(s,t) = (s|GLeP VG _|s) = (s|G_G TV G_G,|s)

Step 1 Rewrite G_GefW H(t) =77, t Vi) as

GGt ® — oxp (Z thG+VO(k)(GG+)1> G_G.,
k=1

apply the shift symmetries as

(k) 1 k qk (k)
G- (GG = (1 (T + V)

q* (0)
= (0 ().
and note that Vk(o) = J;.

14



3. Toda tau function from melting crystal model

3.4 To derive Toda tau function (cont’d)

Step 2 Consequently,

O

1 k k
G_G+€H(t> = exp <Z ( ) qktk>

k=1 1—gq

o0

X q_WO/2 exp (Z(l)ktkjk> qWO/zG_G_|_

k=1
Substitution in Z(s,t) yields

> k ktk
) = exp Z 1_q

k=1

x (slg=""o/? exp (Z(—l)ktl«]k> ¢ (G_Gy)?)s)

k=1

15



3. Toda tau function from melting crystal model

3.4 To derive Toda tau function (cont’d)

Step 3 Since

~Wo/2 _ —s(8+1)(23—|—1)/12<8’ W0/2|8> —s(s—l—l)(2s—l—1)/12’

(slq q , |s)=q q

the last expression of Z(s,t) can further be rewritten as

- —1 qutk —s(s s
Z(s,t) =exp (Z ( ; )_ 7 ) g ST (2s+1)/6
k=1

X (s|exp ( (1)kthk> ¢V /2 (G_G1)%q"0/?s)
k=

[t

— (—1)*q"t
— exp (Z ( ) qk ]f) q_8(8+1)(28+1)/67'<8,T,0)

k=1 1—gq

where T}, = (—1)t;. Thus the Toda tau function emerges.
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3. Toda tau function from melting crystal model

3.4 To derive Toda tau function (cont’d)

Another expression Start from
Z(s,t) = (s|G_GeTOG_G,|s)

and rewrite e G_G, in the same way. This lead to

o

k .k
Z(s,t) =exp (Z (=1)"q tk) g~ s(s+D(2s+1)/6

_ qk
k=1 1 q

% <S’C]WO/2(G_G+)2C]WO/2 exp <_ Z(_l)ktkjk> ’S>

k=1

o0 k kK
— exp <Z (_1) q tk) q_8(8+1)(28+1)/67(8,0, —T>

_ ok
k=1 1 q

Many expressions — Hidden symmetries
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4. Quantum torus symmetries of tau function

4.1 Reduction to 1D Toda tau function

Theorem g satisfies the intertwining relations

Jkg — gJ_k (k = 1, 2, .. )

Corollary The tau function satisfies the constraints

0 0 _
_ T,T, s)= k=1,2,...
(57 + 57 ) 70T =0 (=12

and thereby becomes a function of T' — T
(T, T,s)=71(T —T,s).

The reduced tau function 7(T, s) is a tau function of the 1D Toda
hierarchy.

18



4. Quantum torus symmetries of tau function

4.1 Reduction to 1D Toda tau function (cont’d)

Proof of intertwining relations: Use the shift symmetries repeatedly

asS
Jog = VMGG )2

= ¢"PVGGL)(G-Gr )™

= ¢" GG (-1)F (1Y - %)G-Gw‘%/2
= ¢"2q_ G .G G v "2

= ¢"2G_G .G G g™V

19



4. Quantum torus symmetries of tau function

4.2 More symmetries

Theorem g satisfies more general intertwining relations

k —k

—k q
2 )g = Q(V_(zkim — 52k—l—m,0m)

q
l—gq
for k=1,2,---, m € Z.

(Vrn(ﬂbk) - 5m,0

Theorem The Lax and Orlov-Schulman operators L, M, L, M

satisfy the constraints (generalized string equations)

L=1"1 ¢M=g¢1L2M,

Remark: The first equation implies that

L=L"1'=ua(s)e +b(s)+a(s—1)e %

20



4. Quantum torus symmetries of tau function

4.3 Classical (= thermodynamic) limit

The difference operators
L=ae +b+use % +..., etc.
are replaced by functions
L=ap+b+up '+ -, etc
that satisfy the generalized string equations

[ — Z—l’ e—RM _ Z_2€RM

alongside the equations of the dispersionless Toda hierarchy. (R is

a constant in the quasi-classical parametrization g = e~ "))
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