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1. Introduction

Nonlinear integrable systems, as pointed out by Sato [10,11], may be understood
as “deformations” of D-modules. For the case of the KP hierarchy, such a D-module is
given by

Mo = DoW,

where W is a pseudo-differential operator of the form
W=1+> wn(tz)d™, 0=0/ox,
m=1

Dy is a ring of ordinary differential operators in z, and w,, (¢, x) are unknown functions
of the KP hierarchy [8, 9] that depend on an infinite number of “time variables” ¢ =

(t1,t2,...). In algebraic approaches [8, 9, 6], it has been customary to consider “formal”
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(or “formally regular”) solutions, i.e., solutions for which
wp (t, z) € C[[t, x]].

In that setting, Dy is given by

Do ={P; 3m,P =Y pu0", pn € C[[t,z]]}.

n=0

This is a subring of the ring

& = {P; dm, P = Z pnanapn € @[[t,fl)]]}
of pseudo-differential operators. My is thus a free left Dy-submodule of £&. With these
notions, Sato [10, 11] presented an abstract formulation of the KP hierarchy and its
relation to the “universal Grassmannian manifold” (UGM) [8, 9].

The relation to UGM becomes quite manifest if one considers the underlying Ao-
module structure of My. As a C[[¢t, z|]-module, M, is also a free module, but of infinite
rank, and has a special generator system of the form

Mo = @ @[[t, I”Wz, VVZ = 81 — Zwi]@j.
i>0 §<0
The coefficients w;; can be identified with a set of affine coordinates on UGM. The KP

hierarchy then becomes a set of evolutionary differential equations on w;;. Further,

there is a “dual” description that uses the right Dy-module
MG =W1D,
with a similar C[[t, x]]-generator system of the form

My =P WrC(tall, W;=07""+> 0" ;.
§<0 i>0
Sato [10, 11] explains these two types of representations as a kind of cohomological

duality.



These affine coordinates w;;, however, can cover only a subset of UGM called the
“open Schubert cell.” On boundaries of this open subset, these coordinates as well as
the coefficients w,, of W have singularities (poles). It is known [8, 9] that these poles
are of very special type, coming from zeros of the so called “7 function.” The 7 function
is one of the so called Pliicker coordinates. The Pliicker coordinates £g, where S run
over an index set introduced later in this paper, are not true functions of UGM but
sections of a line bundle over UGM. Their quotients however give rational functions on
UGM. If the denominator is fixed to be {s and another index S’ varies over a collection
of indices (which is determined by S), the quotients g/ /&g give affine coordinates over

the open subset

Us = {¢s # 0}

of UGM. Varying S now, one can thereby obtain an affine open covering of UGM. The
previous coordinates w;; are also obtained in that way with a special choice of .S, written
Sp; the denominator {g, can be identified with the 7 function. My and Mg are thus, in
a sense, defined on Ug,. What D-modules are then sitting on Ug for other S’s 7 This
is a question that motivates the present paper.

To answer this question, we reinterpret UGM as a “differential-algebraic variety”
in the sense of Kolchin [4] (Section 2). More precisely, we shall introduce a set of
differential rings Ag with a single derivation 0, where S runs over the same set of
indices as mentioned above. As a commutative ring, Ag is nothing but the coordinate
ring of Ug (in other words, Us = SpecAg). These affine subsets are then “glued
together” to form UGM, and Ag’s give rise to the structure sheaf A of UGM in the
usual sense. The derivation 0 is introduced to be consistent with this gluing, hence
the ringed space (UGM, A) defines a “differential-algebraic variety,” the structure sheaf
A being a sheaf of differential rings. Besides the commutative structure sheaf A, this
differential-algebraic variety also carries the sheaves D and £ of noncommutative rings

of differential and pseudo-differential operators. By definition, the rings Dg and &g of
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sections over Ug are comprised of differential and pseudo-differential operators of the
form > a,0™ with coefficients in Ag, and they glue together to become sheaves over

UGM.

We then construct left and right Dg-submodules Mg and M7 of £g and show that
they are also consistent with the gluing of Ug’s (Section 3). Thus actually we have
two sheaves M and M* of D-modules over the differential algebraic variety (UGM, A).
Sections 4 and 5 are devoted to the study of cohomological properties of these sheaves.
If S = Sy, Mg and M} become free modules with a single generator. (If Ag is replaced
by C|[[t,x]], this exactly reproduces the structure of My and M{.) For other S’s, Mg
and MY are no longer free, but we show that they are projective D-modules (Section
4) and dual to each other (Section 5). These seem to answer the question addressed

above.

In Section 6, we give a differential-algebraic interpretation of the KP hierarchy itself
in the language of Ag. Actually, we simply add an infinite set of derivations (01, 0s,...)
to Ag and show again their consistency with the gluing of Ug. The KP hierarchy thus

gives rise to yet another structure of differential-algebraic variety on UGM.

Our results show that Mg and MY are of very special nature; the projectivity
and duality imply that they are still close to the free case. It seems likely that these
results can be extended to the case where D is comprised of more than one derivations
and where D-modules are, in some sense, “deformations” of a free module generated
by a single element. Remarkably, several “higher dimensional” nonlinear integrable
systems are known to be related with such free D-modules (and, possibly, their non-
trivial deformations). This fact was discovered by one of the present authors [14] and

recently extended to a more general case by Ohyama [7].

We do not know what implications these results have in the theory of the KP
hierarchy. Nevertheless, the interpretation of UGM as a differential-algebraic variety,

along with the construction of the sheaves M and M*, seems to provide new material

4



to the algebraic standpoint of Sato [10-12] on differential equations as well as that of
Kolchin [4]. It should be also noted that as opposed to the usual situation, we are now
dealing with very abstract rings Ag rather than the ring C|[[¢, z|] of formal power series.

Such a possibility seems to have been overlooked.

2. Universal Grassmannian manifold as differential algebraic variety

The universal Grassmannian manifold (UGM) is an infinite dimensional extension
of ordinary, finite dimensional Grassmannian manifolds. Several different descriptions
are known [8-13], most of which are set-theoretical and recognize UGM as a set of vector
subspaces included in a fixed vector space. A more axiomatic and functorial definition
is presented by Kashiwara [3] in the language of scheme theory.

From the standpoint of algebraic geometry, UGM should be understood as a col-
lection of affine open sets glued together by holomorphic maps. We now give such a
construction of UGM. In the finite dimensional case, this is a well known construction.

We now consider the set of all strictly increasing sequences S of integers of the form

(21) 52(80,51,82,...), SZ'EZ, Sop <S8 <8y < -

under the condition

s; = ¢ all but a finite number of i’s.

Let S° denote the complement Z \ S with a similar strictly increasing numbering.

(22) S = ( .. ,872,871), si €4, ---<5_9<8_1.

A graphical representation of such a sequence S, or the pair (5S¢, .5), is given by “Maya
diagrams” [9, 10]. A Maya diagram consists of an infinite chain of boxes, which are
numbered by all integers from the left (negative) side to the right (positive) side and
colored either “black” (if the box lies in S¢) or “white” (if the box lies in S) (see Fig.

1.) These are also in one-to-one correspondence with the set of all Young diagrams 8,
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9]. In the literature of the KP hierarchy [8-10], Young diagrams or Maya diagrams have
been used as an index set of the Schubert cells of UGM. In our construction below, they

arise as a index set of affine open covering of UGM.

Insert Figure 1

For each S as above, we now introduce a polynomial ring Ag with an infinite
number of variables as:

(23) .AS d:f @[w&i]‘ (’L € S,] € Sc)]

This represents the coordinate ring of an affine space with coordinates wg;;. We now
have to specify how to glue together these affine spaces. To this end, it is convenient to

introduce infinite matrices

(24) Ns = (nS,Zja (S 57] € 2)7

ns = (N8 1€ Z,j €5,
with matrix elements given by

—Ws, ij if 1€, JE Se,
(2'5) 1S,ij d_f

dij if 4,7 €8S,
ng‘,ij = {5ij ?f Z:7j ) 5.07
def |wg,; if 1€8, jese,
where 0;; is the Kronecker delta. In the usual set-theoretical interpretation, the row vec-
tors of ng span a vector subspace in a given big vector space, which is the corresponding
point of UGM. Similarly, 7§ is to represent a collection of column vectors in the dual

vector space, and gives a “dual” representation. These two matrices are connected by

the relation

(2.6) nsng =0,



which determines each other. Note that 7§ corresponds to the {-matrix of in the liter-

ature [8-10]. The rule of gluing between Ag and Ag is given by the algebraic relation

(2.7) ns = hgsnsr,
where
(2.8) hss = (ns,ij; i€S5,j€8).

Since hgg: differs from the identity matrix by at most a finite number of rows, one can

define its determinant as

(29) det hSS’ d: ]\;Hn det (hSS’; ’L,j Z —N) .

ef

(The finite determinants on the right hand side does not depend on N if N is sufficiently
large, hence the limit is meaningful.) Determinant (2.9) becomes a non-vanishing ra-
tional function of wg ;. Equation (2.7) defines a birational relation between two sets
of variables wg ;; and wg ;;, which is holomorphic if the determinants do not vanish.

More precisely, (2.7) gives rise to an isomorphism
(2.10) gss: :+ Agldet hss/_l]gAs/ [det hS/S_l].
Because of the obvious relations

hss ™' = hgrg,
hsshg s = hgsr,
the collection of ring isomorphisms ggg/ defines a consistent gluing of the affine spaces

Us represented by Ag. This gives a realization of UGM as an infinite dimensional

algebraic variety. Actually, the above gluing rule can be restated in terms of 7§ as:

(2.11) Ns = Mg hgs,
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where

(2.12) s = (0 1€9°j€S5%.

We now define a derivation 0 on Ag by

(2.13) Owsij) = Ose(i+1)div1,j + 0500+ Dws,ivr
—0s:(j — Dws,ij—1 — Z Wi i —1WS, i, 5
k=0

where 0g and fg. are the characteristic functions of S and 5S¢, i.e., for any subset X of

Z,
1 ifie X,

x0) & {o ifi ¢ X,

Proposition (2.14). This definition of O is consistent with the gluing isomorphism
gss. More precisely, if Os denotes the derivation on Ag defined by (2.13), 0s and Jg:

obey the relation

Os 0 gss' = gss’ © Ogr.

Proof. Let us note that, in terms of the matrix ng, the action of 0 can be rewritten

(2.15) d(ns) = Bsns — nsA,

Bs = (1s,-1; ©,j €5),
def

where A denotes the infinite shift matrix

(2.16) A = (dij-13 1,] €Z).

In the dual form, this is also equivalent to the following.

(2.17) d(ns) = Ang — nsAs,

As gor (773,1‘+1,j§ 1,] € S)-



The proposition asserts that the same equations are also satisfied by ns: and 7%, for any

other S’. To see this, insert (2.7) into (2.15). This results in the equation
(2.15') d(ns') = Bgms — ns'A
where Bg/ is given by

Bs = hge/Bshss — hge0(hss) .

Actually, one does not have to do further calculations for the right hand side; extracting

the S’ x S" part of both hand sides of (2.15') gives the relation
0=Bs — (ns,i,j-1; 4§ €5,

which determines IBg: just as in (2.15) with S replaced by S’. The equation for n¥, can
be derived in the same way.
Q.E.D.
This result says a geometric fact that 0 gives a globally defined vector field on
UGM. Our UGM thus becomes a “differential-algebraic variety” whose structure sheaf
A is associated with the differential algebras (Ag, 9).

One can define the rings Dg and £g of differential and pseudo-differential operators

(2.18) Ds = {P; Im, P = ;pna , Pn € As},
(2.19) € = {P: 3m, P = n;w 0™, pn € As},

with the same summation and multiplication rules as the ordinary ones [8, 10, 12]:

anan + an8” 3o Z(pn + qn)0",
Qupd)- Q) = D rad",
S0 D (4 )

i+j—k=n



Let ( )+ denote the projection onto the components of the direct sum decomposition

(as an Ag-module)

_ (-1) -1 _ 0 S
(2.20) Es=Ds®&s . &5 = {> pn0"; pp=0Vn>0}.
In other words,

@)L =0 (n<0), =ad" (n>0),

(O")_-=0" (n<0), =0 (n=>0).

It should be noted that the commutative ring Ag now has two distinct roles. In
one hand, it is a commutative subalgebra of Dg or of £g; on the other hand, it is a
differential ring on which Dg acts. To distinguish notationally, we write Pf or P - f
(P € Dg, f € Ag) to mean the multiplication of differential operators, whereas let P(f)

denote the action of P on f.

3. Ds-modules Mg and M5

Let Mg be the following left free-Ag-submodule of Eg.
(3.1) Ms = @AsWs,i,

= — ZwS” (ZES)

def
jese
Actually, this becomes a Dg-module. To specify its structure, we write S as a disjoint

union of finite intervals and a semi-infinite interval as:

(32) S = [’io,jo] Le--ud [’im_l,jm_l] UJ [im,OO),

7:0<j0<"'<im—1 <jm—1<im>

m—1
n o= (i —Je+1
£=0
where [ig, j¢|, for £ = 0,...,m — 1, denotes the sequence of integers from i, to jy, and

[im,00) all integers greater than or equal to i,, (see Fig. 2).
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Insert Figure 2

Proposition (3.3). 1) The generators Wy ; satisfy the relations
(3.3.1) 0 -Ws;=0s(i+1)Wg 41— iws,i,ie_lws,ie (Vi € S).
=0
2) Mg is closed under the left multiplication of 0, hence becomes a left Dg-module.
3) Mg is generated over Dg by a finite number of elements:
(3.3.3) Mg = iDSWS,u-
=0

(Actually, this is a minimal generator system; see Appendix.)

Proof. According to the general composition rule, 9 - Wg; can be written
0 W, =" - Z ws, ;07 — Z O(ws,i)0”.
jese jese
The first term on the right hand side can be further rewritten:
Ot =05(i + 1)0" + 05c(i + 1)

= 95(i + 1)W57¢+1 + Z <95c (Z + 1)w5,i+17]‘ -+ Qg(i + 1)6i+17j)8j,

jese
and &/t (j € S°) has a similar expression. Inserting these formulas and gathering up

various terms appropriately, one arrives at the following expression of 9 - Wg ;.

0 -Ws,; =05(i+1)Ws,iy1 — Z Os(j + Dwi;Ws j41

JjES®
-+ Z [95c (Z + 1)5i+1,j + (95(7, + 1)w57i+1,j — esc (j — 1)w57¢7j_1
jES*”
— Y sl + Dwsirws e41,5 — O(wsij) |-
Lese

The last sum over j € S¢ disappears due to the definition of 9. One thus obtains
(3.3.1). This readily implies the second statement of the proposition. The last part is a

consequence of (3.3.1) and a simple induction argument.
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Q.E.D.
Ezample. Let us consider the case for S = (—1,0,2,3,...). The Maya diagram is

shown in Fig. 1. The Dg-module Mg is now given by

(3.4) Mg =AsW_1 & AsWso @ @ASWS,ka
k>2
WS,i = 81 — ws,i,la - Z wg’ijaj.
Jj<—2

The derivation 0 acts on the generators of Mg as:

(3.4) 0 -Wg,_1=Wgo—ws,—1,—oW_1 —ws,—11Ws,2,
0-Wy=—wg0,-2Ws_1 —ws01Ws.2,

0 - Ws ik =Wspy1 —wsk,—2Ws 1 —wsp1Wsa (Vk > 2).
M is generated by tow elements Wg 1 and Wg o
(3.5) Ms =DsWs 1 +DsWs,2
with a Dg-linear relation of the form

(36) (82 +0- W-_1,-2 + wo’_g)Wl + (8 “w-o11+ w071)W2 =0.

Now let M¥ be the right Ag-submodule M7 of £ given by

(3.7) My = > W5, As.

jese

* _ —j—1 § —i—1 .
Ws’j d—ef 3 + 8 wes,ij-
1€S

The index set S can be written as a disjoint union of finite intervals and a semi-infinite

interval like the expression of S in (2.1) (see Fig. 3):

(3-8) §¢ = (=00, i, U i1, T U - U g, g,

b < Jm—1 < o1 <+ <Jg <lg,
m—1
n® = (i —Jji +1).
ef
£=0

Q.
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The endpoints of the intervals are related with the previous expression as:

(3.9) =i — 1, i =iy — 1, . 0t = — 1,

j:;’bfl:j()'i'l? j;,2:j1+1, ceey ]Szlm—1+1

Insert Figure3

We now have an analogue of Proposition (3.3).

Proposition (3.10). 1) The Ag-generators Wg ; satisfy the relations
(3.10.1) Wg,0=W5, 10s(j—1)+ > Wi, qwsi; (j€S).
=0

2) M% becomes a right Dg-module.

3) As a Dg-module, M is generated by a finite number of elements as

(3.10.3) Ms= > DsWi,, .

0<6<m

(These generators give a minimal Dg-generator system.)

Let us consider the case of

(3.11) S=5) =(0,1,2,...).

def
To simplify notations, we write Ay, Dy, etc. rather than Ag,, Dg,, .. ..
Proposition (3.12). 1) My and Mj are cyclic Dy-modules, i.e., generated by a single
element:
(3.12.1) My = DyWy.,

My =Wy _Dy.
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2) Wy, and Wy ; can be written explicitly:

(3.12.2) Wi = (0" Wy~ ")+ Wao,
W(/ij - Wék,—1(Wék,—1_la_j_1)+

3) Wy o and Wy _, are connected by the relation

(3.12.3) W oWy, = 1.

Proof. The first statement is obvious from the previous propositions. To see

(3.12.2), let us note the obvious relation
(0" Woo )4 Woo=0"— (0" Wyo~ ') -Wyo,
which shows that this operator takes such a form as
= 6i — Zaijaj, ai; € .A(/).
j<0
Such an element of Mg is unique and should be given by Wp ;. In much the same

way, one can check the expression for Wé‘j, completing the proof of (3.12.2). Equation

(3.12.3) can be proven as follows. Recall that W} ; satisfy the relation
a- W@,i—l = W(Z),i - w@,i—l,—lw(Z),O-
This gives rise to a recursion formula for Wy ;Wy o~
W W™t =08 Woi aWyo " +wpi 1,1

Solving this and using (3.12.2), one has the relation

i1
(0" W g =Wy Wyo =0+ 0% wyy, _q.
k=0

Since this is valid for all 7 > 0,

-1 —k—-1
WQ)70 = 1—}-28 W k,—1 :W(;)k,—l'
k>0

Q.ED.
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Corollary (3.13). For any i and j, Wy,:Wy ; Is a differential operator.

The situation for S = Sy is thus exactly the same as My and M in Section 1, though
the differential algebras are different.

Remarkably, the last result can be generalized.
Proposition (3.14). For any S, i € S and j € S¢, W, W ; is a differential operator.

Proof. Let K denote the quotient field of Ag. We do not specify the suffix S for
IC, because all Ag are now connected by an invertible transformation, their quotient
fields all being isomorphic. K is now a differential field with a single derivation 0. Let
Dx and & denote the associated rings of differential and pseudo-differential operators.
They give a ring extension of Dg and £g. We now notice that linear relations (2.7) and

(2.11) give rise to the following relations of operators:

(3.15) Wsi= Y hssi;Wsr 5,
jes’
* * *
Wij= D Wi ihbs
ieS/c

Applying these relations to the case of S” = Sy, one finds that each of the operator prod-
ucts Ws ;Wg ; is linear combination of similar operator products for Sy with coeflicients
in /. (The matrix elements of hg g, and hg@y g are included in K.) As we have seen
above, WSQ’iWk;@’j are differential operators. Therefore Ws,iwgd are also differential
operators, though their coefficients belong to K. Actually, they are members of £g from
the construction, hence turn out to be in Dg.
Q.E.D.
Remark. It is immediate from the above observation that Mg and M¢ become
cyclic (actually, isomorphic to Dx W, 0 and ng’_lD;C) if their ring of coefficients are

extended from Dg to Di. This is exactly the situation considered in Ref. 10.
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4. Vanishing of cohomology and projectivity

This and the next sections deal with cohomological properties of the modules Mg
and MY with S fixed. Let us suppress the suffix “S” for simplicity of notation.
In view of Proposition (3.3), we now take a finite set of generators of M as:
(4.1) M= > DW.
i€8,i<im
For the definition of i,,, see (3.2). (One may also take the minimal generator system as
presented therein; see Appendix for such a treatment.) Our task below is to construct

a free resolution of this module.

Definition (4.2). We now introduce the following matrices of differential operators [cf.
Proposition (3.14)]. Note that M is an n x (n + 1) matrix, N an (n + 1) X n matrix,

and U an (n+ 1) x (n + 1) matrix, n being the number defined in (3.2).

(4.2.1) M = (Mij; i € 5,0 <im,j €5,j <im),

Mij = 650 = Os(i 4+ 1) + 050 (j — Lwi1.
(4.2.2) N = (Nij; i €8,i <im,j €8, <im),

Nijg = —(W:0777), .
(4.2.3) U = (Uij; 1,5 € 8,4,J < im)

Uij = Osc(j — YWiW7_,.

def

Proposition (3.3) implies the following relations among the generators W; in (4.1).

(4.3) > MW, =0 (i € 8,0 <)

JES,J<im

The following lemma plays a key role in this and the next sections.
Lemma (4.4). M and N obey the relations

(4.4.1) MN =1,,

(4.4.2) NM=1,41-U,
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where 1,,, in general, denotes the n X n unit matrix.

Proof. We first prove (4.4.1). From (4.3), obviously,
Z (Mijoa_k_l) =0, Vk € Z.
JES,j<im i

In view of the definition of M;;, on the other hand, the left hand side can be rewritten

3 (Mijwja—’f—l)+

JES,i<im
= <a . Wia_k_l>+ —0- (Wia_k_l>+ — kes’%ﬁim M;; Ny

We notice here that for any pseudo-differential operator P = ) p,,0",

(8-P>+ —6-<P>+ —p

Applying this formula to W;07%~1, one finds that

(a - Wié?*"“*l) — 9. (Wi8k1>+ — 5.

+

One can thus deduce that

Y. MiNj = ba
JES,j<im

for i,k € S, i,k < iy,. This is exactly (4.4.1). One can derive (4.4.2) by similar

calculations: First, from the definition of M;; and Njy,

> NiMjy

JES,j<im
——(Wo 1) o+ S (W) 05+ )b
+ . — . +
]GS;]<Zm
_ Z (Wia_j_1> Ose(k — 1)wjr—1
JES,j<im +
= I+ 1II+ III.
def

The second part on the right hand side is equal to (Wia_k) if k—1 € S and vanishes
+

if Kk —1 € S¢. Hence

I = s (k — 1)(1/[/;8—’€)+
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The third part can be gathered up to give the following contribution:
I = 0. (k — 1) (W; O wjpa )
se ) . Z Wj,k—1 N
JES,j<im
Since i is now bounded by 4,,, W; is of order less than or qual to i,,. The range of

j on the right hand side may be extended to all S because 0~/~! for j > 4,, have no

contribution to (...);. Therefore

Il = Ogc(k—1)(W: Y 07971 wjp
S < J;S 7,k 1>+

— B (k — 1) (Wi(W,j_l - a—k)).
To summarize,

[+ 114111 = —<W¢8k1>+8 + (Wia"’)+ — Oge (k — 1)(W¢W;‘_1)+

= ix — Ogc(k —1) (WiWI:—l)Jr

This implies (4.4.2).
Q.E.D.

Proposition (4.5). M has a free resolution of the form
0 — DDt P (exact),

where D™ and D™+! are the free D-modules of row vectors of differential operators, and

a and (3 are left D-homomorphisms given by

a: Q =(Qy; JES,j <im)—( Y, QiMy; jeS,j<in),

IES,i<im

B: P=(Py;;€8,j<im)— >  PW,

JE€Sj<im
Proof. Since the first n columns of M is a matrix of differential operators of the

form 0 - 1,+ (order 0), « is an injective homomorphism. From (4.1) and (4.3), 3 is
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surjective and its composition with 3 vanishes. It remains to prove that Kerf is equal
to Ima. This readily follows from (4.4.2) and the construction of M, N and U: Suppose

that P. = (P;) is in the kernel. Obviously,
> PilUi; =0, Yj €5,j im
Therefore from (4.4.2),
P, =Y PNijMj,
iog

hence P. is in the image of a.

Q.E.D.

Corollary (4.6). As a left D-module,

M ~ Dn+1/ Z DM’L?

1€S,1<im

where M;. are row vectors given by
M;. = (Mij; j € 5,5 <im).
def
From the above free resolution, in particular, one finds that
(4.7) Ext?,(M,D) =0 for p > 2.

At first sight, this result looks almost obvious in view of the basic knowledge on D-
modules on complex manifolds [2]. Actually, this is not the case. Since A is a polynomial

ring of an infinite number of variables, one can rather prove that
gl.dim D = oo,

which means that there is no uniform upper bound for the range of p with non-vanishing
Ext?) if one allows an arbitrary D-module. Further, ordinary methods [2] are more or
less rely upon dimensional induction and cannot be applied for the present case. The
above result is due to some very special nature of M.

One can actually prove the following even stronger result.
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Proposition (4.8).
Extp (M, D) = 0.

Proof. From the free resolution of (4.5),
Extp(M,D)~D"/ Y M;D,
JES,j<im
where M.; is the following column vector

M.j dff (MZJ, 1€ S,Z < Zm)

On the other hand, (4.4.1) implies that > M.;D = D".
Q.ED.

From these results, we arrive at our first theorem.
Theorem (4.9). For any S, Mg is a projective Dg-module.

Proof. One can obtain a long exact sequence from the short exact sequence of
Proposition (4.5) by the contravariant functor Ext’ (-, D). Because of the above vanish-

ing of cohomology, this long exact sequence can be reduced to the short exact sequence
0 e DD Homp (M, D) «— 0,

which splits because the first and second terms are free modules. Homp (M, D) thus
turns out to be a projective right D-module. We now have the following commutative

diagram, whose both rows are exact.
0 — pr 2 prrt L M — 0

~| ~| !

* %

0 — v <5 prtl L Homp (Homp(M,D),D) —s 0
Therefore the canonical homomorphism M — Homp (Homp (M, D), D) is actually an
isomorphism, and since Homp (M, D) is projective, M also becomes a projective D-

module.

Q.E.D.
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5. Duality of D-modules

In the previous section, the key relations in Lemma (4.4) are used to construct a
special free resolution of M. We now use the same relations to deduce a different exact
sequence.

As a counterpart of (4.1), we now take a finite set of generators of M* as:
(5.1) M= > W;D.
JESS j =iy,
Lemma (5.2). There is an isomorphism
i M Y VD (DM
jeSe,j>ix,
of right D-modules given by
oY WiP) = ) VP,
Jjese,j=iy, JjeSe,j=iy,
where D" is now considered as a set of column vectors of differential operators, and

V.; is an element of D"*! given by

Vj dff (Vvij; 1 € S,’l < Zm),
Vij = WiW;.
Proof. ¢* is well-defined from the construction; if ) W:P; =0 for some P; € D,
then Y V;;P; = > W;W;P; = 0. The surjectivity of ¢ is also obvious. To prove
the injectivity, suppose that (3 W;P;) = 0. This means that > W;W*P; = 0 for

i€ 85,1 <1i,. Since £ contains no zero-divisor, it follows that > WP =0.

Q.E.D.

Proposition (5.3). The following sequence of right D-modules is exact.

0 — D pntl &,
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where @* is the homomorphism induced by the ¢* of (5.2), and 1* is the homomorphism

that sends (n + 1)-column vectors of differential operators to n-column vectors as:
U Po= (P i €8, <ip) > (O MyPy; i € 8, < i)
J

Proof. Step i) ¢* is injective [Lemma (5.2)].
Step ii) The surjectivity of ¢*: — For any Q. = (Q;; i € S,i < iy,) € D", let
P = (P; i€ S,i <i,;) be an element of D" given by
Pi= > NjQ
JE€S,j<im

with some (P;) € D"*!. Because of (4.4.1), this turns out to satisfy the relation

Qi = ZMiij»
J

hence ). € Imy*.

Step iii) Imep* C Kery)*: — From the construction,

Y* ot (W) = Z M;; Vi,
JE€S,j<im

and since Vj;, = W; W}, the right hand side vanishes.

Step iv) Keryp* C Imp*: — Suppose that P. = (P;; i € S,i < i,,) is in Kery)*, i.e.,

> MjP.=0  forj€S,j<in.
k€S, k<in,
Notice here that (4.4.2) implies the relation
> NyMjy, =6 — U
JESj<im

Multiplying the previous relation by N;;, summing over j and using this identity, one
readily finds that

Pi= Y UxPe= > 0s((+1)ViPu.
keS,k<ip, Lese >ix
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This means that P. € Imp*.
Q.E.D.

Remark. In a fully analogous way, one can obtain an exact sequence of the form

(5.4) 0 — M-St Lpn” g,

where D" and D™ 1 are, now, free D-modules of row vectors, and @ and v are left D-
homomorphisms, n* being defined in (3.8). Just as the first exact sequence in the proof
of Theorem (4.9), this exact sequence also splits and leads, again, to the conclusion that
M is a projective D-module. Since we have the duality theorem below, M* also turns
out to be a projective D-module.

Our second theorem is concerned with duality.

Theorem (5.5). For any S, Mg and M% are dual, i.e.,

M ~ Homp, (Mg, Ds),

MS ~ HOIIlDS (Mg, Ds).

Proof. We only prove the first isomorphism; the second one is proven in a parallel

way. The exact sequence of (4.5) gives rise to a long exact sequence of the form
e Exth(M, D) = 0 — D" 1L Homp (M, D) «—— 0.

From this and the exact sequence of (5.3), one can obtain the following commutative

diagram of homomorphisms of right D-modules, whose rows are both exact.

0 «— pr & pri1 £ M* — 0 (exact)

o e

0 «— pr & prtt O Homp(M,D) «— 0 (exact)

where p is the canonical homomorphism that maps W to an element of Homp (M, D)
as:

p(WJ*) : Wz — ‘/2]
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The commutativity is a consequence of the construction and (4.4). The so called “five

lemma” now deduces the first isomorphism.

Q.E.D.

6. KP hierarchy as differential-algebraic structure on UGM

The ordinary expression of the KP hierarchy, as mentioned in Section 1, is based
upon the D-module structure for S = Sp. We now extend it to other coordinates
associated with a general S. (Actually, the following results can further be generalized
to a hierarchy associated with an infinite dimensional flag manifold [5].)

Let us briefly review the case of S = Sy within the context of the present paper.
The KP hierarchy now means a differential algebra with the same commutative algebra
A = Ap but with an additional set of derivations 9,, (n = 1,2,...). This may be called
the “KP differential algebra.” These derivations, by definition, act on the generators
Wy ;; as:

-1
(6.1) an(w(a,ij) = WP i+n,; — Wi j—n — Z W, ik WY, k+n,j5-

k=—n

It is not hard to see [14] that this is indeed equivalent to the system of equations

(6.2) On(W) = > On(wm)0™ ™ =B,W -W0d", n=12,...,

€

Q.
-

m=1

which is one of various equivalent expressions of the KP hierarchy. It should be, however,

noted that (6.2) is now a definition of the derivations 0, rather than equations for
unknown functions.

The new derivations 0,, can be extended to all other Ag’s. To see this, it is conve-

nient to start from the matrix form

(6.3) On(ng) = By ,mp — mp A",

By = (m0.5-n; i:J 2 0),
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where A is the matrix defined in (2.1). The “dual” matrix 7; gives an equivalent

expression of (6.3):

(6.4) On(ng) = AN"ng — np By,

Ay, =

n = (M9,i4n.53 83 <0).

These equations give rise to the equations
(6.5) On(ns) = Bs,nns — nsA”,
On(ng) = A"ng —nsAsn,

for the transformed matrices

(6.6) ns = hss,mos M5 =Mhs,, s

One can determine the coefficients Ag, and IBg, just as in the proof of Proposition

(2.14):
(6.7) RAspn = (Giqm i 1.4 €5,
]BS,n = (nS,i,j—n; 7;7j € S)
Having obtained (6.5), one can change the point of view, and now understand (6.5)

as the definition of new derivations 9,, on Ag. Proposition (2.14) can be now generalized

as follows.

Proposition (6.8). The derivations defined by (6.5) are consistent with the gluing
homomorphisms gss:. More precisely, if Os , denotes the derivation on Ag defined by

(6.5), Os,, and Oss ,, obey the relation

Osn 0 gss' = gss’ © 0s’ n-

This fact again allows a geometric interpretation that 9, like 0, are globally defined
vector fields on UGM. Our UGM thus acquires a new structure of “differential-algebraic

variety,” which now represents the KP hierarchy itself.
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Let us rewrite (6.5) in terms of Mg and M. Note that the generators Wg; and

W ; of these Dg-modules are linked with ng and ng by the simple relation
(6.9) Ws,i = Zns,ijaj;
J
Wiy =2 07" "5y

From this fact, one can readily give an equivalent expression of (6.5) in terms of these

generators. As in (6.2), we define

O0n(P) = > 0n(pi)d' for P=) pd' €&s.

Proposition (6.10). In terms of Ws,; and W ;, (6.5) can be rewritten

(6.10.1) On(Ws,i) = ZlBs,n,z'jWS,j — Ws,:0",
jes
(6.10.2) On(W5 ;) =0"W5,; = > Wi, Rsnij,
i€S¢e

where Ag , ;; and Bg,, ;; stand for the (i, j)-component of Ag,, and Bg,. The sum-
mation on the right hand side actually contains only a finite number of non-vanishing

terms.

This result can be restated in a more intrinsic way as:

(6.11.1) O.(W)+Wo" e Mg for W € Ms,

(6.11.2) On(W*) — 0"W* e ML for W* e M.

One can derive from (6.10) these relations; conversely, starting from (6.11), one can
reproduce (6.10) just as we have derived (6.7) from (6.5) alone. These two expressions
are thus entirely equivalent. The latter expression is manifestly invariant under the
action

Wi— PW, W*—W*P
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of elements P of Dg, hence more suitable from the point of view of D-modules. Selecting
a special generator system of Mg and M’ ammonts to selecting a special matrices like
ns and ng among various “equivalent frames” [8-10].

If S = Sp, (6.11) reproduces Sato’s intrinsic formulation of the KP hierarchy [10,
11]. Our Dg-modules thus give a natural extension of Sato’s formulation of the KP
hierarchy, now taking into account the gluing structure of UGM. Another point to
be noted is that we have constructed such a global object without using any actual
realization of solutions (like the ring C[[¢, z|] of formal power series); we just reinterpret

the structure sheaf of UGM as a sheaf of differential rings.

Appendix. Minimal generators of D-modules

We here present several results on the minimal generators W;, of Mg. Proofs are
omitted because they are parallel to the previous case. The results presented below can
be readily extended to M. We again suppress the suffix “S” in the following.

A counterpart of (4.3) for the minimal generators is given by

(A.1) > MyW;, =0  (0<<m-—1),
k=0

where

(A.2) My = (9" FIW5 ),

An associated free resolution of M is given by

(A.3) 0—Dpm-pmtt L0

where
m—1 N

(A.4) a: Q=(Qu 0<l<m—1) (> QMu; 0<k <m),
=0

B: P=(Py 0<k<m)— > PW;.
k=0
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Let M denote the matrix

(A.5) J\7dzf (J\Zk;ogegm—l,ogkgm).
Likewise,
(A.6) N Jor (NZI% 0§£§m,0§k§m—1> , Ngk = —(Wiea_j’“_l)_i_

One then has a variation of Proposition (4.4) as follows.

Proposition (A.7). M and N obey the relations

(A?]_) MN — X_l,

(A.7.2) NXM — Lg1 — fj,

where .
X def (Xe; 0= bk <m—1), Xk oot ek — Op, k4107 77%.
~ — [7,, - < < r7 — . * .
v def <U€k’ 0= 57 k< m) ’ Uk dof WleWzk—l

Corollary (A.8). W;, and W} _, give a “partition of unity”:

m
k=0

From these results, one can prove that W;, ’s and W*i,_1’s indeed give minimal gener-
ator systems of M and M*.

The following is an analogue of (5.2).
(A.9) M* ~ D" ¢ DL
This induces an exact sequence of the form [cf. (5.3)]
(A.10) 0— M*iDm“iDm — 0,
which splits:
(A.11) D"~ M@ D™

From Corollary (A.8), one can further derive the following expression of W;’s and

Wi’s. This gives an extension of (3.12.2) to a general S.
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Proposition (A.12). W; and W} for general i € S and j € S¢ can be written

m

Z ’Lk 1 Zk’
k=0
Z ik 1 W 0" ” 1)+'
k=
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Figure captions

Figure 1. Maya diagram for S = (—1,0,2,3,...

Figure 2. Maya diagram associated with S

Figure 3. Maya diagram in “dual” form
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