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1. Large BKP hierarchy

Large BKP hierarchy in bilinear form∮
zs−s′eξ(t−t′,z)τ(s − 1, t− [z−1])τ(s ′ + 1, t′ + [z−1])

dz

2πiz

+

∮
zs

′−seξ(t
′−t,z)τ(s + 1, t+ [z−1])τ(s ′ − 1, t′ − [z−1])

dz

2πiz

=
1

2

(
1− (−1)s+s′

)
τ(s, t)τ(s ′, t′)

for any values s, s ′, t, t′ of the discrete spatial variable s and
continuous time variables t = (t1, t2, . . .), where

[z ] = (z , z2/2, · · · , zk/k , · · · ), ξ(t, z) = t1z + t2z
2 + · · ·

(Jimbo-Miwa 1983; Kac-van de Leur 1998). Guan, Wang, Rui and
Cheng (2024) presented a Lax-Sato form of this hierarchy.
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1. Large BKP hierarchy

Wave functions

Ψ+(s, t, z) =
τ(s − 1, t− [z−1])

τ(s, t)
zseξ(t,z),

Ψ−(s, t, z) =
τ(s + 1, t+ [z−1])

τ(s, t)
z−s−1e−ξ(t,z).

Dressing operators

S± =
∞∑
n=0

a±n Λ
−n, Λ = e∂/∂s ,

Ψ+(s, t, z) = S+z
seξ(t,z), Ψ−(s, t, z) = S∗

−z
−s−1e−ξ(t,z).

The asterisk ∗ stands for the formal adjoint of difference operators.
e.g., (a(s)Λn)∗ = Λ−n · a(s) = a(s − n)Λ−n .
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1. Large BKP hierarchy

Lax-Sato form of large BKP hierarchy

Guan et al. (2024) derived the algebraic equation (constraint)

S+Λ
−1S− = Λ−1(1− Λ−2)−1

and the Sato equations

∂S+
∂tk

= AkS+ − S+Λ
k ,

∂S∗
−

∂tk
= AkS

∗
− + S∗

−Λ
−k

for the dressing operators S±. Ak ’s are finite difference operators
of the form Ak = Ck(Λ− Λ−1), C ∗

k = Ck . These equations yield a
system of algebraic and differential equations for the Lax operators

L+ = S+ΛS+, L− = S∗
−Λ

−1S∗−1
− .
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2. B-Toda hierarchy

Having these results, Guan et al. (2024) pointed out that the
large BKP hierarchy is closely related to the B-Toda hierarchy
of Krichever and Zabrodin (2023).

The B-Toda hierarchy is a reduction of the 2D Toda hierarchy
defined by some constraints for the Lax operators L, L̄ and
dressing operators W , W̄ . Since these constraints are only
preserved by time evolutions along the anti-diagonal t+ t̄ = 0
of the full domain of the 2D Toda hierarchy, the B-Toda
hierarchy has just one set of time variables t = (t1, t2, . . .).
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2. B-Toda hierarchy

B-Toda hierarchy in Lax-Toda form

The Lax operators L =
∞∑
n=0

unΛ
1−n, L̄ =

∞∑
n=0

ūnΛ
n−1 satisfy the

constraint
L∗(Λ− Λ−1) = (Λ− Λ−1)L̄

and the Lax equations

∂L

∂tk
= [Ak , L],

∂L̄

∂tk
= [Ak , L̄]

with the difference operators Ak of the form A∗
k = Ck(Λ− Λ−1),

C ∗
k = Ck .
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2. B-Toda hierarchy

B-Toda hierarchy in Lax-Toda form (cont’d)

The dressing operators W =
∞∑
n=0

wnΛ
−n, W̄ =

∞∑
n=0

w̄nΛ
n

(L = WΛW−1, L̄ = W̄Λ−1W̄−1) satisfy the constraint

W ∗(Λ− Λ−1)W̄ = Λ− Λ−1

and the Sato equations

∂W

∂tk
= AkW −WΛk ,

∂W̄

∂tk
= AkW̄ + W̄Λ−k .
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3. Main results

� �
1. S± and W , W̄ are related as

S+ = W (1− Λ−2)−1/2, S− = (1− Λ−2)−1/2W̄ ∗.

2. All solutions of the B-Toda hierarchy can be captured by the
operator factorization

U = W−1W̄

of a difference operator U that satisfies the algebraic and dif-
ferential equations

U∗(Λ− Λ−1) = (Λ− Λ−1)U,

∂U

∂tk
= ΛkU + UΛ−k .� �
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3. Main results

Remarks

The differential equation for U can be solved as

U = exp

( ∞∑
k=1

tkΛ
k

)
U0 exp

( ∞∑
k=1

tkΛ
−k

)

where U0 is the initial value U(0) at t = 0. Conversely, if the
initial data U0 satisfies the algebraic equation

U∗
0 (Λ− Λ−1) = (Λ− Λ−1)U0,

U itself satisfies the same algebraic equation.

The operator factorization can be used to solve the initial
value problem of the B-Toda hierarchy for a given pair
(W (0), W̄ (0)) of the initial values of the dressing operators.
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3. Main results

How to solve the initial value problem

1. Choose U0 as
U0 = W (0)−1W̄ (0)

and factorize U as U = W−1W̄ .

2. W and W̄ are determined up to the gauge transformation
W → gW , W̄ → gW̄ with a non-zero function g .

3. With a suitable choice of g , one can achieve the balance
condition

w0(s)w̄0(s − 1) = 1.

W and W̄ thereby automatically satisfy the constraint

W ∗(Λ− Λ−1)W̄ = Λ− Λ−1,

giving a solution of the initial value problem.
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