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1. Introduction

Determinant formulas in algebraic Bethe ansatz:

e Partition function of 6 vertex model under domain wall
boundary condition (DWBC) (Korepin; Izergin)

e Scalar product of Bethe states in finite spin 1/2 XXZ chain
(Korepin; Slavnov; Kitanine, Maillet & Terras)

e Scalar products of states in models “at ¢ = 0" (Bogolioubov
et al.)

Foda, Wheeler and Zuparic observed that these quantities are
special tau functions of KP and Toda hierarchies:

e “‘Domain wall partition functions and KP", arXiv:0901.2251
o ""XXZ scalar products and KP", arXiv:0903.2611

e “"Phase model expectation values and the 2-Toda hierarchy’,
arXiv:0906.3358

This talk is a review of their results.



2. Tau functions

Tau functions of KP hierarchy

Tau functions 7[t] of the KP hierarchy depend on an infinite
series t = (t1,t>,...) of time variables. A general formula of
tau functions (M. & Y. Sato, 1981) reads

Titl= ), sl

A:partitions

e c,'S are Plucker coordinates of a point of an infinite dimen-
sional Grassmann manifold Gr(%, o).

e s\[t]'s, A = (A1, \o,...), are Schur functions redefined by the
Jacobi-Trudy formula

00 00
sl] = det(hy, iy IDF=1, Y haltle" = exp( Y tnz")
n=0 n=1

as functions of the universal “power sum’” variables t, = pn/n.
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Schur functions

When t,'s are parametrized by N variables x = (x1,...,xy) as
1 N
t —
=2 ;

e s)[t] vanishes for all partitions of length > N.
e s5)[t]'s for partitions of length < N become the Schur func-
tions

Ai—t+NyN
o (@) = det( ) ii=1
det(a: TN,
e hy[t]'s become the complete symmetric functions

N2i12-2in>1



Tau functions given by finite determinant

Pliicker coordinates ¢y of points in Gr(NN,o00) C Gr(%,00) are
given by finite-dimensional determinants

c\ = det(fi,lj)%:l? li=X —i+ N.

The N xoo matrix (f;1)i=1,.. N, i1=0.1,. represent a point of the
Grassmann manifold Gr(N,oc0). By the Cauchy-Binet formu-
las, the tau function 7[t] = 7(x) can be expressed as

det(f;;)det(z)  det(fi(z;)N_,
A(x) - A(x) |

T(x) = >

oo>l1>-->INn>0
where A(x) is the Vandermonde determinant of z1,...,z and

o
fi(z)'s are the power series f;(z) = > _ fi,lazl.
=0



Tau functions of 2-KP hierarchy

Tau functions 7[t, ] of the two-component KP (2-KP) hierar-
chy are functions of two series t = (t1,t>,...), t = (t1,%>,...)
of time variables, and can be expressed as

T[t, 2] = ) causaltlsult],
A
where ¢y ,’'s are Plucker coordinates of a point of Gr(oo, 200).

Tau functions 7[t,t] for points on the submanifold Gr(M +

N,2c0) are given by finite determinants. If the time variables
1 N

= > yp, the determi-

. 1
are parametrized as t, = — ) _ z?, tn
' k=1

3

nant formula reads

_det(fi(z;) | 9i(yr))i=1,... M+N:j=1,...M,k=1,...N
r(@y) = A(z)A(y)




Tau functions of Toda hierarchy

Tau functions 7[s,t,t] of the Toda hierarchy are functions of
a discrete variable s € Z and two series t = (¢1,t>,...) and
t = (t1,%o,...) of time variables, and can be expressed as

7[5, 6,8 =3 cousaltlsul—8 = X e (— D)Wy [t]s o, [F],
A, L A, L

where cgy,,'s are Plucker coordinates of an infinite dimensional
flag manifold.

For each value of s, 7[s,t,t] is a tau function of the 2-KP
hierarchy. ¢y, (—1)I#'s are identified with Pliicker coordinates
of the Grassmann manifold Gr((% + s) + (5 — s),200).



3. 6-vertex model with DWBC

6VM on N x N lattice with DWBC

UN >

un >

uq >

Y

V1V -

e Inhomogeneity parameters u = (uq, ..

Y

Y

.’UN

.,’LLN) and v = (Ul,...,UN)

are assigned to the rows and columns.



e Vertex weights w; ;

I

a(u;—v;) b(u;—v;) c(u;—v;)
a(u) =sinh(u+~), b(u) =sinhu, c¢(u)=sinh~y
e Partition function

Zn = Zn(u,v) = > 1] wi;

configuration (i,5)



Izergin-Korepin determinant formula

H%zl sinh(u; — v; + ~v) sinh(u; — ’Uj)

ZN pr— . .
) N
sinh
x det ( , 7. )
sinh(u; —v; + ) sinh(u; — v;) ij=1
SinhNn

—H1§i<j§N sinh(u; — u;) sinh(v; — v;)
x det (chvzl sinh(u; — v + ) sinh(u; — ”k)>N
sinh(u; —v; +v) sinh(u; —vj) /.4
_ sinh?Y ~
—H1§i<j§N sinh(u; — u;) sinh(v; — v;)

N o i N
x det (Hk=1 sinh(uy — vj + ) sinh(uy, — v;-))
1,7=1

sinh(u; —v; + ) sinh(u; — v;)
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Changing to rational variables

Define z; := e2%, y; := 2%, q := e~ 7. Then up to a sim-
ple factor Cpy (an exponential function of u;'s and wv;'s), the
partition function becomes a rational function of z;'s and y;’s

17 =1 (@ig ™ = yja) (2 — yj) g l—q N
Zn =Cn— det —

[Ti<icj<n(xi —25) (Y5 — ;) (ziqg* — yjq)(x; — i =1
B (gt -V [ (zig~t — yké])(wz Yi)
—CN det 1

[Ti<icj<n(zi — ) (y; — yi) (ziq7+ —yq) (x; —
_ (gt =)V [T (zpg™t — ygq)(wk - yg
—CN det 1

[Ti<icj<n(zi — ) (y; — yi) (ziq~+ — yjq)(z; —

The second and third lines show that Z, is a KP tau function
with respect to both = (x1,...,zn) and y = (y1,...,yn).
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Zn as KP tau function

det(f;(=:))}j=1

e T he essential part of the second expression of Z; is A(z)
£Xr

where fj’s are polynomials of the form

[ (zqg ! —yra)(z — Uk)

filw) = (g~ ! —y;q)(x — y;)

1 N

As a function of ¢, = — Z :p?, this quantity is a polynomial
ni=1

tau function of the KP hierarchy.

det(g:(y;)); =1

A(y)
of the third expression, where g;'s are polynomials of the form

[ (zig™t —yg) (z; — y)
(gt —yg)(z;—y)

e [ he same interpretation holds for the essential part

9:(y) =
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e It is an open question whether the first expression of Zy
implies that Z, is a tau function of the 2-KP hierarchy with

1 N 1 X
respect to t, = — > a and T, = — Y _y}'. Presumably, this is

ni=1 ni=1
not the case for generic values of q. The case where g = e™i/3
is exceptional. According to a result of Soichi Okada, Z with
q = e/ 3 coincides, up to a simple factor, with a single Schur
function of the 2N variables (x,vy),

Zn = (simple factor)sy(x,y),

where X\ is the “double staircase’” partition

A=(N—1,N—-1,N—2,N—-2.....1,1).
N
On the other hand, for any partition X, sy(z,y) [] (=i —y;)
1,J=1
turns out to be a 2-KP tau function. Thus Zy with g = e™%/3
is substantially a 2-KP tau function.
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4. Scalar product of Bethe states in finite
spin 1/2 XXZ chain

Spin 1/2 XXZ chain of length N

e R-matrix
a(u —v) 0 0 0
_ 0 b(u—v) c(u—v) 0
R(u—v) = 0 c(u—v) blu—v) 0
0 0 0 a(u —v)

e L-operators
L(u—§) = (Log(u—§))aps=12 (U=1,2,...,N),

0.3 . 0.3
Li1(w) = a(w) =T ! Lis(u) = e(w)o™,

: 3 3
Lo1() = (o™, Loow) = b(w) ™57 + a(w)
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The matrix elements of L(u—¢&;) are understood to act on the
space C2 of spin states. Let L (y — ¢;) denote the L-matrix
whose matrix elements act on the [-th component of the full

N
quantum space (X) C2.
=1

e Local intertwining relations

The Yang-Baxter equations for R(u—wv) imply the intertwining
relations

R(u— )L™ (u— )LV (v — ) = LU (v — ) LF) (u — &) R(u — v)

e -operator

T(u) = ( o e ) = LW -€1) - LM —gy),

R(u — )TV ()T (v) = T ()TP (W) R(u — v).
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Algebraic Bethe ansatz

e Pseudo vacuum
N /4 N
\o>=®(o)e®02
=1 =1
A(u) and D(u) act on |0) and its dual (O] as

A(u)|0) = a(u)[0),  D(u)|0) = 6(u)|0),
(0]A(u) = a(u)(0],  (O[D(u) = 6(u){0],

where

N
a(u) = ] sinh(u—&+7), (uw) =
=1 z

N
I sinh(u — &).
=1
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e Bethe states

a(u)
o(u)
o osinh(v; — v — )

r(v;) ] =
=1 sinh(v; —v; + )

Define r(u) :=

If v1,...,vn satisfy the Bethe equations

=1 (i=1,....n),

n
H B(v;)|0) becomes an eigenvector of t(u) = A(u) + D(u):

() [[ B(w)[0) = (a<u> T £(vi — ) + () ] f(u—v@-)) [T B(w)[0).
1=1 1=1 1=1 1=1

where

a(u)  sinh(u—+ 7).

J) =20y = sinhu

17



e The operators A(u), B(uw),C(u), D(u) are related to a row-
to-row transfer matrix of the 6VM with open boundaries. For
N free (namely, not required to satisfy the Bethe equations)
variables, one can thus deduce that

N

H B(uz)|o> — ZN(UJ17° .- 7UJN7£17' - - >€N)|(_)>7
1=1

N

where |0) = 5 ( 2 ) This is a key to connect the 6VM
i=1

with DWBC and the algebraic Bethe ansatz of the finite XXZ

chain.
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Scalar product of Bethe and non-Bethe states

e Let u = (uq,...,un) be free variables and v = (vq1,...,vn)
satisfy the Bethe equations. The associated scalar product

Sn(u,v) = (0| H C'(u;) H B(v;)|0)

1=1
of Bethe and non-Bethe states is known to have a determinant
formula (Slavnov; Kitanine, Maillet & Terras):

HZL_ 5(%)5(%)1_[ i,j= 1S|nh(uz Uj+7)

Sn(u,v) = det(H;;);

19
H1§i<j§n Slnh(’u,z uj) Slnh(’Uj — UZ‘) L=
where
sinh~ sinh(u; — v, — )
H;; = 1 — r(uy .
" Sinh(uivj+7)sinh(uivj)< r(ur&)kl;é[isinh(ui—vk—l—v)
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e Equivalent expression:

sinh?V ~ [T 6(v;)

Sn(u,v) = : _ det(K; )%+,
! [l1<i<j<nSinh(u; —u;) sinh(v; — v;) 1y/1,5=1
where
0(ui) 1] sinh(u; — v +v) — aluy) [ sinh(u; —vg — )
1) —

sinh(u; — ,Uj)
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Scalar product as KP tau function

T hese determinant formulas of the scalar product can be cast
into a rational form with the new variables x; = e2%i, y; = 2V
and ¢ = e~ 7. The main part of S,(u,v) thereby turns out
det(f;(z;))7_1

A(xy,...,2n) - _ .
with a polynomial tau function of the KP hierarchy with time

to be of the form hence can be identified

. 1 ¢
variables t, = = ) .
mn .
1=1
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5. Scalar product of (non-Bethe) states in
models at ¢ = 0

e Some solvable models (the phase model, the 4-vertex model,
TASEP, etc.) has an R-matrix of the form

flu—v) o) 0 0
_ 0 1 g(u —v) 0
R(u—v) = 0 g(u —v) 0 0 ’
0 o) 0 f(u—v)
where
u? uv

f(u—v):ma Q(U—U)ZUQ_UQ-

This is achieved by a ‘crystal” limit, as ¢ — 0, of the R-matrix
of the 6VM and the XXZ chain.
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n n
e The scalar product S,(u,v) = (0| ][] C(w;) ][] B(v;)|0) with
i=1 i=1
both v = (u1,...,un) and v = (v1,...,vn) being free variables
is known to have a determinant formula (Bogoliubov et al.),

Uz U4 ViU,
1<i<j<n W — U V7 =Y

5 det(Kz‘j)ijly

where Cy, is a simple factor, and Kj;;'s are given by

6 (up)ee(vy) (ui/v)"F — alu)é(v;) (vj/u)"
(u? —02) uyv; |

By changing variables to z; = u? and y; = v?, this function,

too, can be interpreted as a KP tau function with respect to

1 = mn n 1 = mn
th =— )Y i and {, = = > _y;' separately.
ni=1 ni=1

K;

j pr—
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e In particular, for the phase model (equivalently, the 4-vertex
model), the scalar product gives a generating function for
counting “boxed plane partitions”. Actually, this generating
function coincides, up to a simple factor, with a single Schur
function s yny(uf,...,ug,vf,...,vg) of a rectangular Young
diagram, and can be decomposed into a sum of products of

two Schur functions as

S(u,v) = (simple factor) Y sy(ui,...,u2)sy(vy%, ..., v52).
AC(N™)

This case has been studied in more detail by Zuparic, who

pointed out a link with the Toda hierarchy.
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