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1. Dispersionless Hirota equations of KP
hierarchy

T-function of KP hierarchy
T:T(t), t = (tl,tg,...), t1 =

e Relation to Lax operator L:
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An infinite number of Hirota equations
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Generating functional form of Hirota equations (DJKM 81)
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The contour integral is along |z| = R with R sufficiently large
(or interpreted as an algebraic operator extracting the coeffi-

cient of z—1).



Dispersionless limit = quasi-classical limit

Assume that an h-dependent r-function r = r(h,t) behaves in
classical (h — 0) limit as

r(h,h~ 1) = exp(A2F(t) + O(h™ D))

Passage to dispersionless Hirota equations

DJKM bilinear equations for

!
differential Fay identity for r
| h—0

dispersionless Hirota equations for F



Differential Fay identity (Adler & van Moerbeke 92)
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Derivation of differential Fay identity

1. Differentiate the DJKM bilinear equation by 7.
2. Set t' =t+ A+ [t (Al |ul > R).

This yields an equation of the form

dZ >‘//L q 4 B 4
21i(z — N)(z — ) <(at17_)(t + A+ = [277]D)
42t 4+ N+ [l - [2_1])>T(t L) =o.

The integral can be calculated by deforming the contour and

collecting the residues at z = A\, u,o00. The outcome is the
differential Fay identity.




Dispersionless limit

e For the rescaled 7-function 7, = 7(h, h~1t), the differential
Fay identity reads

1

exp((e"PN) — 1) ("W — 1) 10g7;) =1 - )\—h@tl(ehD()‘) — Py 10g 7.
— W

e By the quasi-classical ansatz 7 ~ e ?F()  this equation

reduces to the dispersionless Hirota equation (T. & Takebe

95; Carroll & Kodama 95)

JLDODWF _ 4 _ Ot (D(N) — D(M))F.
A—
e In other words, the differential Fay identity is a dispersive
counterpart of the dispersionless Hirota equation.




Relation to auxiliary linear equations

e [ he differential Fay identity can be rewritten as
Ae PO () = — (84, — 81, 1og W))W ().
e An equivalent form (known?)
AW te P () = —0, (W)W ())

e T his equation is a generating functional form of the auxiliary
linear equation

atnw(:u) — Bn(ﬁtl)\lf(,u), n=172...,

of the KP hierarchy. This is a key to prove the equivalence of
the differential Fay identity and the full KP hierarchy (T. &
Takebe 95).



e In quasi-classical limit, W (z) ~ eh_ls(z), the forgoing equa-
tion turns into an equation of the form

(A — p)ePIPUIE — 5, 5(X) — 8y, S (1),

where

@) —

S(z) =€&(t,z) — D(z)F = Z tnz"t — Z #6%}7’.
n=1

n=1
e Thisis a generating functional form (Bogdanov, Konopelchenko
& Martinez Alonso 03) of the Hamilton-Jacobi equations

atnS(Z) =Bn(8t1S(z)), n — 1,2,...,

of the dispersionless KP hierarchy.



Summary

Hirota formalism Lax formalism
DJKM bilinear egn — auxiliary linear egns (usual form)
! T
differential Fay identity <= auxiliary linear eqns (generating form)
lA—20 lA—20
dispersionless Hirota eqn g Hamilton-Jacobi egns

(%) This part can also be explained in the langauge of complex
analysis (Faber polynomials and Grunsky coefficients) — cf.
L.P. Teo's work (2003) for the dispersionless Toda hierarchy.
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2. Toward multi-component generalization
of dispersionless Hirota equations

Toda hierarchy = ‘“charged” two-component KP hierarchy

e Two sets of continuous variables: t = (t1,t>,...), t = (t1,1o,...)
e Discrete variable: s € Z

e s iS interpreted as charge of a state in the Fock space of
charged fermions (Jimbo & Miwa 83; Takebe 85):

(s, 8,8) = (5]’ B g=H D))

e Lax formalism based on scalar wave functions W(z), W(z)
—— straightforward generalization of prescription for KP
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Dispersionless Hirota equations of Toda hierarchy(Zabrodin &
Wiegmann 00, 01)

(1) (O — M)eD(A)D(u)F — )\ OsD(VF _ e—é’sD(u)F’

L4
(2) (O — M)GD(A)D(M)F — \OsD(W)F _ MeasD(A)F,

(3) PIDWF —q _ H (82+48sD(X)~8sD (1)) F
)\ 9

P =Y “ o, DE=)Y o,

e Recently, Teo derived “Fay-type identities” as a dispersive
counterpart of these equations, and proved the equivalence
with the full Toda hierarchy (nlin.SI/0606059).
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Generalizations

1. “charged” multi-component KP hierarchy (NN discrete vari-
ables s1,...,sy show up in N + 1-component case)

2. two-component BKP hierarchy (neutral fermions)

3. Pfaff lattice, “charged” BKP hierarchy, coupled KP hierar-
chy, and their “neutral” counterparts (D., family)

1 — T. & Takebe, nlin.SI/0608068.
2 — T., SIGMA 2 (2006), Paper 057.
3 — work in progress
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3. Dispersionless Hirota equations of multi-
component KP hierarchy

“Charged” N + 1-component KP hierarchy

e N + 1 sets of continuous variables tg = (tgp1,t02,...), t1 =

(t11,t12,---), - tn = (IN1, tN2s - - )

e NN discrete variables s1,...,sn5 € Z, auxiliary variable sg =
—S81 — ... — SN

e s = (sg,s1,...,8y) IS the charge vector (total charge = 0)

of a state in the Fock space of N 4+ 1-component charged
fermions 1, er O<a<N, jeZ (DJKM 81; Kac & van de
Leur 93):

7(s,t) = (s|lefTPg|0),

N oo
H(t) = Z Z tandan,  Jan = Z ¢aj¢;,j+n

a=0n=1 JEZ
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Lax formalism with scalar wave functions (T., talk at MIS-
GRAM workshop at SISSA, 2005/09)

e Scalar-valued wave functions (= matrix elements in the 1st
row of a matrix-valued wave function)

DO(Z)T(S’t)

Wo(z) = 250 (t02)E

T(s,t)
W(z) = Eﬁ(s)zsﬁ_leg(tﬁ,z)e Ds(2)r (s 4+ eq — eﬁ,t)’ L<B<N
7(s,t)
where e, = (...,0,1,0,...) (1 in the a-th component),
o0 Z—n & @) Z_n
Do(z) = Zl TaOna Dg(z) = Zl Taﬁna Opn = Oy,
n— n=—

and €g(s) = (—1)%11T 138 (these sign factors were overlooked
in last year’'s talk.)
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e Auxiliary linear equations for scalar wave functions

(1)  9onWg(2) = Bon(901)WVs(2),

(2) (%m,\llﬁ(z) — Bom(aozl)wﬁ(z)a

(3) Bo1Ws(2) = (e7%0 4 ga)Wp(2),

(4)  0a1Wp(2) = rac¥OWy(2),

(5) ((O01 — ga)0a1 —Ta)Wg(z) =0, 1< a<N,0<B<N,

where €90 stand for the shift operators €9/95« in s,

eTPa0f(s) = f(sFegtea) = f(sgF1L,...,5a+1,...).
e Interpretation —
(1),(2): KP hierarchy in tg- and tg-sectors
(3),(4): auxiliary linear equation of Toda field equation in
(sasto1,ta1)-space
(5): two-dimensional Schrodinger equation with magnetic field
(Veselov & Novikov 84) in (tg1,ty1)-Space
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e [ he Hamilton-Jacobi equations of these equations in disper-
sionless (= quasi-classical) limit

\UO(Z> ~ eh_lsO(Z), ceey \UN(Z) ~ eh_lsN(z)

are exactly the evolution equations of the S-functions in the
universal Whitham hierarchy of genus zero with N 4+ 1 marked
points at co,q1,...,9xN-

e (1), (2) and (5) may be thought of as auxiliary linear equa-
tions for rational reductions of the KP hierarchy (Krichever;
Dickey; Enriques, Orlov, Rubtsov), which is another approach
to the zero-genus Whitham hierarchy and its Benney-type re-
ductions.

e Many problems remain open (additional symmetries, string
equations, g-analogues, etc).
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Bilinear equations for r-function
dz

2wz

al / dz o —s,—2 e(t. —t,,2)
+ 3 & (s )Ey(s)j{—z% s7=28(—1y,2)
V=1 2711

x (e P (' + eg — ey, ) (P F) ) (s —eg + e, t) = 0.

2507508 (tg=10.2) (¢~ Do(2) 1) (' /) (L0 1) (5, 1)

e [ hese equations are obtained from the bilinear equations

of the scalar wave functions W,(z) and their duals W3 (z).

e [ hough being part of the full bilinear equations of matrix
wave functions (DJKM 81; Kac & van de Leur 93), they actu-
ally contain all relevant equations (because of s-dependence).
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Differential Fay identities

(1) exp((ePoM — 1)(ePol) — 1) 109 7(s,t))

801(81)0()\) — eDO(“)) log 7(s, t)

A— i

(2) /\exp((eDoW — 1) (%20t Dalr) _ 1Y |0g 7(s,1))
= X\ — 9p1 (eP0N) _ BaotDali)y|0g (s, t),

(3) exp((eaa0+D0‘(>‘) —1)(efa0tDali) _ 1Y|0g 7(s,1))

01 (eaao‘i'Da()‘) - 68040+DO‘('M)> log 7 (s, t)
A— i

(4)  capexp((ea0tPold) — 1) (ls0tDs() — 1) 10g7(s,1t))

— _301<63ao+Da(>\) _ e%o-l-Dg(u)) log7(s,t), a8,

= 1 —

Y

Y
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where

[+ @<,
BTV-1 (> 8)

Dispersionless Hirota equations

(1) ePo)Do(F — ¢ _ 001(Do(A) — Do(p))F
A— I ’

(2) AP @oot Dl = X — 96, (Do(X) = B0 = Dali))F:

(3) e(aaO+Da()\))(aao+Da(M))F — _)‘:uaOl(Doz()‘) — Doz(,u))F
A—p

(4)  eqpelP20t Do) @0t D) E — _54, (8,0 + Da(X) — 850 — Da(p))F.

Y

20



Auxiliary linear equations in generating functional form

e Differential Fay identities (1)—(4) are equivalent to

Ae Do g (1) = — (991 — 9p1 109 Wo (M)W 5(w),
=200~ PaNw (1) = (891 — o1 10g Wa (M)W 5(1),
1<a< N, 0<pg<N.

e [ hese equations are equivalent to the auxiliary linear equa-
tions

Oon WV 3(2) = Bop(901)WVg(2),
80471\“5(2) — Bom(aal)wﬁ(z)7
901V 5(2) = (e7%0 + ga) W(2),
01V p(2) = raeaao\llﬁ(z)
of the usual form. In other words, the differential Fay identities

are auxiliary linear equations in disguise.
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4. Some other cases
2-component BKP hierarchy

e Two sets of continuous variables: t = (t1,t3,t5,...), t =
(t1,t3,t5,...) (labeled by odd indices)

e NO discrete variable

e Formula of r-function in the language of neutral fermions
(DJKM 81—82; Kac & van de Leur 98):

7(s,6,8) = (0]eT B g=H®)0) = (1] B g=H®)1)

e Lax formalism based on scalar wave functions W(z), W(z)
(Shiota 89; Krichever 05) — straightforward generalization
of prescription for KP and Toda
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e Dispersionless Hirota equations and associated differential
Fay identities have been obtained (T. 06; Chen & Tu 06).
They generalize the result for the case of the one-component
BKP hierarchy (Bogdanov & Konopelcheno 05).

e [ hese differential Fay identities can be converted to the
following equations for the wave functions:

—(01, — O 1og W)W () = (8yy + 8y, log W(A))e 2PMw (),
—(9g, — 0, 10g WOV (1) = (95, + 0, log W(N))e 2PN (),
(8, — 0 10g TONW (1) = (81 + G, 10g T(X))e 2PNw (1),
(8r, — 0r, log W(A) W (k) (8r, + 0, log W(X)e 2PAT ().

T hey give a generating functional form of auxiliary linear equa-
tions.
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Hierarchies of D._ family

e Integrable hierarchies of D{)O type (Jimbo & Miwa, Publ.
RIMS, Kyoto Univ., 19 (1983), 943—-1001):

1. Charged version with a set of continuous variables t =
(t1,t>,...) and a discrete variable s. Charged fermions are
used to express the r-functions 7(s,t), s € Z.

2. Neutral version with two sets of continuous variables t =

(t1,t3,t5,...), t = (t1,%3,%5,...). Neutral fermions are used to
express the r7-functions 75(¢,t), s =0, 1.
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e [ he charged version, also called ‘“charged BKP hierarchy”
by Kac and van de Leur, contains two copies of the Pfaff
lattice (Adler, Horozov, Shiota & van Moerbeke). These two
Pfaff lattices are described by the r-functions {7(2s,t) },c7 and
{r(2s + 1,t)},cz on the even and odd sublattices. Thus the
charged D._ hierarchy may be thought of as a ‘“‘coupled Pfaff
lattice” . This hierarchy also contains the so called ‘“coupled
KP hierarchy’.

e T he neutral version contains two copies of the two-component
BKP (2-BKP) hierarchy. The two 2-BKP hierarchies are de-

scribed by the two r-functions mo(t,t) and w1 (t,t). Thus the

neutral D._ hierarchy may be called a “coupled (2-)BKP hier-

archy.”
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e Partial results on the dispersionless limit (work in progress)

1. Differential Fay identities for 7(2s,t) have been obtained:

T(2s,t + AT+ [p D728, 1) 1 T(2s,t + A1)
T ) e Ry e ) RS WA R C O P 5
_ (s +2,t+ DT+ DT (25 - 2,0)

A2p2T(2s,t+ A )T(2s, 8 + [0 t])
N21(2s — 2,6+ AT 7(2s, 8+ [wT]) — pPr(2s,t 4+ AT T(2s — 2, + [w 1))

(A —p)7T(2s = 2, t)17(287 t +1 A7+ [w—1])
_ T(2s,t+ A+ [wT7])
= At Olog (25 — 2,1) |

2. Under a suitable quasi-classical ansatz, they have a quasi-
classical limit (i.e., dispersionless Hirota equations).
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3. The differential Fay identities can be converted to the
equations

— (04 — Oy log W (2s,t, )W (2s,t, 1)
17(2s+2,t) _

7(2s,1) y
— (O, — Oy log P*(2s,t, 1)) P(2s,t, 1)

= Ae PW (25,8, 1) + A~ DN (2s,t, 1),

— D()x) _17'(28—2,t) D()\)
e D(2s,t, 1) + A £(25.0) e W(2s,t, 1),

.-« (two more equations) - - -

for matrix elements of the matrix-valued wave function

_ [ W(2s,t,2) W*(2s,t,2)
W(QS,t,Z) - ( CD(QS,t,Z) CD*(QS,t,Z)

of the Pfaff lattice.

27



4. The foregoing equations are a generating functional ex-
pression of linear equations of the form

oL + 0@ ™) o)

O W(2s,t,2) = o . o
tn ( S Z) ( O(atl 1) _(_atl) _I_O(8t1 1)

) W(2s,t,z).

These linear equations seem to coincide with auxiliary linear
equations derived by S. Kakei several years ago in an inverse
scattering framework.

e Remark: It seems likely that this case does not have a natural
scalar Lax formalism. Usually, achieving dispersionless limit of
such a system is an extremely tough problem. In the present
case, we can circumvent the difficulties by taking the route
from dispersionless Hirota equations.
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