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Introduction
Dispersionless limit of integrable systems

e Dispersionless limit of KdV equation

ug + uug + € ugzr = 0
=0 w4 wuy =0 (dispersionless KdV eqgn)

e Dispersionless Ilimit of 2D Toda equation
ed(8) ey + o(P(ste)—o(s))/e _ (9(s)—o(s—e€))/e —
=0 d(8)zy + (e?3)9)s = 0 (dispersionless Toda eqn)

N.B. This equation is also known in general relativity as the Boyer-
Finley equation.



Motivation of this talk

Recent (since 2000) applications of dispersionless integrable hierar-
chies (dKP, dToda, etc.):

LLaplacian growth

Associativity (WDVV) equations

Light-cone string field theory

Lowner equation

Large-N normal matrix model

Nonlinear optics

Seiberg-Witten curve of 4D /5D U(1) gauge theories
e Limit shape of 2D /3D Young diagrams (really??)

Fay-type identities play a significant role in some of these applica-
tions. This talk is concerned with theoretical aspects of Fay-type
identities.



2. Differential Fay identity for KP hierarchy

T-function of KP hierarchy

e Time variables t = (t1,t5,...)
e Spatial variable x = t4
e Fermionic formula of tau function (DJKM 81)

r=r(t) = (0] Pg|0)
where H(t) and g are made from free fermion operators

[V, il = 05, (V5 ¥r)e =[5, ¥l =0

as
o

n=1 JE€Z

g = €xXp Z a]kijz, e
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An infinite number of Hirota equations (Sato & Sato; DJKM)
(3Df, — 4Dy, Dy, + Di )77 =0, ...
where

P(Dtta Dt27 T )T T = P(at/l - 8t17 at’Q - atga K )T(t,) ) T(t)|t/:t

Generating functional form of Hirota equations (DJKM 81)

S S (¢! — [t + [71]) =0

211
where
00 -2 -3 —n
t,z) = tnz™,  [271 :(2_17,2 ,Z ,...,Z—,...).
(0= 3 " [ — s

The contour integral is along a sufficiently large circle |z| = R.



Fay identity (derived by Sato from Pliicker relation)

(A1 — A2)(A3 = Ag)7(E + [A1] + [M2D)7(E + [A3] + [Ma])
—(A1 = A3) (A2 = Ag)7(E + [A1] + [A3D7(E + [A2] + [Ma])
+(A1 = A2) (A2 = A3)7(t + [M1] + [MaD7(E + [A2] + [A3]) =0

Differential Fay identity (Adler & van Moerbeke 92)

Gl S ol 0 D O S5 (e o )

T+ NI+ ) T A—u T(t + [u=1])




Some features of differential Fay identity

e T he original derivation due to Adler & van Moerbeke starts from
the Fay identity and carries out a degeneration procedure. One can
derive it directly from the DJKM bilinear equation as well.

e Expression a la Wiegmann & Zabrodin

8751(61)()‘) — eD(“)) log T
A—

exp((ePM —1)(ePW —1)logr) =1 -

where

@) —

n=1
This is convenient for deriving the dispersionless limit (presented
later on).



e Equivalent expression

e PNy () = —A_l(f?tl — Oy log W (A)W(p) - (O)

in terms of the standard wave function

e [ heorem: The differential Fay identity is equivalent to the KP
hierarchy (T. & Takebe 95).

e Key: () is a generating functional form of the auxiliary linear
equations

O, W (z) = BpW(z)
of the KP hierarchy.



3. Relation to dispersionless KP hierarchy
Dispersionless limit = quasi-classical limit

e Assume that an hA-dependent r-function 7 = 7(h,t) behaves in
classical (A — 0) limit as

r(h,h~1t) = exp(h 2F@) + O(h~ 1))

e For the rescaled r-function 7; = 7(h,h~1t), the differential Fay
identity reads

hatl(ehD(A) — €hD('u)> log TH
A—

exp((eﬁ%\) —1)("P) _ 1) 10g ) =1-

N.B. Rescaling rule: 0y, — hoy,, D(z) — hD(z)



e As h — 0O, the rescaled differential Fay identity

O, (ehDo‘) — ehD('“”)) log 7
A— i

exp((ehD()‘) — 1) (P 1) 10g ™) =1-

turns into the dispersionless Hirota equation (T. & Takebe 95; Car-
roll & Kodama 95)

DNDWF _ 1 _ Ot (D(X) — D(u))F.
A—

e Systematic expansion in powers of A is possible.

e [ heorem: The dispersionless Hirota equation is equivalent to the
dispersionless KP (dKP) hierarchy (Boyarsky et al. 01; Teo 03).
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Dispersionless KP hierarchy

e Lax equations of KP hierarchy (Sato)

©.@)
8tnL — [BnaL]a L =0;+ Z u’n—l-l@a?n? r =11,
n=1
Bp = (L™)>0 (nonnegative powers of Jz)

e Dispersionless Lax equations of dKP hierarchy (Kodama & Gib-
bons; Krichever)

o
atn[’ — {Bn7‘£’}7 L= p+ Z un—|—1p_n7 r =1y,

n=1
Bn = (L")>0 (nonnegative powers of p)

based on Poisson bracket

F F
() OFOG 0P 3G
Op Ox  Ox Op
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Hamilton-Jacobi equations and dispersionless Hirota equation

e Quasi-classical approximation W(z) ~ el 15(2) (Zakharov; Kodama
& Gibbons) to the rescaled auxililiary linear equations

ho, W(z) = Bp(hog)W(z)
yields the Hamilton-Jacobi equations
O, S(z) = Bn(0z5(2))

for the S-function
@) —n

S(z) =&(t,z) — D(2)F = Z tnz" — Z ZT@tnF.
n=1

n=1
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e [ hese Hamilton-Jacobi equations are equivalent to the dispersion-
less Lax equations through inversion of the map z — p(z) = 9:5(2):

p=p(z) «— z=L(p).
e [ he dispersionless Hirota equation can be rewritten as
DWD(F _ 925(A) — 9:5(p)
A— 1
This is a generating functional form of the Hamilton-Jacobi equation
(Bogdanov, Konopelchenko & Martinez Alonso 03).

e B,,’'s are identified with the Faber polynomials of the (conformal)
mapping z — p(z) (Teo 03).
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3. Difference Fay identities for Toda hierarchy

Tau function

e Two sets of continuous variables: t = (t1,to,...), t = (f1,%>,...)
e Discrete variable: s € Z
e Fermionic formula of tau function (Jimbo & Miwa 83; Takebe

85):
(5,8, %) = (s]eT D geHD )
where

©.@) o @) L
H(t) = ) Hntn, H@) = > Hpln,

Hp= > Vit n= H_p.
JEZ
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e Generating functional form of Hirota equations (Ueno & T 83)

d ~ ~
Q—Z.ZS,_Seg(t/_t’z)T(Slat/ _ [z_l],t/)T(s,t -+ [Z_l],t)
Tt

_ %d_{zs’—seg(i’—i,z_l)T(S/ + 1.7 — [2Dr(s—1,t, T+ [2])

271

e Three distinct Fay-type identities (so to speak, difference Fay
identities) are obtained (Zabrodin 01; Teo 06). They can be derived
from the foregoing bilinear equation by letting

M t=t+N N+ T=Ed=s+1

)t =t T=FT+[N+[u], s =s5s-3

BV =t+ N1 T=T+[u =5
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Difference Fay identities thus obtained

exp((eD()‘) —1)(e % - 1) log T

(1) eXD((eD(’\) — 1)(eP™ — 1) 10g ’7') -3 A

— 1
+ s eXD((GD('U’) — 1)(6_83 — 1) log 7') =0,
A— U ] )
(2)  exp((eP™V —1)(ePM —1)10g7) + A - exp((eP™ — 1)(e% — 1) log 7)
— 1
A

D(p) _ Os _ __
A_ﬂexp((e #)—1)(e 1)Iogr)—0,

(3)  exp((ePM —1)(P® —1)10g7) -1+ §exp(((eD<A> —1)(e% — 1)

+ (P —1)(e % — 1) — (% —1)(e"% — 1)) logT) =0

where

©.¢) Z—n _ S M

n=1 n=1 n
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Dispersionless Hirota equations

In the dispersionless (= quasi-classical) limit
~ -2 7
T(hhls, A1, i 1E) ~ e TE (D),

the difference Fay identities turn into the dispersionless Hirota equa-
tions of the dispersionless Toda (dToda) hierarchy (Wiegmann &
Zabrodin 00; Kostov et al. 01):

\e—0sDNF _ |, .~8sD(u)F

Y

Lt
A— i

(1) DN D(p)F —

(2) eD()\)D(,LL)F — —HE

Y

A—
(3)  PWDWF — 1 _ F (0sDN)=0sD(u)+3)F
A

Theorem: They are equivalent to the dToda hierarchy (Teo 03).
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Implications to wave functions

e Standard wave functions

—11 1
W(s. ) = T(s,t — [z~ ]at)zseﬁ(t,z),
7(s,t,t)
7(s 4+ 1,t,t~— [Z])zseﬁ(ﬂz—”
7(s,t,1)
e [ he difference Fay identities can be converted to equations for
these wave functions:

W(s,z) =

W(s 41,7
G_D(’\)W(s,u)=)\_1< fuj N )—688>W(8,u),
: Ts+1,0)
=DMy (s ) = (1— fuj N ) 85>W(S,u),

... (same equations for W(s, p))...
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e [ hese equations give a generating functional expression of the
auxiliary linear equations

O, W (s,2) = Bn(e?)W(s,2),

Or W(s,2) = Bn(e®)W(s,2),

... (same equations for W(s,z))...

of the Toda hierarchy.

e Roughly speaking, this implies that the difference Fay identities
are equivalent to the Toda hierarchy itself. (Details remain to be
checked.)

19



6. Conclusion
e The dispersionless Hirota equations of the dKP/dToda hierar-
chies appear as the quasi-classical (A — 0) limit of the differen-

tial/difference Fay identities.

e [ hese special Fay-type identities carry full information of the KP
and Toda hierarchies.

e Systematic h-expansion of these Fay-type identities may have ap-
plication to, say, light-cone string field theory 7 (Bonora et al. 05)
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Hirota formalism L ax formalism

DJKM bilinear egn <— auxiliary linear eqns (usual form)
) )
Fay-type identity <= auxiliary linear egns (generating form)
lA—20 lA—20

dispersionless Hirota egn <— Hamilton-Jacobi egns
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e Similar results have been obtained for

o multi-component (charged) KP hierarchies (T. & Takebe 06)

o 1- and 2-component BKP hierarchies (Bogdanov & Konopelchenko
05; T. 06; Chen & Tu 06)

o DKP hierarchy (also called “Pfaff lattice” or “coupled KP hierar-
chy”) (T., work in progress)

e An even more interesting case will be the “elliptic’ DKP hierarchy
and the Landau-Lifshitz hierarchy (studied by DJKM in early 80’'s
using free fermions on an elliptic curve).

e Any relation to limit shape of 3D Young diagrams, Schur process,
dimer models, etc. 77
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