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1. Generating functions of Hurwitz numbers

A. Okounkov, Math. Res. Lett. 7 (2000), 447-453

Hurwitz numbers
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(x) sum over in-equivalent d-fold coverings 7w : C — CP!
with ramification profile (u(l),.. . ,,u('")) over r points
P,...,P. € CP!

Special Hurwitz numbers
1) Double Hurwitz numbers Hg(u, i, 19722, ...,19722)
2) Single Hurwitz numbers Hg(u,19722,...,14722)



1. Generating functions of Hurwitz numbers

Generating function of double Hurwitz numbers
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where 8 and () are parameters, and p,, and p; are mono-

mials p, = pPu,Pus ***» P = P Piz -+ - 0f power sums
— k = __ —k
Pk = L.y Pk = £,
1 >1 1 >1
of = (x1,x2,...) and T = (X1, T2,...).



1. Generating functions of Hurwitz numbers

Generating function of double Hurwitz numbers
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KA =) XA —2i+1), [Al=) A,
i>1 i>1

sx(x) and s)(x) are the Schur functions, and P is the

set of all partitions of arbitrary lengths.



1. Generating functions of Hurwitz numbers

Tau functions

z(x,x) = Z eB“(A)/ZQWs)\(:B)sA(i)
AEP

L te=pr/k, tp=—Dr/k

Z(t,1) = )  eP"N/2QRg,(t)Sr(—F)
A€P
(tau function of 2-comp. KP hierarchy)

Sx(t) are the Schur functions in the t-variables:

Sa(t) = det (Sx,—is (8)N;_,

i Sn(t)z" = exp (i tkzk>
n=0 k=1



1. Generating functions of Hurwitz numbers

Tau functions (cont’d)

Z(t,t) = > ePrN2QING,(t)SA(—1)
AEP
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Z(s,t,8) = 3 PN+ +157=9)/12)/2g N +s(s+1)/2 5, () §y (~F)
AEP
(tau function of 2D Toda hierarchy)



1. Generating functions of Hurwitz numbers

Tau functions (cont’d)

Z(t,t) = >  ePrN2QR g, (1) SA(-F)
AEP

lse’Z

Z(s,t,1) = Z eﬁ(n(k)+2sl>\|+(483—s)/12)/2QI>\|+s(s+1)/25A(t)SA(_E)
AEP
lta =t3 =-.--=0 (single Hurwitz sector)
Z(s,t, 1) = Z eB(R(A)+2SI>\I+(483—8)/12)/2QI>\|+8(8+1)/2
AeP
dim A\
|A|!
(tau function of lattice KP hierarchy)

X (—t1)MSx\(t) (dim A = #StTab(\))




1. Generating functions of Hurwitz numbers

Okounkov and Pandharipande’s remark

In a 2001 preprint (arXiv:math/0101147), Okounkov
and Pandharipande remarked, with no proof therein,
that a generating function of the single Hurwitz num-

bers yields a solution of the Toda-like field equation

2
O°P(8) | o(s+1)=a(s) _ go(s)—a(s—1) _ ¢
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The generating function is essentially the same as Z (s, t,tq).

Can we explain this observation?



2. Lax equations in single Hurwitz sector

Single Hurwitz sector

In the single Hurwitz sector t = (¢1,0,0,...), the tau

function depends on t; through ePsty:

Z(s,t,t1) = 6’8(483_8)/24Q8(8+1)/2Z(S, t,11),

~ _ dim A\
Z(37 L, tl) — Z

N ePrN/2(_QeP*1,) M 8y (1).
AEP '




2. Lax equations in single Hurwitz sector

Single Hurwitz sector

In the single Hurwitz sector t = (¢1,0,0,...), the tau

function depends on t; through ePsty:

Z(s,t,t1) = 6’8(483_8)/24QS(8+1)/2Z(S, t,11),

~ _ dim A\
Z(Sv L, tl) — Z

N ePrN/2(_QeP*1,) M 8y (1).
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Hence

8Z(s,t,t1) . Z(s,t,t)
p— 1 —

0s 8t1
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2. Lax equations in single Hurwitz sector

Auxiliary linear equations of 2D Toda hierarchy

(8tk—Bk)\]:1:O, k=1,2,..., (8{1—’1_1,06_83)\]:1:0

where
By, = (L*¥)>0 = €% + brie* 1% L4 b,
L=e4u+uge % +...,
fn — Z(Sata fl)Z(S _ Zatvfl)
0 Z(S — 1,t,£1)2
Z(S —1,t — [Z_l], fl)
— z
Z(S — ].,t,tl)

[x] = (mawz/zw-'awk/kv”')v §(t, z) = Ztkzk
k=1
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\Il(s,t,fl,z) = seé(t,z),
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2. Lax equations in single Hurwitz sector

Emergence of logarithmic Lax operator

(8{1 — ’17,06_83) v =0

0Z(s,t,t1) gF 0Z(s,t,t1)
— B 2

0s Btl
(83 — ,Bflﬁoe_as) ¥ = (logz)¥ (eigenvalue problem!)

Emergence of new Lax operator

L =05 — ,61?11_1,06_88
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2. Lax equations in single Hurwitz sector

Emergence of logarithmic Lax operator

<8t_1 — ’17,06_83) v =0

0Z(s,t,t1) gF 0Z(s,t,t1)
— 1 —

0s 8131
(83 — ,Bflﬁoe_as) U = (log2z)¥
Since LV = zW¥, the new Lax operator is the logarithm
of L:

£ =05 — ,351’1,_1,06_88 = log L
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2. Lax equations in single Hurwitz sector

Reduced Lax equations

0L
8—1:’{::[.3]@,2], k:1,2,...

The lowest equation
[81;1 —e% —wuy, 8, —ve % | =0, wv= 0Bt

turns into the Toda-like field equation

2
0°¢(s) 4?5 +1)=0(s) _ go(s)—0(s—1) —

8t188

by letting uq(s) = 0, ¢(s), v(s) = e?(&)—¢(s—1),
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2. Lax equations in single Hurwitz sector

Bogoyavlensky-Itoh equations

The p-step Bogoyavlensky-Itoh (aka hungry Lotka-Volterra)
equation (Bogoyavlensky 1987, Itoh 1987)

p
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2. Lax equations in single Hurwitz sector

Bogoyavlensky-Itoh equations

The p-step Bogoyavlensky-Itoh (aka hungry Lotka-Volterra)
equation (Bogoyavlensky 1987, Itoh 1987)

d’l)k p p
o = U\ v D vkri ), kEZ

=1 1=1
In the large-p (continuum) limit as p — oo, k/(p+1) ~
s € R and t being rescaled by p + 1 (Bogoyavlensky 1988,
Ttoh 1988),

p—l—lzvk—HN/ ’v(s)ds,

82(.4,8) — w(s) </3_1 v(s")ds' — /:+1 v(s')dS)
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2. Lax equations in single Hurwitz sector

Bogoyavlensky-Itoh equations (cont’d)

o1 S s+1
08 (5) :/ v(s')ds'—/ v(s’)ds
6t s—1 S

1 v(s) = e?®) ¢

2
O7(8) _ _(s)—d(s—1) _ ,(s+1)—(s)
Ot0s
(Toda-like field equation)

Continuum limit of Lax operator
¢ = e% — pLe POk
d p— oo, k/(p+1) ~ s, subtracting 1 from £
£ =09, —v(s)e
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3. Perspective from generalized string equations

Lax and Orlov-Schulman operators of 2D Toda hierarchy

L=c¢e%+us+ue % +...,

_1 —_— _83 —_— s 83
L™ =wpe” % + uy + u2e™ + -+,

M = i ktpL® + s + i v, L™ ",

k=1 n—=1
o0 o0
M = —Zk_kl_}_k—l—s—l— Zfanl_}"
k=1 n=1

satisfy the commutation relations [L, M| = L, [L, M] =

L and Lax equations of the same form:

o B, %X —B.rL, ... — L M,51)
- = ° ’ - — ’ ° e o o % ’ ° o o o
Ot i Oty ¥
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3. Perspective from generalized string equations

Generalized string equation for double Hurwitz numbers

The Lax and Orlov-Schulman operators for the double
Hurwitz numbers satisfy the generalized string equaitons
(K.T., J. Geom. Phys. 62 (2012), 1135-1156)

L = Qeﬁml_}, L' =QL tePM

Remark They determine a solution of the 2D Toda

hierarchy uniquely (at least in the dispersionless limit).
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3. Perspective from generalized string equations

Generalized string equation for double Hurwitz numbers

These equations can be converted to the logarithmic

form

logL = 3M +log L — 3/2 + log Q,
logL =logL — BM — 3/2 — log Q

Remark log L and log L can be defined with the aid of

dressing operators:

L=WeW™l, L=WwePw1
logL = Wo,W™L, loglL =Wo,W1
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3. Perspective from generalized string equations

Recovering the reduced Lax operator £

The first equation
logL = 3M +logL — 3/2 + log Q

implies
(log L) <o = (BM)<o = —ﬂ;:jl ki (L) _

In the single Hurwitz sector t = (£1,0,0,...),

(log L)<0 — —,Bflﬂge_as,

hence
log L = 85 — Btiige 2.
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Conclusion

e Okounkov and Pandharipande remarked that a gen-
erating function of the single Hurwitz numbers yields

a solution of the Toda-like field equation

2
0“p(s) 4 eP(s+1)=d(s) _ o(s)—d(s—1) —
Otos

e This is the lowest equation of the continuum ver-
sion of the Bogoyavlensky-Itoh hierarchy. We have
explained how this integrable structure and its un-

usual Lax operator
£ =0, — ve 9

emerge in the machinery of the 2D Toda hierarchy.
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