


Kavli Asian Winter School 2023

Asymptotic symmetries & Celestial Holography

Plain : I) Infrared aspects of gravity@ gauge
thy .) in 401 - AFS

a) Bondi gauge & asymptotic symm .

b) Matching condition & charge conserv
.

c) Scattering & tower of soft theorems

d) Observables 1 memory effects

I) a) Conformal primary basis

b) Celestial amplitudes

e) Comments on Ads / CFT in

that space limit

E) a) Celestial OPE / symmetries

b) Infinite symmetry algebras



Gauge - gravity correspondence

- QFT / CFT

fixed background
/

Prototypical example : AADDSSICCFFTTfluctuating
metric * match

"

symmetries
"

* - xx- observables

+ geometry / entanglement
✗ BH 1 thermal physics

- - -

SBH ✗ Ig ⇒
"

holographic
"

principle I

lsusskindittlooft "9 ) beyond Ads 111<0 )

1*7:whichasped-sofgran.ly#captureo(by''EFFF-''?-y- textbook GR

{ - (3+1) - dimensional
this course : A- 0

should care
- gravitational waves
& astro phys .

BH
.

yn☐ieaeiingsot+tibm°É%ij%¥Yg→;gtoñe%rani#

+ If
' 13 I miatchirg

up Asymptoticsymm.tl/irasoro2-Wao-tCPar+I)
BBMS 71, :

✗ 2

'*¥÷%t×
. -

(Parti )



If IR-aspectsof-gravi-tyinAFS.ca
) Bondi , v.d- Burg> Metzner & Sachs

'60 - '62

4d AFS * framework for quantifying radiation
( n -- o GR) from isolated sources in spacetime
-

gravitational waves Neutron stars ,

Black Holes , . . .

"

✗ observer far away
" from source

=D perturbation around Mink . background .

I can also do similar analysis in BH /near - horizon

region , see eg . REFS
.

]

In retarded words 1 outgoing radiation ) :
-

did = - did - zoludr + 2r28zEdzdE

it

u = t -r

with metric 6zE= 2-
(1-12-2=12

i.

÷÷÷
.
:*
" "

• (Z ,E) related to (0-10)

by stereographic projection



* fix
"

residual
"

diff invariance by

choosing a record . system in which :

s . waves propagate radially along family
of null geodesics u=ct . ( u=t- r )

⇒ gin 2µu2u=O =D |gM=O= 1×1 )

2. Angular coordinates xt (A. 13=42 )

are constant along null rays :

gM2,u2vxA=o ⇒ =f 1×2)
3- M*:2det=| ( ✗1)

Total 4 conditions ( }" , µ = 0 , . . . 3 in 4d )

Most general Bondi metric that → Mink
.
as r→oo

(X) ds2= EH # dei - zetsdudr-gtpfdxA-UAdukdxB-UBd.ie)
where P , V , gars , UA are functions of r , ne , ✗A .

Let gaps = RZFAB + r Cats Luiz ,E) + J^¥ + 6 (F)



VACUUM

• Solving their radial E. E [ Gurs Grz , Grr=0]
.

.

in a large- sewingiehds further Gµ=
constraints : curvature w-r.t FAB Rµ -{ gµR

(a lot of
¥ = - LIFE + 64-4 structure

always pr.es .

P = ÷ (- £ CAB CAB ) + Glr
-3 ) inracuum )

VA = -÷DBCBA - 25¥ [NA - d- CABDCCBC]
+ Glr-4)

[depends on convention

• Solving Gun , Gua s GAB at Yrz

provides
" constraints

" /
"evolution eois

"

/

"

flux -balance laws
" for M , NA , JAB

Ig for Gun = 0 :
Bondi mass - loss formula

In M =-a☐NAB + f- D- Ñ + f- DADBNAB
I Laplacian w - r -t

+ convenient to choose JAB = (Yf)
(cel . plane ) FAB

NAB = InCAB where CAB luitiz) is free data

[ undetermined by the eom ) → NAB -1-0 ⇐ ) flux



Comment : In Na , In JAB a mess s but

Willesee later how to simplify these ears

upon organizing the asy . expansion in terms

of data that carry definite
"

spacetime
"

weights under the action of asymptotic
symmetries [ in particular superstations ]~ -

• Metrics of the form Cx) enjoy a large degree
of symmetry
asymptotic symm .

= differs that preserve the

boundary conditions (or fall
-offs at large r )

and that survive as r→ • .
( conservative def)

⇐ : Look for v. f. 5 that obey

Lz gun = 615 ' ) , Lggur = Olr -2) , Lgguz - GG)

Lggzz = Ocr) , /LggzE=0(#- (xx)
L is the Lie derivative Leggier = 4%+4}µ .

3 IT >Y ,W ) = THE) In + YAH ,E) 2A

+ £ D - y ( usu- r2r ) + . . -

THE) is an arbitrary fct" on the sphere



& param . sIpertÉ - original BMS
extension of Poincare ( YA 6 Lorentz transf .

N = f- Day't )

YA enlarge this symm . group by allowing

for violation of (2D) conformal killing eois at
isolated points on sphere

i) extended BMS : Jay-Z = II-17--0 from (xx)

⇒ Ieperrotations (2 copies of wilt alg)

ii ) generalized BMS : relax (xx) =D Diff (S2 )

[ motivated by bijection between subheading soft

then . & cons . law ] - see Campiglia - Laddha

iii) Allow for Weyl rescaling of 5

¥2b . Y -1W is now arbitrary .

|wfocuson\ - classical symm . of gravity
include conformal symm .

M1NlMALEFBMS
of 52

.

MOTIVATION for celestial holography
"
codimension -2 holography

"
:

thy . of gravity in 41 AFS ~ CFT on 2d cut of 9 .



Review Lecture I

* Asy . flat metrics in Bondi gauge * radial
EE

ds? elstfyink + (r Czzluiz ,E) dzz + cc )⇒

+ 2¥ oui + - - - = guv dx
" DX
"

t subheading in Hr

Gua , Gaz , Gzz = 0 =D
MESS

(7) In M =
- - - ,

Ju NA =
- - , JUTAB = - - -

free data : Czz Luiz ,E) & fetus on sphere
( unconstrained ) ( integration cts of G1 ) )

+ / large gauge transformations

Las .

Large - r falloffs preserved
under

-
- - -

asy data > in part .
CAB still changes as

→ Jµ§v )
= G(r - # ) we only demand Lggzz = Otr)

IN GENERAL *
wrt . full g. , b=ut(if you did exercise)
to leading orders in 1hr amounts to

( µ }v , = GCV
- # ) /N0TENosolving 8101

ST SR

=p § = f2n + 4*12-12=1 2A + £ D- Y ( urdu- r2r ) . . .

+ Ol '/ r )
Snbl . comp - determined from req . Bondi gauge Lggrr=LggÉA°



JCJ ,y ) form an algebra (ext BMS4)

[ 51J, >Yi) ) } (Jz , Yz ) ) = } (Jr , Yiz)

where Tiz = YF Datz- I 2*4*1 Jz - (1+12)

YIÉ = YT JBYBZ - ( lez )

( field- dependent bracket for subheading orders in ' Ir ☒
- - - -

- - -
- -
-
-
- -
- - - - -

$efinn : §n,ñHiE) is a conformal primary
field of weights Chih ) if it obeysf- IT .

(5--0) Sy In,ñ = 2A + h2zYt+h2EÑ)Énñ

Tcf . conformal primary field in CFTZ ]

→ Explicit computation of § Ms or} NA s
@ u=o

85 CAB , 85 NAB reveals that only EAB obeys GD
.

However
, one can construct Ñ , ÑA , ÉAB

that do ! [ Donnay , Ruzziwni ; Freidel , Pranzelti;]
Barnick ,#uzziconi . - -

Need Lyyguu @ f-
Exercise ; Show that :LA hence need 11 romp .

of 5 Isr too ) ; Imp .

Ñ = M + f- CAB NAB obeys (e) at n=O Gun &
not 9¥
,
!

f.$ COINCIDES W . REAL PART OF IT'i ' Weyl 1.*



Similar analysis allows one to identify the

following spacetime primaries ( at acu
Chih)

M → Ñk
,
= Ñ+iÑ = LIE'

✓
"+ " ""• "" " ^^ |t%(2) 1)Ha → I a s, ~Id°)

(E. E)TAB → ÉAB 2 ~I%

Covariant quantities identified by Newman ,
Peirse a long time ago .

(tos)
TRACELESS

→
component of

4- i defined from Weyl tensor Revson

by contraction W-

l ' n 'm 'Ñ 4o=cemem
4
,
__Clnlm(null frame)

, eg .Y-z-temmnl-2rsn-e-ZPC2u-z-Y-2r-r-2.UAIa) } null+. .-
vectorsÉ"asñmm =MAJA ; MA ÑA = 1

* Gab =
- lamb - lbna + MaÑb 1-MBÑ a 7

NP
.
variables : Ii = ¥.LI?mr-n-5+i



S -=h -T , D _=hth , note all have D=3_
but 5=0,1-2.

Separating the S = 1 and

5=2 into positive & neg . helicity components
(Z) (E)

J = MAJA ,
J- = TNA IA ( think 2£

US II

T = MAMBÑAB , I -=ñrAñrBJA☐ comp .]

D= MADA
,
I = ÑADA

, N ± ÑAÑBNAB

M - Ii' , J - Xi
'
,
J - to"

land c.C. for - )

the Gun , Gua , GAB constraints take a

particularity simple form :

'*⇒⇐;÷÷É÷÷.
""

for s = 0 , 1,2 ; Q -1 = EDNA } bothycord
.

Qo= Me ,QEI , Qz=_ T

similar eq . for - variables lENDT



b)t : In the following will consider

(+x) with Se IN .
For s > 2 these can be

shown to be truncations of the evolution

eqis for ton) with n > 1 .

[ or equiv . - evolution eq . for g*%' ]

(* x ) can be solved order by order in # of fields

Qs = QI" -1 Qs"> + . . - + Q's
""

lpolynomial)

• line Qsluiz ,E) should yield a conserved
u→ - oo

qwntity , but instead diverge
(for s>1)

• regularize =D qscziz ) [w/ Pranzelti , Freidel]

pairing §, Fcz ,E ) OGÉCZIE) -=Q±s
* infinity of charges for all S

.

* 5=0,1 ⇒ ST & SR charges
* 572 =D higher multipole moments of grau .

field

similar analysis on T
-

lineup 13m54 =L )



j

no =D spacetime conservation
low

flux

throng
I

=

95
"

after using Stokes
'

/tnm .
to extend

to integrals over
J±}

matching ⇒ < out / QI $ - $ ☒51in ) = 0 Fs .

-

Q± truncated to quadratic order .N

⇐ slim <out / atop Sl in> = I wn
- 's
"'
<out 1st in>

9 → 0 h=o

-
.

tower of soft
thins .

↳ fix s=n ⇒ ( sub )s- leading soft thru .

DDEEFF_ : SOFT THM . / EXPANSION

p3 Pn p3 Pn

tÉÉné
= Éwmscm it

✗ t e . •

f f n --0 ftp.
pn P2

ps

n :
S
'"
= ÉP?ÑEÑ universal heading)±
in soft factor



c) Example : Leading soft graviton as conservation
law of Supertramstation charge
(5--0)

Goals : show that {out I ☒E- ☐

S - S 5=0 1in>⇒

implies lim w <out / always 1in > = So
'

±
± Coutts 1in>

w → 0

Start with the definition :

④ s=±o = f FEE) Matt ,E) ↳¥52

= fg± f- (z
,
E) InMe (uiziz )

b.c. Qs=o|g±±=0
= fg± FAE) / EIN + I

,
C. JUN ] FIXX)

(** ) =QT=a% EEE
→ How do these act on asymptotic scattering
states ?

t②
Recall : hats = RCAB ~ graviton

→
Kansu

. traceless metric pert .



RCAB = §¥a§¥shµv_ G) 11-+1-+7-1
fÑq [ a(g) ei%×+ at (g) e-

'
'

9-× )
Av Nv

where a (g) = [ Eff
*

agg (q)
[ check *)

NV
✗ ip=± ✗

= polarization tensors

Exercise : Use the stationary phase approx . to take
r → a limit of (t ) & show that

a

Czzxfodw ( a+ (E) e-
iw "
- at (g) eiwh)

Nzz = In Czz → substitute these mode

expansions into ↳ * *) :

a

Qs ✗ Sdu klzz = lim [dueiw" Nzzlu)
- a w →o - a

✗ SOFT GRAVITON

QH a quadratic in graviton modes
+

use [ at Iw) , a± (w' ) ) = zworlw -w ' )

8- (Z , Z
' )

to compute action on asy . particle
states =)



[ QH > a¥pi ) ) ✗ 5¥ (pi ) a+± (pi )

Finally , inserting this into conservation law :

<out 1µs ,5) 1in ) = - <outl-QH.SI 1in>
-

ng

✗ limwsoutlalw) 51in> = É s'"(pi ) Coutts/ in
w → o i=i

• repeat same steps to deduce sub leading
& whole tower of soft thins from Ward id

.

K-IYOBSERVATION-i.IQ s = Qs[Nic]
and { N.cn , 2- ) , Ccu ' , -2 ' ) } ✗ flu- u ' )

Ñz
, 2- 1)

CHARGE ALGEBRA

{ qscz.EJ.gs/(ziz-j }
'

= { q? ,qf, } + (sees
' )

=¥[-csi+nq's±s-iH)Dz8c+ (Stl) 01's'+s -1 (z) Did (2-1-23)
⇒w#a on gravitational phase space !!

5=1 → Virasoro algebra



Brief comment on memory
wlacw) + atlw))

Qs = Sdu Nzz a line
w→o

00

= fdu In Czz = Czz (u=-1N )
- Czzlu= -&

- N

ai

• "mm semen
.

& after Uf

• Naz -1-0 (+ zero mode)
=D ☐Czz =/ 0Nzz = 0 -

Eg .
G- 2- = DEN Olu- ui )

+ - - -

Gravitational memory effect .

is the FT of the leading soft pole
[ conversely , scattering aueplit

allow us to extract an infrared

cygssic-dobs.in the soft lenity
G. MEMORY .

(1)
* Qs ,

s c- IN -1 : tower of (sub)s- lead .

memories ( ' 23 w/ Frei del &
Pranzelti )



"t.i.si?::iiI:iiiI-:s.ii.:iit
vac

are param . by CAB = - 2 IAJBC 1=0 where

c = CCZIE) .
Under ST : of C. = J/ shift ( cf .

Goldstone ) .

Vacuum near is it / u → IN ) parameterized by

Caz -7+-0 - 22-4+-12,2--1 + lu+C±)HÉÉ+6(ñ)
vacu→±N
Naz + 6 ( ut )zz =

* where C± transf . as primaries (t) of

C- ± , -E)
+ C± enter in def . of Goldstone & Mem .

modes

par . soft sector of grau . phase space

to = I let + c) , W'
"

= d- (C+ - C-)
T mum

obs
. memory effectcanonically Paired :

☐czz✗222-4%23=8 } ✗ 8¥ ,e) G-2-
^

µ#txaEN•#
grav . memory
effect ( leading)



NÉÉ' = 2- (2+4)? 2Ey where 4th is a Liouville

field transforming as 84 = YADAV + Day
A

-

where YA =/YZ , o ) shift
(otherwise weight 0 )

of Niac
zz
= (4*2 + 22+47) NÉ:c - 2¥ YZ2- =

T [ can also write
recall this

is holomorphic Wiz" = - { Gcz) , z }
Gtz) = e4 ]{ fit } = f - E 1¥12 Schw

.
der

.

"ac

param . the superstation racecarEtt

and it will shift under superstations .

=

Can use these to construct :

ÉAB = Cars _[ Cais" - u Navi;]
not needed
for primary
@ u=o to

ÑAB = NAB - NATE

that transform like primaries of weights

(Ett) 1*3-2 , - E) and ( 210 ) (Ñzz ) under superrot
' " 2) cñ⇒>
a+?

1T¥) (- E , Z )



Reviewfrecturez

vacuum Einstein equations @ large r →

- In Qs =D Qs - i + ¥ c-Qs-2 ,
s c- IN

Qs
"

co-nform-H.gs
"

of ☐=3 ,
3=5 at

.
[ Is - another tower]

-

{ } 01£ ) components of gun , gun , GAB

Qs=z

Qszz from 01¥) components of GAB

- him Qs =D for s > 1 ; regularize →
u→ -N

efsttiz ) ; towers at It and J
- matched

• across i° →

- conservation law :

<out I qstttiz ) S - Sqilz,E) 1in> = 0 /
quadr

I

lim 2) ( w tout / alwis 1in>) = S's> Coutts 1in>
±

±

-
" tree- level

" sub-steading
w→°

⇒Éig soft factor
soft insertion

-{qslz ) sobs / (e) } (Stl) Dziccziz ' ) -641)Dzf(zit)
95+5-1 (Z ) OLSIÉICZ ' )



E)a)Conformal primary basis
- -

Obserrbables in 4☐ AFS constructed from S - matrix

elements / amplitudes for a collection of particles
in the far past to evolve into one in the for

future .

Interactions assumed to be localized in space
and time ⇒ particles freely moving as
+ → In . C- +1-+1

Free scalar states ←
solutions to KG

eom : (☐ + m2 ) ☒ = 0 to

-
More generally , for spinning particles

-2,2m
D. ☒ = 0 Teg . 5=42 Ñ = 8+2 -1mI]

Time translation invariance c Poincare ⇒

SS = Spot Jp where Sp , Jp are
- positive & neg . foeq .

Space of solutions subspaces .

to (A)

I
completely specified by COI , 2-E) on any
equal time / Cauchy slice It and the

split into wzo follows from the



time - independent
" inner " product on It

( conserved)
(t)

lap) = < xp>* =/ d3c najalxip )
It =L normal to It

ja (4,0/2) = - i ( 47242 - dz2a¢? )

(2 , B) = - ( pts ✗
+) =D C-1) is not positive

definite ; Sp , Jp are the definite

frequency subspaces : ☒
+
c- Sp ,

E- C- Jp

G) /2-d±=-+iw&±-
Solutions to KG eq are superpositions of post
negative freq. modes :

±(x;p)=e±iP -✗
and

☒(×)=fd3p~ laptop + apolp" )

The choice of CN is motivated by global
translation invariance ⇒ asy . states = reps . of Poincare

we learned that asy . symm . group⇒ Poincaré

so we may want to organize in reps

of asy . symm . group .



Reps . of ext . 13m54 not fully classified yet . . .
2

Virasoro CEBMSY =D organize asy . states

in reps . of Virasoro
' ! Ecf . conf - primary @ cut . -1

☒ symmetry group of CFTZ

so may be able to exploit
ZD CFT methods to understand

UD physical observables . . -

Replace plane wave
basis above by

conformal primary
basis [Pasterski , Shao , strominger

' 16)

Deff scalar conf . prim . wavefunctions are

solutions to the wave equation :

( ☐ + m2 ) I = 0

which are
"

heighest weight
"

wet

the Lorentz group .

I

501113) = SLUG) : Mpv = -⇐2~ - x~2µ) G)

Lorentz generators organize into

• Ki -= Moi (boosts ) , Ji = Eiji Mjk (
rot)



obeying the Lorentz algebra

[ Ji , Ji ] = C- ijk Jk , [Kirk;] = - Eijk Jk

[Ji , Kj ] = C-ijk Kk

↳ reorganize into SL (2, e) algebra by

taking linear combinations

-

I-III ,
-

T
-
- -

- -

Le = Jitikitifjztikz)

Lo - to = Is ! L-1 = Jitik ,- ifztikz)
i i. =L-1
i +
I [-n = L - l

- - - - - - - - : - - -
-
- --

Then [Lm > Ln) = 1m - n) Lmtn & similarity
for [Im > In ] CHECK

Def_ : Highest weight states of Sllzic )

are defined by

( Lotto ) 4- ☐
= DID ( boost eigenstate )

(Lo - E) ZID = 0 ( for sealers )

L12I☐ = In -E☐=o



Using the rep .

(d) =D

~I☐ ✗ 1- (diagonalize boost
,

Gettis )☐ towards (110101-1)
I

can generalize to solutions that diagonalize
boosts towards an arbitrary point on

the sphere

§ = ( ntzz , 2- +I > - ite-E) , 1-2-E)

with associated Lorentz gens . obtained

from • via a rotation

Ji'= Rij (E)Jj , Ki
'
-_ Rijkj •

Exercise : Show that highest weight
wavefunctions hort . • take the form

~I☐(Eix)=§¥ Cx)

Note : f- (x2 ) is Lorentz invariant &

does not affect the highest weight
conditions . It is fixed by requiring
that ( t) obeys the eom :



422 f-
"

(x2 ) - 4 ( d-2) f-
'
(x2 ) - m2f(x4=O

( exercise : derive this eq . by substituting
(d) into the KG eq

"

)

solutions are Bessel fetus + bdry .
conditions ( 4- → o as x2 → a) =)

fix ) a (-5×2)
" '

ka , (im Fsu )
CHECK .

Can check that LI ,> (xiq) transforms

like a 2D conformal primary under

Lor . transf . :

fix .

~Isln%ñ ; EYE,) =/2¥
- d"

2€ / ~I☐lxiÉ ) in note

* Massless wavefunctions obtained by taking
the limit m → 0 of CPW

.

⇒ % ( q^;x ) ✗ ¥g E §Ñww
's"eiw9?×

+ Spinning wavefunctions obtained by dressing
( massless)

hers with polarization tensors :



elf . A ☐ , g-=+,
= MY ☐ ,

A- ☐ iJ=-1 = Ñ 4☐

his
, 3=+2

= MM YA ,
hi> iJ= -z=ÑÑ%

where m , ñn were introduced before :

mm = EI + #q^FÉ÷,
Think of 2IÉlq^ ; × ) as replacing e±iwÑ

- ✗

" t needs regulator
-456T ;x± ) tor branch cut at

it ✗ = 0 .

✗± = ✗ Fien

Basis for D= it id [Pasterski , Shao ' 17]

Bulk scalar field admits expansion in Cp . modes

a

(x) =/ difdz 1- On 4.+ in loiix ) -16,1
+
✗

- ou

41in lojixl ]
✓ celestial operator

0µg ) = < Élx) > Until 19^1×1>-2+4 same
KG ip

Note : ( Unix
, ,
4 , +in > = 811-48 ( Ar - Xz)

82 (21,2-2) .



b) Celestial amplitudes
Massless scattering :

Ñ( ☐ i. zi ) = tout / Slit > =É§°dwiwi> i - '<out /Slim
5=1 0

where linTut> are boost eigenstates

massive scattering :

☐i ,zi ) = it / d3p^i G☐ilp^i ; E) Lpoutlslpin)
i=i Hrs
-

• Fourier transform of
massive CPW

• Bulk to bdry . propagator
/ on Euclidean Ads ] (Hs)
/

( de Boer , Solodukhin 2002)
can be understood

by resolving timelike infinity w . Hz slices

recalling that ^pi= -1 ← point in

Exercise : Compute"

mentee .

amplitude with

2 massless & 1

massive particles .[END OF L.3)



c) Celestial amplitudes from limit of Ads -

Witten diagrams [skip ? ]

Lorentzian Adsd -11 defined as a Max . symm . space

of rad . l inside Minka-12 with 1- - + + -- - t )

-1×012 + [(✗it ' - (✗d-' 1)2=-12 (cheek)
i=i

Parameterize points in Ads as
d -11

since / coss✗
° =L

✗
d -11
=L costless

points on boundary :

" " >
*÷ .

1^3 P = lim
s → •% ✗ their;)

cf . CFTD in embedding
g space

Witten diagrams : dd"✗✗ ) INK>:(Pi ; ✗a)
bulk bdry
pts . AdSd+ , pts
✗

i→ ✗ BB (✗ i. - - - . )



KK
. ☐
( P ,
* ) is a bulk - to - bdry propagator

"

G- while B is a product of
C- P - X )☐ bulk- to - bulk propagators (each

solves sourced wave eq . in

Aolsdti )

Observations: ④ for boundary points Ii = ±

t.lk/r=l-Se-op+st=l.z} ' {fixedcr.tl} the bulk - to - bdoy prop

becomes a massless CPW in (01+1) - flat

space with D= Di inherited from

CFI operator .

② for 8i=± + ¥ , l→o
a

fdui nidi Kasi ( Piixi) = Yai + hi -1
e-so

- N

EXERCISE

Suggests that for this kinematic configuration
Adsd -11 Witten diagrams → celestial amplit .

in (of -1) - dim .



* infinitesimal time bands around ± Iz

(⇒ J± ; compactification ⇒ celestial

amplitudes ; otherwisecar-rolliankors.HR#:w/deGioia



E) Holographic aspects of gauge & gravity

thys .
in 4 dim . (massless scattering)

a) Celestial symmetries :

• Lorentz Suzi E) symmetries
N

2£"i Ñ(☐i. 2- i ) = 0 ,
i = -110,2

N=L

and similarity for Li .

Li
,
Ii admit

a 2D representation ( cf . global conformal
generators in 2D CFT)

• Poincaré symmetries
N

z ⑤ (n) Icsi ,zi ) = O s

n=L

④ "' = often) e
""

-

- weight shifting operator
- conformal primary basis Rep .

In momentum basis p - w of and

a

P 't' A- (Diii ) = . . - fdw WDF!
- . wiqj d- (w > Zi )

I °

acts on = off ÑC . . >Djtiitj, . .. ) with all

jth external other D fixed .

leg



Example : 4- point functions

Ñ4 = Kniiñilzi ,E;) Scr-ñ) f-
hi 'ñi(g. f)

T
conformably covariant / transl . invar .
cross- ratio

4 4

hts-hi-hjz-g.tn/3-hi-hi,h-= ZhiKui ,ñ ; = The Zij i=i
i<j='

r = ZBZ , I = r
-1
are conf . invariant cross ratios

2-122-34
( ✗ = - +1s )P

>
☒ XP"
⇐

dlr-F) due to momentum conservation p , pz

fhiiñi (r,F) in 2D CFT is not fixed by symm ,
but instead other constraints leg . crossing) .

Here , translation invariance imposes an
additional constraint on f : Exercise

since É Khj+E,hj -1£ = 0 , Poincaré invar ⇒
j=i

g-
hi + I ,ñi+E

= fhittzihi -1£ , fi,j
By induction =p f-

hiñi
= fP 'T '

'

where

4

ps = Zlhitñi ) = [ ☐ i
i=i i =L



Poincaré invariance can be used to constrain the

form of 3- point cel . amplitudes .

Ex : 2 massless , 1 massive obey

( Ps + Pz + Pdm
'

/ A) ( 1,213
'" 1--0

Lorentz : Ñ(1,2 , 31m') = CCDIID2.si#-/-zzP1+D2-D31zzzfD2+D3-D11zpgyD1tD3-D2
and CID ,, Dz , Dz) is subject to recursion relations

that are solved by
CCDI> Dz , ☐3) = Be ( ☐1T¥ , DZHz ) ✗ const .

• conformably soft symmetries
are 2D repress . of hdasy . symmetries discussed

in the first lecture .

Recall soft thins :

-

Soft photon thin . in 4 D

L Jz Os (w, , Zi >Ii) - - . On lwnitn.IN) )
(x)

= lim w L Otlw,zE) 61 . - - On )
w → 0

EXERCISE
= ¥É9 Cos - - - On>
-

glo )t - where Pki 9
QED
=
& PK . Et

12=1 PK - Of



are null momenta & Et _= 22-06 .

(d) Ward identity of Uli ) current in 2D CFT
mr

Chih) = ( 1,0) or ( 0 , 1)
.

expect the dim . of a positive - helicity
& spin

conf . soft gluon are D= 1 ,
5=1 r

Can see
-

that indeed , insertions of D= 1 ops in 2D

=D leading soft ops . in 4D:

② ☐

+
(z,I ) = [dw wd" ①+ (w , 2-E)

him (D-1) 05ft ,E) = lim [dw (D-1) WD- ' 07W ,z)
☐→1 ☐→ 1

= 2 [dwdlw) w Ot (w , 2-E)
= lim w Ot (w , 2- it)

.

w→o

We used the identity

ein
c- → o
É 1×1←' = disc )

split into low &
I high en .

More generally :

w*

him ( ☐ + n) Of> (2-E) = lim (Btn) fodwwl>
"

Ot
☐ → -n ☐→ -n



= him (☐+ n) ? [ *dww☐+k - ' 01<+12-5)
☐ → - n

= Otnlz ,E )

where ①
+
Lw ,z,E) = ¥wkGk+(2- it )

[ need to choose wx small enough & note

that /
•

dw will not have poles at
Wy

negative integer D) .

(Sub)
"

- subheading soft photons correspond to

Residues at D= 1- n ,
n c- IN

.

b) Celestial operator products & symm . algebras
ud collinear limits 2d operator product

→

expansionsof amplitudes a 2

ziz = Zi- -22→°

txampe : Positive helicity Gbeom OPE
(fix sign in notes)

(t) 0,5
,

'
"

(z , ) 0,5? (zz) ~- ifabc-ccdn.dz) Gtc Czi
Di-1132-1

2-12
- - =
Artis , 9=2 from Lorentz invariance

D= 1 , 9=1



* useful to work in bulk 2-2 signature , in
which case Z >E real independent variables

542, E) → 5L (211121×5112,112)

7 can take z,, → o
while keeping In fixed +

* use sub@ingsoftgluonthm.to fix the

C. ( Dii Dz) OPE coefficient :

E.Ota
is

= - ( D - 1-+1+-2-2E) ifabcgtcD- I
-

negative ⇒ recursion relation (EXERCISE )

helicity (D ,-2) CCD ,-1 > Az) = (Dit Dz
-3) ( (Dii Dz)

t.tk/-:PateiARi with the unique solution
strominger >Yuan 'M)

C. (Dubz) = BCD ,-1 , Dz
- 1) . ; B(✗ ly)=

so'dtt×
- '

a-ti"
b
') Holographic symmetry algebras

• include SLCZIIR) descendants in G)

Oisialz ,) Orstzbttz) ~
- ifz÷ [ BID,-ltnibz- 1) ✗

n=O

I 2-noteDitdz-1 (Zz)
and study the limit when Dii Dz C- {1,0 , -1 , - .

?

( conf . soft limit discussed before )c→ algebra



of (sub )
'
- leading soft modes .( from Ud pt . ofnéw

'

☒ note that the algebra closes because

Ditdz- I E 31,0, -1 , - -- } as well .

+ note that taking the residue at D1=1-K

only finite # of terms in ope survive

since Blxiy) only has poles at × ,ye E -

K o upper limit in sum replaced by K )

a defining Rkia = line OtaKTE
C- → o

⇒ Jk" Rkia (z
,
E) = 0 So R'"• the)

are polynomials in E c→ finite tin .

reps . of SL (2 , R) R .

* further taking residue at 2=1 - l

l C- IN ⇒

Rha (2-1,2--1) R&b /zz, Ez) - -¥[ ✗

K

z ( I
-1k - l- n

) In?y_InRk+l
- •

(2-2,2--2)
e

h=o

from which one can compute algebra



of soft modes (wrt I expansion ) :

ER (2-1,12%(2-1)) = - ifabc (¥ -n -1£
-n' )k

2-
- n

( E- + n + f- 1- n ' ) Rktl
- s > a

ntn
'

E-in

or rescaling R'" an = ( ¥ - n) :( E- + nl ! R
" ' '

n

[ Ñ÷R% ] = - ifab-izk-ie.meMtn
'

Same analysis in gravity =D Was algebra
that we saw before from EE

.

Relation

can be made precise
[Ref . /AR >Freidel , tranzelti

'21]


