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AZ class



Complex class

class A

class Alll

{67;, Gj} = 2523
(H,T} =0

Clq — Clq_|_1

CZO — Cll : CD

Cll — OlQ : 01

Cy



Real class

o fmed=0G#) Clyy — Clygs1 : Ry,
e=--e,=—1, e, ,=---=¢., =1
J? = —1, T° = €T, C* = €C Clpaq — Clﬁ"'laq : RP"‘Q_C]

(H,J)=[HT)={H,CY={JT}={J,C}=[T,C] =0

JH
class Al : e = 1, Clojg — CZLQ : Ro
T T class All : e = —1, Clgjo — 013’0 . Ry
cT €T
+
H class D : ec =1, Clya — Clos : Ry
class C 1 e¢ = —1, Clyy— Clay : Rg
C JC
€EC €C
_I_
H class BDI : ep =ec =1, Clia—=Clis @ R
lass DIII = —1 =1, CI ;
e C ICT —eper class €T , €EC , C 03 —7 CZOA Rs
Ic class CII : ep = ec = —1, Clsg = Cl3; : Ry

€c class Cl : ep =1,e¢c = =1, Clo; = Clya : Ry



Additional Symmetry
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[X,H]=0

H H
a X a (a't' )X = X
even
a, b’y ... b ‘ b X? =1 — decouple
b’ b’ X2 =—-1 = complex
a’ a’
H H .
a X a (a'b’ s )X =X
odd : ‘ '
a, b, .. b E b
. b’ . b’
a’ a’



{X,H}=0

H H i
Odd a X a (a:b"‘)X:X
a, b, .. b : ‘ b X? =1 = decouple
b’ b’ X2 =—-1 = complex
a’ a’
H H )
a 7 X a (ab--- )X =X
even : ‘
a,b, .. b E b
' M . b, . b)



Application



AZ5T38. BIRRIT

d
H; = Z viki + H
i—1

7 =1
(HTY=[H, J]=[H,T)={HCy={JT}={J,C}=[T,C] =0

v, H} = v, J =17 T} = 7, C) = {7, T} =0
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Complex
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H
B :
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Real

JH

T 2
"1

Rq — Rq_d
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[AZ] Classification table (Schnyder-Ryu-Furusaki-Ludwig, Kitaev)

class TRS PHS chiral Cq or Rq d=0 | d=1 | d=2 | d=3 | d=4 | d=5 d=6 d=7

A co z z z z

Alll 1 c1 z z z z
Al 1 RO z z 22 22

BDI 1 1 R1 22 z z 22
D 1 R2 72 22 z z

DIl -1 1 R3 22 22 z z
All -1 R4 z 22 22 z

o] -1 -l R5 z 22 22 z

C -l R6 z 22 22 z

Cl 1 -l R7 z 22 72 z
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Defect zero mode (Teo-Kane 2010)

D : co-dimension of defect

d D
Hyp = Z Viki + Z YaSa + H
1=1 a=1

2 ~ 2

7@’ :Pya:

(H,TY=[H,J|=[H,T)={HCY={JT}={J,C}=[T,C] =0

{vi, H} =
{’S/a,H} —

Vi, JI = {7, T} = [, Cl ={7, [} =0

as ] = B T) = {40 C} = {40, T} = 0

or

{Jﬁ/aaH} — [J;i/a: J] — {Jﬁ/aaT} — [J;i/aac] — {J&aar} =0
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Real
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[TK] Classification table for defect zero mode (Teo-Kane)

d=d—D

D : co-dimension of defect

class TRS PHS chiral CqorRg | 6=0 | 6=1 | 6=2 | 6=3 | 6= 6=5 | 6=6 6=7

A co z z z z

Alll 1 c1 z z z z
Al 1 RO z z 72 22
BDI 1 1 R1 22 z z 22
D 1 R2 22 22 z z

DIl -1 1 R3 22 22 z z
All -1 R4 z 22 22 z

cll -1 -1 R5 z 22 22 z

C -1 R6 z 22 22 z

cl 1 -1 R7 z 22 22 z
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Single additional symmetry



Reflection type (K #1% 37 #UE % ¥x)

2n—1
Hy = kaﬁthk +H
1=2n
%‘ =1

{H,1'} =H,J|=HT|={H,C}={J,T}=4{J,C}=[T,C]=0
[Rv H] — [R? J] — {RJW} — [Ra f}/j] =0
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Complex, class A

H
"1 R
72
: Yon+1
T2n—1 Yo

H
71
‘ V2
/7-271—1 Von

(- You-t) R =

Yon+1

5
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Complex, class Alll

R-: {lL,R}=0

71 R

Yo

% Yon+1
’72n—1 ’YQn

R+ : [[L,R]=0
71 R

2

% Yon+1
Yon—1 Yon
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Real, class Al, All

R+ : [T,R]=0

T JH
)

Y1
2

% Yon+1
Yon—1 Yo

R-: {T,R}=0

JH
T

Y1
2

% Yon-+1
Yon—1 Yo,

T JH
TJ
T
2
R Yon-+1
V2n—1 Yon
T JH
1) (Jy -+
Y1
2
' Yon-+1

Pon—1 Yo,

(-

',YQTI—I)R — R
R =

72n—1)R = R
R? =
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Real, class D, C

R+: [C,R]=0
c -H e C H
1€ R (J7" "y
J’Yl J’)fl
J ‘ J2
J Yo JYon
JYon—1 Jyan Tend JYon-1 J¥on Tond
R-:{C,R}=0
C H c C H 2
J")/l J’)/l
J2 ‘ J2
T, T
JYon—1 Jyop Tond JYon—1 Jyon Tl

v )R = R
RQ _ ( l)nRQ

’Y2n—1)R = 1:2
R2 _ (_1)71R2
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Real, class BDI, DIl Cll, Cl

R++ : [T,R]=[C,R]=0

c -H
JC
JCT
Jn

J’}/z‘

J/YZn—l J’)/Qn

R-- : {T,R}={C,R}=0

c H
JC
JCT
J’Yl

J’Yz‘

JYon—1 Jyan

J Yon+1

J Yon+1

=

=

c H
JC
JICT

Jn
J"}/z‘

T,
Jvon—1 Jyop Tend

c H
JCT

J’Yl
J’Yz‘

;
JYon—1 Jyan Tonl

(7

JC (JQTL,Yl__ .

"an—1)R = R

RZ _ ( l)nRQ
’7’2n—1)R = R

R2 _ (-1)”R2
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Real, class BDI, DIl Cll, Cl

R+-: [T,R]={C,R}=0

C H
JC n— »
ICT R (JQ 1CT71 " '72n—1)R =R
J -
};12 - R* = —(—1)"erecR?

J Vo1 R?>=1 — decouple

Jvon—1 Jyop -

Ton_1 Jyon
Tt R* = —1 — complex

R-+: {T,R}=[C,R]=0

c _H
IC
ICT R

Jn ; ‘

R? = (—1)"epec R
J’Yz‘

15%2 =1 — decouple
R* = —1 — complex

JYon+1 JYon+1

JYon—1 Jyan

JYon—1 Jyan
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[R1] Classification table for (—1)"R* =1 Ry, Ry, By Ry

RERT HIREH 2n-1 &

Reflection class Cqor Rq d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
R +1 A C1 z z z z
R+ +1 Alll co z z z VA
R- decouple Alll C1 z Z z Z

R+, R++ -1 Al R7 z z2 72 z
BDI RO z z 72 z2
D R1 z2 z z z2
DIl R2 72 z2 z z
All R3 z2 z2 z z
Cll R4 z z2 z2 z
C R5 z z2 z2 z
cl R6 z z2 z2 z
R-, R-- +1 Al R1 z2 z z z2
BDI R2 72 z2 z z
D R3 z2 z2 z z
DIl R4 z z2 z2 z
All R5 z z2 z2 z
Cll R6 z z2 Z2 z
C R7 z z2 72 z
cl RO z z 72 z2
R-+ decouple BDI R1 Z2 Z z z2
R+- DIl R3 z2 z2 z z
R-+ Cll R5 z Z2 z2 z
R+- cl R7 z z2 72 z
R-+ complex DIlI, Cl C1 YA Z Z z .
R+- BDI, Cll Cc1 z z z z




[RZ] Classification table for (—1)RR2 = —1 Rn[‘p RUTJ R??(j'v RWTWC }iiﬁ?’é;‘&"’ﬁﬂlhﬁn—l (& (Chiu-Yao-Ryu)

Reflection class Cqor Rq d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
R +1 A C1 z z z z
R+ +1 Alll co z z z VA
R- decouple Alll C1 z Z z Z

R+, R++ +1 Al R1 Z2 z z 72
BDI R2 72 z2 z z
D R3 z2 z2 z VA
DIl R4 z z2 z2 z
All R5 z z2 z2 z
Cll R6 z z2 z2 z
C R7 z z2 72 z
cl RO z z 72 Z2
R-, R-- -1 Al R7 z z2 72 z
BDI RO z z 72 z2
D R1 z2 z z Z2
DIl R2 72 z2 z z
All R3 z2 z2 z z
Cll R4 z z2 z2 z
C R5 z z2 z2 z
cl R6 z Z2 z2 z
R+- decouple BDI R1 Z2 Z z z2
R-+ DIl R3 z2 z2 z z
R+- Cll R5 z Z2 z2 z
R-+ cl R7 z z2 72 z
R-+ complex BDI, ClI C1 YA z z VA 53
R+- DI, Cl Cc1 z z z z




MN-rotation type (R Z B (L OZ =) E KR EE)

Hd—zfygkﬂr Z viki + H

1=2n+1

%‘ =1
{H,1'} =H,J|=HT|={H,C}={J,T}=4{J,C}=[T,C]=0

{(vi, H} = [, J] = {7, T} = 7, C] = {7, T} =0

1L H] =1L J] = {17} = [va}/j: =0
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Complex, class A

Yon

Yon+1

(’Yl'-'vzn)ﬂzﬁ

— decouple

Cy
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Complex, class Alll

M- :{r,N}=0
r H r H i
m 1 M (Dyg - -y T =11
2 ‘ V2 Clato
‘7271. T2n+1 ‘ Ton T2n+1
1
— decouple

Yon  Von+1

Cir1
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Real, class Al, All

N+ : [T,N]=0
T JH .
T n ) I =11
gl 1
H2 — (—1 nHZ
V2 (=1)
- Yon+1 f[g =1 — decouple
Yon Yon [1° = —1 — complex
M- : {T,ﬂ}=0
’YQH)H = 1:[
—> 2 = —(—1)"1
72n+1 12 =1 — decouple

V2n 1’ = —1 — complex
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Real, class D, C

N+ :[C,M]=0
C H
JC n
J’Yl
I ‘
J’)/Qn J’YZR-FI
N-:{C,N}=0
J72n+1

c -H .
JC JHyy ey )T =11
J’)fl
12 ([ 1\nTT2
T [1* = (=1)"II
J f[g =1 — decouple
JYon T2ntl [1° = —1 — complex
c-H .
I J%H’Yl ce e ) I =11
J/Yl ﬁ2 _ _(_1)711—[2
J’}/z ~
[’ =1 — decouple

JYon+1 > =—1 — complex

J Yon

33



Real, class BDI, DIl Cll, Cl

M++: [T,N]=[C,N]=0

c -H .
IC NI =Tl
)T 1 ton)
J}q [1” = (=1)"117
2 .
7 7 ﬂg =1 — decouple
JYon T2ntl JYon Tontl [1° = —1 — complex
M- : {TM}={C,M=0
c H H 41 .
IC J2 o VT = T
)cT m JcT " ﬁf ) -
I . ‘ Iy ~2— —(=1)
J’Yz‘ T 1:[ =1 — decouple
3 g [ = =1 — complex

J Yon+1

- 7
J’)/Qn J/)/Qn Tt
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Real, class BDI, DIl Cll, Cl

M+-: [T,N]={C,N}=0

JC ¢ "
ICT 1
Jn
J’}/Q‘
\ T
J’)/Qn Yon+1

M-+ : {T,M=[C,M]=0

JC C :
IcT 1
J’Yl
J’Yz‘
y T
J,an Yon+1

c H
JC 2n e .
J’Yl . 12 n 2
—> I ; [ = —(—1)"erecdl
T,
JYon—1 Jyon ol
JC c " ”
ICT (J2n+1OT’}/1 cee ’](Qn)H =11
m)
JﬁYZ‘ ﬁg = (—l)nETECH2

;
JYon—1 Jyan Tonl
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[M1] Classification table for (—=1)"11* = 1 1L, 1L, I, .
RELT B IREH 2n (A

Reflection class Cqor Rq d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
n decouple A co VA z z z
M+ decouple Alll C1 yA z z Z
M- +1 Alll co z z z z
N+, M++ decouple Al RO z z 72 72
BDI R1 72 z z 72
D R2 Z2 Z2 z z
Dl R3 Z2 Z2 z z
All R4 z Z2 z2 z
Cll R5 z z2 z2 z
C R6 z z2 72 z
Cl R7 z 72 72 z
n-, N-- complex Al, D, All, C Cco z z z z
BDI, DIIl, ClI, CI C1 z z z VA
M+- -1 BDI RO z 72 72 z
+1 Dl R4 z2 z2 z VA
+1 Cll R6 z z2 z2 z
-1 Cl R6 z Z2 z2 z
n-+ +1 BDI R2 Z2 z z 72
-1 Dl R2 72 z z 72
-1 Cll R4 z z2 Z2 z
+1 Cl RO z 72 72 z
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[M2] Classification table for (—1)"11* = —1 1, 1L, 1L, I,
RELT BIRE 2n (&

Reflection class Cqor Rq d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
n decouple A co z z z z
M+ decouple Alll C1 z z VA z
M- +1 Alll co z z z z
n-, N-- decouple Al RO Z z Z2 Z2
BDI R1 Z2 z z z2
D R2 z2 z2 z z
DIl R3 z2 72 z z
All R4 z 72 z2 z
Cll R5 z z2 72 z
C R6 z 72 Z2 z
cl R7 z Z2 Z2 z
M+, M++ complex Al, D, All, C Cco z z z z
BDI, DIil, ClI, CI C1 z z z z
n-+ -1 BDI RO z z Z2 z2
+1 DIl R4 z 72 z2 z
+1 Cll R6 z 72 z2 z
-1 cl R6 VA 72 z2 z
M+- +1 BDI R2 Z2 z z z2
-1 DIl R2 z2 z z z2
-1 Cll R4 z2 72 z z
+1 cl RO z z2 Z2 z
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(BFEMT)
Inversion type (2 CTD K EXER) (Sreflection&MN-rotationDFTDFEAHLZ)

d
Hi=) ~iki+H
1=1
7 =1
(HT}=[H, J| =[HT) ={HC}y={JT}={J,C}=[T,C] =0

{vi. H} =i, J] = {7, T} = [, Cl = {7, [} =0

I, H|=1,J] :{Ia%"}zo

38



[I1] Classification table for 1> =1

I

I

I

I

ETORBERE

nre Tnro c) _Tnrne

class | Inversion d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
A | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z +1 z
Alll I+ decouple +1 decouple +1 decouple | Z +1 decouple +1

I- +1 Z | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z
Al I+ decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 z

- complex | Z -1 decouple +1 complex | Z -1 Z2 | decouple |Z2 +1 z2
All I+ decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 yA

- complex | Z -1 Z2 | decouple |Z2 +1 Z2 | complex | Z -1 decouple +1
D I+ decouple |Z2 +1 Z2| complex | Z -1 decouple +1 complex | Z -1 Z2

- complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 z
C I+ decouple +1 complex | Z -1 Z2 | decouple |Z2 +1 Z2 | complex | Z -1

I- complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 Z
BDI I++ decouple |Z2 +1 Z2 | complex -1 decouple +1 complex -1 z2

I-- complex -1 decouple +1 complex -1 decouple +1

I+- -1 decouple | Z +1 complex | Z -1 decouple | Z +1 complex | Z

I-+ +1 Z2 | complex | Z -1 decouple +1 complex | Z -1 Z2 | decouple |Z2
DIl I++ decouple +1 complex -1 decouple +1 complex -1

I-- complex -1 Z2 | decouple |Z2 +1 Z2 | complex -1 decouple +1

I+- +1 complex | Z -1 decouple | Z +1 complex | Z -1 decouple | Z

|-+ -1 Z2 | decouple | 22 +1 Z2 | complex | Z -1 decouple +1 complex | Z
Cl I++ decouple +1 complex -1 decouple +1 complex -1

I-- complex -1 decouple +1 complex -1 Z2 | decouple |22 +1 z2

I+- -1 complex | Z +1 decouple | Z -1 Z2 | complex | Z +1 Z2 | decouple | Z

I-+ +1 decouple -1 complex | Z +1 decouple | 22 -1 complex | Z
cll I++ decouple +1 complex -1 Z2 | decouple |Z2 +1 Z2 | complex -1

I-- complex -1 decouple +1 complex -1 decouple +1

I+- +1 decouple | Z -1 Z2 | complex | Z +1 Z2 | decouple | Z -1 complex Z2

I-+ -1 Z | complex | Z +1 decouple |72 -1 complex | Z +1 decouple E




[12] Classification table for 1> = —1

I, I

I

I

ETHDRHEERER

nreo Thnre Tnee Tnrhic
class | Inversion d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
A | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z +1 z
Alll I+ decouple +1 decouple +1 decouple | Z +1 decouple +1
I- +1 Z | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z +1 Z | decouple | Z
Al - decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 z
I+ complex | Z -1 decouple +1 complex | Z -1 Z2 | decouple |Z2 +1 z2
All - decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 yA
I+ complex | Z -1 Z2 | decouple |Z2 +1 Z2 | complex | Z -1 decouple +1
D B decouple |Z2 +1 Z2| complex | Z -1 decouple +1 complex | Z -1 Z2
I+ complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 z
C - decouple +1 complex | Z -1 Z2 | decouple |Z2 +1 Z2 | complex | Z -1
I+ complex | Z -1 Z | decouple | Z +1 Z | complex | Z -1 Z | decouple | Z +1 Z
BDI I-- decouple |Z2 +1 Z2 | complex -1 decouple +1 complex -1 z2
I++ complex -1 decouple +1 complex -1 decouple +1
-+ -1 decouple | Z +1 complex | Z -1 decouple | Z +1 complex | Z
I+- +1 Z2 | complex | Z -1 decouple +1 complex | Z -1 Z2 | decouple |Z2
DIl I-- decouple +1 complex -1 decouple +1 complex -1
I+ complex -1 Z2 | decouple |Z2 +1 Z2 | complex -1 decouple +1
|-+ +1 complex | Z -1 decouple | Z +1 complex | Z -1 decouple | Z
I+- -1 Z2 | decouple | 22 +1 Z2 | complex | Z -1 decouple +1 complex | Z
Cl I-- decouple +1 complex -1 decouple +1 complex -1
I++ complex -1 decouple +1 complex -1 Z2 | decouple |22 +1 z2
I-+ -1 complex | Z +1 decouple | Z -1 Z2 | complex | Z +1 Z2 | decouple | Z
I+- +1 decouple -1 complex | Z +1 decouple | 22 -1 complex | Z
cll I-- decouple +1 complex -1 Z2 | decouple |Z2 +1 Z2 | complex -1
I++ complex -1 decouple +1 complex -1 decouple +1
I-+ +1 decouple | Z -1 Z2 | complex | Z +1 Z2 | decouple | Z -1 complex Z/I
I+- -1 Z | complex | Z +1 decouple |72 -1 complex | Z +1 decouple '




Anti-linear Reflection type (R E5 L7510 VR 2 AN EF 201E])

2n—1
Z’Ylkl+Z%k +H
1=2n
%‘ =1

{H,F}Z[H,J]:[H,T]Z{H,C}Z{J,T}Z{J,C}Z[T,C]:0
{vi, H} = v, J] = {7, T} = [, Cl = {7, T} =0
[ ] {R ‘]} [ an] {Raf)/j} —
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Complex, classA >FHRFEIFREIZLYReall

y - A - R -
M1 ‘ I
2 J o

Vom—1 ,m’anH JYon_1 ,an’anH

2 .
R°=1: Clyp—1a-20+3 = Clopd—on43  Rap—a—2

2 .
R =—1": Cl2n+1,d—2n+1 — Cl2n+25d—2n+1 R4n—d+2

42



Complex, class Alll >F#RFZ I FREIZ K YReall

R-:{l,R}=0

J72n—1 Yon Ton+1

2 .
R°=1: Cloyy—14-2n+14 — Clopg-onta  Ran—q-3

R =—1: Clyra-onia = Clonyogonie  Rinan
JH
JR
[ R
=) . -
EhELD

J’YQ??/— 1 Yon Ton+1

R*=1: decouple, Clay—1,4-204+3 — Clopa—2n+3 Ryn—a—2

R?>=—1: complex, Clgo — Cly.s Clata 43



Real, class Al, All

T JH
TJ
T
2
R Yon-+1
V2n—1 Yon
JH
T
J (JT -
Y1
2
' Yon+1

Pon—1 Yo,

(T von-1) R = R

44



Real, class D, C

R+ :[C,R]=0
c -H c -H
JC R JC J2n071 1) R =R
I I
J ‘ J2 R = —ec(=1)"R°
JYon+1 JYon+1 R* =1 — decouple
JYon—1 J¥on JYon—1 Jyon -
ot Tt R*=—1 — complex
R-:{C,R}=0
c H c-H )
JC R JC (J2n710’71 I ’}/Qn_l)R =R
Jm JV ~
2 _ 1\ P2
T, =) ., R = —ec(=1)"R
" 3 R?>=1 — decouple
JYon J Yo, ]
JY¥on—1 Jyon Tt JY¥on—1 Jyon Janl R*=—1 — complex
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Real, class BDI, DIl Cll, Cl

R++ : [T,R]=[C,R]=0

c -H
JC
JCT
Jn

J’}/Q‘

J/YZn—l J’)/Qn

R-- : {T,R}={C,R}=0

c H
JC
JCT
J’Yl

J’Yz‘

JYon—1 Jyan

J Yon+1

J Yon+1

—

—

c H i

JCTJC (J*" Ty y90 1) R=R
J1 52 n P2
J"Yz‘ R = —ET(—l) R

T,
Jvon—1 Jyop Tend

c H
JCT

J’Yl
J’Yz‘

;
JYon—1 Jyan Tonl

JC (J*" Ty, - -
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Real, class BDI, DIl Cll, Cl

R+-: [T,R]={C,R}=0

c H X
JCTJC R (J* 1Oy - 49, 1) R=R
J -
};1 ;. mm) R = —cc(—1)"R?
2 .

J Vo1 JYon1 R?>=1 — decouple

Tt Jom !
Ten=t R* = —1 — complex

J/Yan,—l J’)/Qn

R-+: {T,R}=[C,R]=0

EHELY
JC c A 5 .
e R (JUCTA1 0 )R = R
Iy :. ‘ R? = —(—1)"erecR?
et . ' R?>=1 — decouple

JYont1 JVant1 R?= -1 — complex

JYon—1 Jyon JYon—1 Jyan
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[aR1] Classification table for anti-linear R (—1)"R? = 1 Ry, Rypy Ryes Rypo
RERL7GELVR A 2n-1 {E

class Reflection Cq or Rq d=0 d=1 d=2 d=3 d= d=5 d=6 d=7
A R real R6 Z 72 Z2 yA
Alll R+, RA2=1 decouple, real R6 VA Z2 Z2 z
R+, RA2=-1 complex co Z Z YA Z
R- real R5 z z2 Z2 z
Al R+ -1 R7 YA 72 72 Z
R- +1 R1 Z2 z z z2
BDI R++, R-- -1 RO Z A 72 Z2
R+-, R-+ complex C1 z yA z z
D R complex co z z z z
Dl R++, R-- +1 R4 z z2 72 z
R+- complex C1 z z z VA
R-+ decouple R3 z2 Z2 z z
All R+ +1 R5 z 72 72 z
R- -1 R3 72 z2 z z
Cll R++, R-- +1 R6 z 72 Z2 z
R+- decouple R5 z Z2 Z2 z
R-+ complex C1 z Z z z
C R decouple R6 z Z2 Z2 z
Cl R++, R-- -1 R6 z 72 Z2 Z
R+-, R-+ decouple R7 Z Z2 Z2 z
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[aR2] Classification table for anti-linear R (—=1)"R* = —1 Ry, Ry Ryey Ry
RERLIEL VR ELAY 2n-1 {E

ELELY
class Reflection CqorRgq | d=0 d=1 d=2 d=3 d= d=5 d=6 d=7
A R real R2 72 72 Z yA
Alll R+, RA2=1 decouple, real R2 Z2 72 VA z
R+, RA2=-1 complex Co z z z z
R- real R1 Z2 z z Z2
Al R+ +1 R1 72 Z Z Z2
R- -1 R7 z Z2 72 z
BDI R++, R-- +1 R2 72 72 Z A
R+-, R-+ decouple R1 Z2 z z Z2
D R decouple R2 Z2 z2 z z
DIl R++, R-- -1 R2 Z2 72 z z
R+- decouple R3 Z2 Z2 z z
R-+ complex Cc1 z Z z z
All R+ -1 R3 z z2 72 Z
R- +1 R5 z 72 72 z
Cll R++, R-- -1 R4 z Z2 72 Z
R+- complex c1 z Z z z
R-+ decouple R5 z z2 z2 z
C R complex Cco z z z z
Cl R++, R-- +1 RO z 72 Z2 Z
R+-, R+ complex C1 Z z Z Z
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Anti-linear M-rotation type (R EL7EL VIR EAMEZR{E)

Hd—Zf}quJr Z viki + H

1=2n-+1
%‘ =1
{H,1'} =H,J|=HT|={H,C}={J,T}=4{J,C}=[T,C]=0
{vioH} =i, I =471} =7Cl=4{71}=0

1L H) = {11, J} = [IT, 3] = {11, 7} =
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Complex, classA >FHRFEIFREIZLYReall

n JH .
‘ I
J Y2
2n Von+1 ']f}/Qn Yon-1

2 .
" =1: Clyp-1,4-2n+3 = Clapg—2n43 Ryp—q—o

2 .
"= —1: Clopt1.g—2n+1 = Clopt2.d—2n+1

R4n—d+2
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Complex, class Alll >F#RFZ I FREIZ K YReall

M- :{r,N}=0
Jjn JH
M
m)
J
o V2n+1 : JYon—1 V2n+1
J’)/Qn
1°=1: Cloy 142014 = Clong onta  Ran_a-3
[1* = —1: Cloys1doni2 = Clopiog onie  Rin_das
JH
[ [
‘ Jmn

Yon+1
n

Yo Yon+1 J Yon—1 J’YQ

[I° =1 : decouple, Clay—14-20+3 = Clong-on+s  Ran—d—2

1 = —1 : complex, Clgpo — Clyas Caso 52



Real, class Al, All

...fy%)nzf[

~

[ = ep(—1)"I17

1’ =1 — decouple

Yon Yon ~ o
II“" = -1 — complex

M- : {T,N}=0

Ton+1 12 =1 — decouple

V2n Von ~ 9
[I*=—1 — complex
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Real, class D, C

N+ :[C,M]=0

C
JC

J’Yl
J’Yg

J 'YQn

N-:{C,N}=0

S

J 7271

H

J Yon+1

72n+1

J Yon+1

((]2”071 -

J Yon+1
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Real, class BDI, DIl Cll, Cl

M++: [T,N]=[C,N]=0

JC ¢ .
ICcT n
Jn ‘
J’}/z‘
T,
Jon Yon+1

M-- : {T,N}={C,N}=0

JC
J’Y
J’;z =

J
J/}/Qn Yon+1

J"}/z‘ :
’ T JYoni1 ljl2 =1 — decouple
[’ = -1 — complex
C M (g T = T
JCT
I [I* = ep(—1)"11°

J Yon+1

J Yon

1’ =1 — decouple
1 = -1 — complex
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Real, class BDI, DIl Cll, Cl

+-: [T,N]={C,N}=0

JC ¢ "
IcT 1
Jn ‘
J’}/z‘
‘J’}/Qn J’YZR—O—I

M-+ : {T,M=[C,M]=0

JC
J’Y
J’;z =

J
J/}/Qn Yon+1

JC
JICT

J1
J"}/z‘

J 'YQn

JC
JCT

J’Yl
J’Yz‘

J Yon

J Yon+1

|
—:

(JHCT - - - )T

H2 = — (— 1)”61“601_[2

J Yon+1
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[an1] Classification table for anti-linear N (—1)"11* = 1 1L, 11, II,,

nric
RERLZGEL VRS 2n (B
class Reflection Cq or Rq d=0 d=1 d=2 d=3 d= d=5 d=6 d=7
A Mn real R6 z 72 z2 z
Alll M+, NA2=1 decouple, real R6 VA Z2 Z2 z
M+, NA2=-1 complex co Z Z YA Z
n- real R5 z 72 z2 z
Al M+ decouple RO Z Z Z2 22
Mn- complex co z z z z
BDI M++, N-- decouple R1 72 A Z 22
M+-, M-+ -1 RO z z 72 z2
D n -1 R1 Z2 z z z2
DIl M++, M-- complex C1 z z z z
M+- -1 R2 Z2 72 z z
M-+ +1 R4 Z z2 72 z
All Mn+ complex co z z z z
Mn- decouple R4 z Z2 Z2 z
Cll M++, N-- complex Cc1 z Z VA z
M+- +1 R6 z 72 z2 z
M-+ -1 R4 z z2 z2 z
C Mn +1 R7 VA z2 72 z
Cl M++, N-- decouple R7 z Z2 72 z
M+-, M-+ +1 RO Z Z 72 Z2
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[aM2] Classification table for anti-linear N (—1)"11° = —1 1L, IL,,, 1L, 1L,

RERLZELVEEAY 2n (B

class Reflection Cq or Rq d=0 d=1 d=2 d=3 d= d=5 d=6 d=7
A Mn real R6 z 72 z2 z
Alll M+, NA2=1 decouple, real R6 VA Z2 Z2 z
M+, NA2=-1 complex co Z Z YA Z
n- real R5 z 72 z2 z
Al M+ complex Co Z Z Z Z
n- decouple RO z z z2 Z2
BDI M++, N-- complex C1 z z z z
M+-, M-+ +1 R2 72 72 z z
D n +1 R3 72 z2 z z
DIl M++, N-- decouple R3 z2 z2 z z
M+- +1 R4 Z Z2 72 z
M-+ -1 R2 Z2 72 z z
All M+ decouple R4 z Z2 Z2 z
Mn- complex co z z z z
Cll M++, N-- decouple R5 z Z2 Z2 VA
M+- -1 R4 z z2 Z2 z
M-+ +1 R6 z z2 z2 z
C Mn -1 R5 z Z2 72 z
Cl M++, N-- complex Cc1 z z z z
M+-, M-+ -1 R6 z 72 z2 z
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-+ DHIIZHHE

SEBREPKETIIMRODAIED S EICEWVTH SR O AR S (ELVDKYE
global U(1)iLABZ#1) WNEKRZHFD

gui(@)g " = R(g)i¢;(Ry())

gpl(@)g " = R(g);(Ry(x))
Nambu spinor

) i) - (R(g) R*(g)) V(@) (z) = (jf(g)

BIHBIEA —F —IN\TAIDN gD EDRBICE T HMNTRFES,

- 1
Ayr = 5 § CLA(k)Cik + h.c.

GAurg™ = Awr = Ri(g)A(K)R'(g) = A(R,(k))

(ZEfEBE-&—MRICIER(g) ITKk-1KTF)
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® Topological mirror insulator class All + mirror

o : spin

H(ky, ky, k) = mss + v(k,o0 — kyo1)s1 + v.k.s9 - orbital

A A

TRt TU(k)T ! =ioyU(—k), TiT ' = —i =T =i0ok

yzE T@mirror (= inversion + x&f[E]Y) DOn[E]Ex )

A A

R(z,y, 2) R = —io(—2,y,2) = R = —ioy

Y1 = 0281, V9 = —0151, Y3 = S9, J = i, T = ’iO’Q)C, R = —igl

class All + reflection symmetry R : (x,y,z) = (-x,y,2)

R°=-1, [T,Rj=0—R, =) Z (table R1)



® 1D nanowire + s-wave SC + Zeeman class D X ( zx@Emirror + TR )

[~ U
g
X
1
_ T
Hyr =5 Z Uy H(k) P U = (¢, 1), 0L, )"
k
B _ 4 ko,+h-o Aiay
H(k,) = , 2
—i09\ —ﬁ+ﬂ_kmay_h'o'
kZ
= (ﬁ — WT: + keoy. — Aoyt + h- 0T

PHtr.  CU(k)C' = nU(—k), CiC'=—i —»C=nK

TRt TU(R)T ' =ioyU(—k), TiT ' = —i =T =iok

zx[E TDmirror (= inversion + yBIEIY DnEIER ) ML, U(k,, by k)M = —io, U(k,, —k,, k.)

L

A A A A A

S =TM., : SU(k,, k, k.)S™ = U(—k, k,,—k.), SiSt =—i— S =K



k2 :
+k,o,+h- o Aio
H(kx) _ — i Y p 2
—i02A —5t+p—koy,—h-o

2
x

ol

T w7+ kyoym. — Aoy, + h - oT

A A

PHtr.  CU(k)C™' =nU(—k), CiC'=—i = C=7rK
S =TM., : SU(ky, ky k.)S™ = U(—ky, ky, —k.), SIS =—i 5 S =K

[C,S]=0 s +
c -H c H

JC S » + JC ICS -
I Jm

Clgjg — Clg,g : WQ(R[)) =7



(odd parity) CHREILFER

k_% —u+h- o ﬁkqso-w(ia )
Hik,) = [ " o

—ioyikaos gk tu—h-o
k’%‘ A [o] o~ - N -
F

PHtr.  CU(k)C'=nU(-k), CiC'=—i - C=nK
S =U(n/2)T M., : SU(ky, ky, k.)S™ = ir.U(—k,, ky, —k.), SiS71 = —i —» S = ir.K

[C,S]=0 N +
c -H c H

JC S » + JC JCS -
e Jm

Clgjg — Clg,g : WQ(R[)) =7



® Topological mirror superconductivity class D + mirror

Hyp = %Z W H (k)W U = (¢, 9y, wL %)T
k) — h.o =) e
Pl by ) = (E((—ilag)ﬁé—;; : 03 —ET(kik) +fu —Q)hzm)
— 13(e(k) — p) + %(—kleag — kyTo + k.m101) + h.T303
PHtr.  CU(k)C~! = nU(—k), CiC ' =—i —C=nkK

. . . . - M, W(x,y, Z)Mfl = —iosy(x,y, —2)
HEThH = + 1) Ty Ty
Xy mirror (= inversion + zEfi[B]Y) Dn[B]#x ) (@9, M) = g (2, g, —2)

global U(1) phase transformation [{(H)w(”x’y’ Z)UA(Q)_l =" _(x’y’ 2)
U0)4!(z,y, 2)U(0) " = ™9l (2, y, 2)
R = (A](W/Q)Mxy ]3517&(:13, Y, z)]%_l = o3(z, Yy, —2)
CORDRUS R EE Rl y, 2) R = oyl (z, y, —2)
F—F—TRED RU(ky, kyy k)R = 03U(ky, kyy —k.) — R = o
VI = —T103, Yo = —To, Y3 =T101, J =1, C =7K, R =03

class D + reflection symmetry R : (x,y,2) = (X,Y,-2)

R?=1, [C,R]=0— R. —> Z (table R2)



® He-B+ ENDWIE class D + (m-rotation X Time-reversal)
Mizushima-Sato-Machida, PRL (2012).

1
Hyr =5 Z Vi H(R)V, oy — (W1, 1y, ZDL QPDT
k

e(k) — pu+ hyo1+ hyo Ak-a’ia
(_lUQ)Ek e ( ) + o — h 01 — hUO'Q
A
= 73(e(k) — p) + k—(—k;,;’]'lo';g — kymo + k.1101) + hym301 4 hyT30)
F

PHtr. CU(k)C™' =71 U(—k), CiC' = —i — C=nkK
TRtr. TU(k)T ' =ionV(—k), TiT'=—i — T =ik

XyEINSO(2)u+s Dm-rotation  {7(7)U(x, y, 2)U (1)} = —ioymU(—a, —y, 2)

A~ ~ I A ~

R:=TU(r) RVU(x,y,2)R' =iomV(—x,—y,2), RiR"'=—i — R=ionK

Y1 = —T103, Yo = —T92, 73 = T101, J = ?:, O = 'rllC, R — iO’ngK
class D + anti-unitary symmetry (x,y,z) = (-x,-y,z)

R*=1, [C,R]=0— R, mmm) 7 (table N2)
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® Topological inversion superconductivity class D + inversion

H]WF = %Z\DLH(]{J)\D,& U = (?/Jm%jlbiﬂ/)DT
k

Hky, by ko) = e(k) — p+ hyo1+ hyos + h.os i_ﬁf"’ o(ioy)
xy Py, Kz (_i@)%{?k o —el(—k)+pu — hyoy — hyoo — h.o3
A

=T13(e(k) — ) + k:—(—k'gﬂ-lag, — k1o + k.my01) + hyT301 + hyT309 + h.T303
F

PHtr.  CW(k)C' =nU(—k), CiC™'=—i - C=7K

Inversion + global t/2 phase rotation (odd parity SC)
R\P($, v, Z)R_l =iV (—x,—y,—2) - R=1im3

T = —Ti03, Yo = —To, 13 =T101, J =1, C =711k, R =3

class D + unitary symmetry R : (x,y,z) = (-X,-y,-2)

R*=—-1, [C,R]=0— R, —> Z (table 12)

Odd parity superconductors are always topological ? o



Additional symmetry + defect zero mode



DefectZFEHE>/\TARIZ%19 Sreflection, m-rotationD{ERIZIHEFZIEZEL KD
EYHAT 2Rk, BRITT



DefectZE T/ N\TAXD H1E T A& (F1§)

D : co-dimension of defect

d D
Hyp = Z Viki + Z YaSa + H
1=1 a=1

(H,TY=[H,J|=[H,T)={HCY={JT}={J,C}=[T,C] =0

{%:: H} — :% J] — {% T} = [%C] = {%, F} =0
{’N)/a;. H} — :;5/&; J] — [&aaT] — {;5/@) C} — {’%J, F} = ()

{Jﬁ/aaH} — [J;i/a: J] — {J;}’/(IJT} — [J;yaac] — {Jﬁ/aar} =0

(Ji/ay = —1
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2-dim. Point defect

® reflection

® r-rotation

»— —0¢
{R,7:} =0

R : unitary — {R,Jy,} =0

SRET RNV EDEZ B, (Jy)r2=-1
R : antiunitary — [R, Jys| =0
SRELELEREAVDEDER B, (Jy)r2=-1

¢—=o+T~P
I, 74 = 0
[T : unitary — [II, Jy,] =0
SRELGZLREMNVDEDEZ B, (Jy)r2=-1
[T : antiunitary — {II, Jys} =0
S>RELT HIERHBAVEDEZ D, (Jy)r2=-1
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3-dim. line defect

® Reflection (mirror plane // line defect)

¢ — —0
{Rv ’?425} =0
K R : unitary — {R, Jy,} =0

S>RET HRBMNVEDEZS, (Jy)r2=-1
R : antiunitary — [R, J7,] =0
SKRELGZLVREANVDEDEZ B, (Jy)r2=-1

® Reflection (mirror plane L line defect)

¢ — ¢
R, %] =0
R : unitary — [R, Jvs) =0
/ /1/ SKREELELEHMNVEDEZ D, Jy)r2=-1
R : antiunitary — {R, Jy;} =0

SKREET HRBMADVEDEZ S, (Jy)r2=-1
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3-dim. line defect

® mt-rotation (rotation axis // line defect)

o= o+m~P
[Ha;?éb]:()
[T : unitary — [II, Jyy] =0

SKRELGZUVVREANAVDEDEZ B, (Jy)r2=-1
[T : antiunitary — {II, Jy,} =0

SKRERTHEMMAVEDEZ B, (Jy)r2=-1

® rt-rotation (rotation axis L line defect)

¢ — =@
{793 =0
[) [T : unitary — {IL, Jy,} =0
SRETHEHMNVEDEZ S, Jy)r2=-1
[T : antiunitary — [II, Jy,] =0
SRELELEREAVDEDEZ B, (Jy)2=-1
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3-dim. line defect

® inversion

¢ o+T~P
[R, ;?d)} =0
R : unitary — R, Jvs] =0
> RELLGZVRBAVEDIEZ D, (Jy)r2=-1
R : antiunitary — {R, Jy;} =0
SRETHRBAVEDEZD, (Jy) 2=-1
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3-dim. Point defect

® reflection 6 — 0 (R,%] =0
¢——¢ {R 7} =0

S>REY HIERBMERELGEVEREMNEN TN
VEDEZD, (Jv)r2=-1

R . antiunitary — {R, Jy} =0, [R, Jys] =0
S>REETHRBERELGLVERELNEN TN
UWEDIEZR S, (Jy)r2=-1

/ R : unitary — (R, Jv| =0, {R,Jy;} =0
C . R, 7] =0, {R, 7}
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3-dim. Point defect

® r-rotation

G

)

1 :

0 —-m—0~—0 {H,’?@}:O

¢ — —0 {IL %} =0
unitary — {II, Jyp} =0, {II, Jys;} =0

SRELTBEREM2DEZ B, (Jy)r2=-1

. antiunitary — [II, Jyg| =0, [II, Jy,] =0

SRELGLEMMN2DEZ B, (Jy)r2=-1

‘ REtBY

60— 6 [H,;}/Q]ZO
b—=o+m~o LA =

o unitary — [I1, Jvg] =0, [I1, Jv4] =0

SRELGLEHMMN2DEZ B, (Jy)r2=-1

: antiunitary — {Il, Jyg} =0, {II, Jv,} =0

SRELTBEREM2DEZ B, (Jy)A2=-1
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3-dim. Point defect

® inversion

_—
|

0 —-m—60~—0 {R,;YQ}:O
b orT~d  [RA) =0
R : unitary — {R,Jy} =0, |R,Jy,] =0

SRET HEMERELEGVERENEN TN
VEDEZR B, (Jy)r2=-1

R : antiunitary — [R, Jy] =0, {R, Jv,} =0
S>REY HIRBMERELGWEEMNAEN TN
VEDEEZ B, Jy)h2=-1
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(e.g.) vortex line in class D + unitary reflection

[R, ;?9?5] =0
{R: 73} =0

H
¢ JvsR 2
R+ : [C,R]=0 IC class D, R =1 : Cl3y = Cls5 : Ry, mo(R1) = Zo
o } Y1 classD, R = —1: Clyy — Clyy : Rr, mo(Ry) =0
" Jy3
J")/Q
H
C 3R

class D, R* =1 : Clys — Clyy : Ry, mo(R7) =0
Y1 cass D, R*=—1: Clzy — Clzs : Ry, m(Ry) = Zs

J")/Q 78
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Classification of defect zero mode with a
unitary/anti-unitary reflection symmetry

R : (xy,m9,23,...) = (—x1, 10, T3,...)

EFZT VO EDRER



EERITDdefectZzEZ D

point defect (6-1 = 0) d : dimension

line defect (6-1=1) 6-1 : defect dimension

membrane defect (6-1 = 2) D : co-dimension of defect
6=d-D

(‘Slj 82:J « v e SD) : parameters surrounding a defect

d:2,5—1:0,(81) o o
d:3,5—1:1,(81) d—3,5—1—0,(31,32)
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D : co-dimension of defect

d D
Hyp = Z Viki + Z YaSa + H
1=1 a=1

(H,T} =[H,J)=[H,T)={H,C} ={J, T} ={J,C}=[T,C] =0

{vi, H} =
{’S/a,H} —

Vi, J| = {7, T} = |7, C] = {7, [} =0

Yar J] = Far T = {40, C} = {70, T} = 0
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DRITEKE D/ NTARF T

A

n — (nl, o, ..., nD+1)
ny = sin 91 sin 92 sin 93 sin 94 -+ +8In 9D

cos i sinfy sinfysinfy - - -sinfp

o

COS 92 sin 93 sin 94 +++8ln 9D

3
o
|

ng = cosbf3sinfy - --sinfp

ns = cosfy---sinfp

np = costp_1sinfp

npy1 = cosfp

(?’Ll,nz,ng,...) — (—nl,ng,ng,...) : (91 — —91
(nl,ng,ng,...)—>(n1,—n2,n3,...) ) 91—)7’(’—91

(’I’Ll,ng,ng,...) — (nl,ng,—ng,...) X 91 —>7T—92
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® defectZEH T/ \TAIADreflectionDIERIZIEAIF2:BY H B

(1) reflectionZ 52 (T B EEAZ A (ny, n2, ..., no+1)[CADTULYS
SOEDEITREER : (s1,52,...,50) = (-51,52,...,5D)

(I1) reflectionZ 1T B FEIZ A (1, n2, ..., no+1)[ITADTULVELY
> KREELAELY 1 (s1,52,...,50) = (s1,52,...,5D)

® point defectlX XA T (1)D H
® AT (i)DHRIEIHEE EL ThoundaryD P EE(D=0)2EL T EITEE

oot

type | type |l
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Unitary symmetry DG IXFEE ) ATV DO TEHE R =1 (2END
M TMASEIFEDHIEEIRTIELEWMEGELHAD TAHAREAD KOS

Anti-unitary symmetry DIFEX RM2=1,R2 =-1 DA DZEEEZEZADDLELNHB?



Unitary reflection, type (l)

D : co-dimension of defect

Hyp —71k1+2%k +msl+z%sa+ﬂ

1=2 a=2
2 ~2
71_7a_

(H,TY=[H,J|=[H,T)={HCY={JT}={J,C}=[T,C] =0

{% H} — :% J] — {% T} = [%C] = {%, F} =0
{’N)/a;. H} — :;5/&; J] — [&aaT] — {'?a-a C} — {’%J, F} = ()
{Ron}=[Rl=--=[R"l=0
{RJ;}J/I} — [R?;)J/Q] - = [R:;}V/D] =0

RQZER
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Complex, class A

— decouple

Cirp ~Cy_p
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Complex, class Alll

R+ : [[L,R]=0

R-:{l,R}=0

~

— decouple

Cai1ep ~ Cyi1-p

— +1

Cir1-p41 ~ Cy_p
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Real, class Al, All

R+: [T,R]=0
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Real, class D, C

R+ : [C,R]=0

R-: {C,R}=0
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Real, class BDI, DllI, Cli, CI

R++: [T,R]=[C,R]=0

7 1 Ve

R-- : {T,R}={C,R}=0

~

R =R
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Real, class BDI, DllI, Clli, CI

R+- : [T,R]={C,R}=0

C H
JC JOTvAR =R
IcT Y171
S 3
VD
J ; -
ks . / R? = —epecep
T V2
C H
JC T
J’)/l N ~
3o R’ =erecer
J'YQ 5
© Jv

Y1 V2
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[RDI+] Classification table for defect zero modes with unitary reflection (type 1), R*2 =+

6=d-D Rm‘a RWT’ R??Cﬂ R??T??c
Reflection class Cqor Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
R decouple A co z z z z
R+ decouple Alll C1 z z z z
R- +1 Alll co z z z z
R+, R++ decouple Al RO z z Z2 Z2
BDI R1 Z2 z z z2
D R2 z2 z2 z z
DIl R3 z2 72 z z
All R4 z 72 z2 z
Cll R5 z z2 72 z
C R6 z 72 Z2 VA
cl R7 z Z2 Z2 z
R-, R-- complex Al, D, All, C Cco z z z z
BDI, DIil, ClI, CI C1 z z z z
R+- -1 BDI RO z z Z2 z2
+1 DIl R4 z 72 z2 z
+1 Cll R6 z 72 z2 z
-1 cl R6 VA 72 z2 z
R-+ +1 BDI R2 Z2 z z z2
-1 DIl R2 z2 z z z2
-1 Cll R4 z2 72 z z
+1 cl RO z z2 Z2 z
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[RDI-] Classification table for defect zero modes with unitary reflection (type I), R*2 = -

6=d-D Rm‘a RWT’ R??Cﬂ R??T??c
Reflection class Cqor Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
R decouple A co z z z z
R+ decouple Alll C1 z z z z
R- +1 Alll co z z z z
R-, R-- decouple Al RO z z Z2 Z2
BDI R1 Z2 z z z2
D R2 z2 z2 z z
DIl R3 z2 72 z z
All R4 z 72 z2 z
Cll R5 z z2 72 z
C R6 z 72 Z2 VA
cl R7 z Z2 Z2 z
R+, R++ complex Al, D, All, C Cco z z z z
BDI, DIil, ClI, CI C1 z z z z
R-+ -1 BDI RO z z Z2 z2
+1 DIl R4 z 72 z2 z
+1 Cll R6 z 72 z2 z
-1 cl R6 VA 72 z2 z
R+- +1 BDI R2 Z2 z z z2
-1 DIl R2 z2 z z z2
-1 Cll R4 z2 72 z z
+1 cl RO z z2 Z2 z
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Unitary reflection, type (II) (D=0l&boundary® 73-48)

D : co-dimension of defect

(H,TY=[H,J|=[H,T)={HCY={JT}={J,C}=[T,C] =0

(v, H} =i, J] = {7, T} = [, Cl = {7, 1} =0
{Va H} = [Ya, J] = [0, T = {7, C} = {70, T} =0
{R,n} =R,y =-=[R.7 =0

R, | =R,y == |R,7p] =0

RQZER
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Complex, class A

H
Y MR
b g
_’7d =

Carp+1 ~ Ci_pi1

97



Complex, class Alll

R+ : [IL,R]=0

R-:{l,R}=0

Y1
72

_'Yd

~

1 72

Cavo4p ~ Ca—p

— decouple
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Real, class Al, All

R+: [T,R]=0

TJ
Y1

72 JVp
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Real, class D, C

R+ : [C,R]=0

R-: {C,R}=0

H
C
JC J")/lR =R
J’Yl
Sy YD
7 1 72
H
C ~
JC R =R
I
SV YD
7

Y
[

€R
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Real, class BDI, DllI, Cli, CI

R++ : [T,R]=[C,R]=0

7 1 Ve

R-- : {T,R}={C,R}=0

c H
JC JyR=R
ICT
J’Yl ~
T ::’YD
S M1 Ve
c H )
JC ’YlR =R
JCT
Jn 3
2 ;‘fYD
7 1 V2
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Real, class BDI, DllI, Clli, CI

R+- : [T,R]={C,R}=0

c_ H
e JCTyR =R
JCT
J N
m yp U= erccen
J’)/Q )
. .
Jvq 2 Ao {?,2 =1 — decouple
R*=—1 — complex
CTwR=R
‘ R? = —eqecep

15?2 =1 — decouple
R?*=—1 — complex
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[RDII+] Classification table for defect zero modes with unitary reflection (type Il), RA2 = +

Reflection class Cqor Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
R +1 A C1 z VA VA z
R+ +1 Alll co z VA VA z
R- decouple Alll C1 VA Z Z z

R+, R++ +1 Al R1 Z2 z z 72
BDI R2 z2 z2 z z
D R3 z2 z2 z z
Dl R4 z z2 z2 VA
All R5 z z2 Z2 z
Cll R6 z 72 72 z
C R7 z 72 z2 z
Cl RO z VA z2 72
R-, R-- -1 Al R7 z 72 z2 z
BDI RO z z z2 72
D R1 z2 z z 72
DIl R2 Z2 Z2 z z
All R3 z2 Z2 z z
Cll R4 z Z2 Z2 z
C R5 z Z2 Z2 z
cl R6 YA Z2 72 z
R+- decouple BDI R1 Z2 z Z Z2
R-+ DIl R3 z2 Z2 VA z
R+- Cll R5 z Z2 Z2 z
R-+ Cl R7 VA 72 Z2 z
R-+ complex BDI, ClI c1 z z z z
R+- DllI, CI C1 VA VA VA z




[RDII-] Classification table for defect zero modes with unitary reflection (type Il), R*2 = -
Reflection class Cqor Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
R +1 A C1 VA VA VA z
R+ +1 Alll Cco YA VA VA z
R- decouple Alll C1 VA Z Z z
R-, R-- +1 Al R1 Z2 VA VA Z2
BDI R2 Z2 Z2 Z YA
D R3 Z2 Z2 VA VA
DIl R4 VA Z2 72 Z
All R5 VA 72 Z2 VA
Cll R6 Z zZ2 Z2 z
C R7 VA Z2 Z2 VA
Cl RO z VA Z2 72
R+, R++ -1 Al R7 VA Z2 Z2 VA
BDI RO Z VA Z2 Z2
D R1 Z2 VA VA Z2
DIl R2 Z2 Z2 Z Z
All R3 Z2 72 VA VA
Cll R4 Z Z2 Z2 VA
C R5 z Z2 Z2 Z
Cl R6 YA Z2 Z2 z
R-+ decouple BDI R1 Z2 z Z Z2
R+- DIl R3 Z2 22 VA VA
R-+ (@] R5 VA Z2 Z2 VA
R+- Cl R7 VA Z2 Z2 YA
R+- complex BDI, ClI c1 z z z z
R-+ DllI, CI Cl Z VA VA YA




Anti-unitary reflection, type (1) (D=1)

D : co-dimension of defect

Hai.p —71k1+2%k +msl+z%sa+ﬂ

1=2 a=2
2 ~2
Wz_ﬁ)/a_

(H,TY=[H,J|=[H,T)={HCY={JT}={J,C}=[T,C] =0

{% H} — :% J] — {% T} = [%C] = {%, F} =0
{’N)/a;. H} — :;5/&; J] — [&aaT] — {'?a-a C} — {’%J, F} = ()
{Ra’}/l] — {RaWQ} — = {R,’yd} = ()

{RJ;}J/I} — [R?;)J/Q] - = [R:;}V/D] =0

RQIER
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Complex, class A - real

JH
R
JJR er =+ : Clparo — Clpi1a+2 © R_gip
T
. ep=— : (1 — Ol - Ry
- o R D+2,d D+3.d A—d+D
s T
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Complex, class Alll = real

R+ : [lL,R]=0
R JH
JR Ir er =+ 1 Clpyirdr2 — Clpiagra @ Ri—gsp
Jn ep=— : Clpysa — Clpiaqg © Rs_ayp
72 J’S/D
Ya . 7A
71 S
R-: {l,R}=0
JH
R
JR I
J’71 €ER = 1+ CZD:d+3 — ClD—i—l,d-i—S : R?—d—I—D
Y2 JYD e =— : Clpiogr1 = Clpyzar1 @ R3—avp
Yda o gk
TRt
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Real, class Al, All

R+: [T,R]=0

R-: {T,R}=0

T JH
T JTnAR =R
gl
2 J’?D RQ = €TER
Vd Jﬁ/l J’S/Q
JH
T -~ .
T ITyvnR=R
g
2 {5@ R? = epep

i J’Nh‘]%
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Real, class D, C

R+:[C,R]=0
H
C .
JC C"}/lﬁ/lR =R
J’Yl ~ o
s R™ = —€cep
)y b
7 1 V2
R-:{C,R}=0
H
C o~
JC JCymR=R
J1i
) D R _eper
Ja
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Real, class BDI, DllI, Cli, CI

R++ : [T,R]=[C,R]=0

U s s " v A s )
N T R? =1 — decouple
R’ = —1 — complex
R-- : {T,R}={C,R}=0
TyiR =R
R = €TER

R? =1 — decouple

R? = —1 = complex
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Real, class BDI, DllI, Clli, CI

R+- : [T,R]={C,R}=0

C H
JCT
J’Yl _ R2 — —€CER
J¥o ;‘fYD
T V2
C H
e CnmR =R
JCT o
nyl ;“YD R = —€CER
J 2
© Jv

Y1 V2
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[aRDI+] Classification table for defect zero modes with anti-unitary reflection (type I), R*"2 =1

class Reflection Cq or Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7

A R real RO z z 72 z2

Alll R+ Real R1 z2 z z z2

R- real R7 z z2 72 z

Al R -1 R7 z Z2 72 z

All R +1 R5 z 72 72 z

D R -1 R1 z2 z z z2

C R +1 R7 z z2 72 z

BDI R++, R-- Decouple R1 Z2 z z z2

R+-, R-+ -1 RO z z 72 z2

DIl R++, R-- Complex C1 Z yA z z
R+-, R-+ -1 R2 z2 72 z z

cll R++, R-- Complex C1 Z yA z z
R+-, R-+ +1 R6 z 72 z2 z

cl R++, R-- Decouple R7 Z z2 z2 z

R+-, R-+ +1 RO z z 72 z2
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[aRDI-] Classification table for defect zero modes with anti-unitary reflection (type 1), R*2 = -1

class Reflection Cq or Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
A R real R4 z z2 72 z
Alll R+ Real R5 z 72 72 z
R- real R3 72 z2 z z
Al R +1 R1 Z2 z z z2
All R -1 R3 72 z2 z z
D R +1 R3 72 z2 z z
C R -1 R5 z 72 72 z
BDI R++, R-- complex C1 Z Z z z
R+-, R-+ +1 R2 72 72 z VA
DIl R++, R-- decouple R3 Z2 z2 yA z
R+-, R-+ +1 R4 z z2 72 z
cll R++, R-- decouple R5 Z z2 z2 z
R+-, R-+ -1 R4 Z 72 z2 z
cl R++, R-- complex Cc1 Z z z z
R+-, R-+ -1 R6 z 72 z2 z
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Anti-unitary reflection, type (ll) (D=0l%boundary® 73*£8)

D : co-dimension of defect

d D
Hip =k + Z viki + Z YaSa + H

1=2 a=1
V=7 =1
(HTY=[H,J = [H T = {HC)={J T} = {J.C} = [T,C] = 0
{%:: H} = :% J] = {% T} = [%C] = {%, F} =0
{Va, H} = [Yas Il = Y0, T) = {%a, C} = {7, I'} =0
R.m|=A{R. 7} ="-={R,7} =0
R, | =R,y == |R,7p] =0

RQIER
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Complex, class A - real

R JH
JR er =+ @ Clpyra+1 = Clpioge1r @ Ro—qsp
Jn er=— : Clpiga—1 — Clpyag—1 @ Re—q+p
V2 JVp
Ya A
J"}/l 2
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Complex, class Alll = real

R+ : [IL,R]=0

JH
R
JR ir
J’Tl
V2 JVp
. W ;
J’}/l 72
R-: {l,R}=0
JH
R
JR I
I
Vo JYD

. vy e B
J’}/l 72

e =+ 1 Clpyagr1 — Clpisan

eg=— : Clpiaa-1 — Clpysa—1 :

e =+ : Clpy1gs2 = Clpyogre © Ri—gip

Ep — — . CZD+3’d—>CZD+47d :

. R3_aqyp

Ry gD

Rs 41D
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Real, class Al, All

R+ : [T,R]=0

T JH

4!

2 JVD
v Jﬁ/l J&Q

R-: {T,R}=0
T JH
T) R
71

2 J’?D

i J’Nh‘]%

fEHELY

fHELY

= —E€TER
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Real, class D, C

R+ : [C,R]=0

R-: {C,R}=0

* = CCER
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Real, class BDI, DllI, Cli, CI

R++ : [T,R]=[C,R]=0

C H
IC JI'vR=R
ICT
‘ nyl 5 R? = €TER
. T YD
Jva A o S M1 Ve
R-- : {T,R}={C,R}=0
C H
ICT
‘ " ) R =erex
T YD
‘ JVa
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Real, class BDI, DllI, Clli, CI

R+- : [T,R]={C,R}=0
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[aRDII+] Classification table for defect zero modes with anti-unitary reflection (type Il), R*2 = +
(4FIZD=0l&boundary® 53 %8)

class Reflection Cq or Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
A R real R2 Z2 72 z z
Alll R+ Real R3 72 z2 z z
R- real R1 Z2 z z z2
Al R Complex co z Z Z Z
All R decouple R4 Z Z2 Z2 Z
D R Decouple R2 Z2 Z2 Z Z
C R complex co Z z Z Z
BDI R++, R-- +1 R2 z2 72 z z
R+-, R-+ Decouple R1 Z2 Z z z2
DIl R++, R-- -1 R2 Z2 72 z z
R+-, R-+ Decouple R3 Z2 Z2 VA z
Cll R++, R-- -1 R4 z z2 72 z
R+-, R-+ Complex C1 Z VA z z
cl R++, R-- +1 RO z z2 72 z
R+-, R-+ complex Cc1 VA VA z z
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[aRDII-] Classification table for defect zero modes with anti-unitary reflection (type Il), R*2 = -
(4FIZD=0l&boundary® 53 %8)

class Reflection Cq or Rq 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
A R real R6 z 72 z2 z
Alll R+ Real R7 z z2 72 z
R- real R5 z 72 72 z
Al R decouple RO z Z Z2 Z2
All R complex co Z z Z Z
D R complex co z Z z Z
C R decouple R6 z Z2 Z2 Z
BDI R++, R-- -1 RO z z 72 z2
R+-, R-+ complex C1 Z VA z z
DIl R++, R-- +1 R4 z z2 72 z
R+-, R-+ complex C1 Z VA z z
Cll R++, R-- +1 R6 z 72 Z2 z
R+-, R-+ decouple R5 Z z2 z2 z
cl R++, R-- -1 R6 z 72 z2 z
R+-, R-+ decouple R7 Z z2 z2 z
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® Topological mirror insulator class All + mirror

o : spin

H(ky, ky, k) = mss + v(k,o0 — kyo1)s1 + v.k.s9 - orbital

A A

TRt TU(k)T ! =ioyU(—k), TiT ' = —i =T =i0ok

yzE T@mirror (= inversion + x&f[E]Y) DOn[E]Ex )

A A

R(z,y, 2) R = —io(—2,y,2) = R = —ioy

Y1 = 0281, V9 = —0151, Y3 = S9, J = i, T = ’iO’Q)C, R = —igl

class All + reflection symmetry R : (x,y,z) = (-x,y,2)

R°=-1, [T,Rj=0—R, =) Z (table R1)



®point defect in class D X (mirror + TR)

1
Hyr =5 Z Vi H(R)V, oy — (W1, 1y, ZDL QPDT
k

e(k) — p+ hoy +h, 2k . (i
H(kx,ky,kz)z ( )( M Ap01 yO2 kp (102)
—ZOQ)E’C'U —E& ( ) Mu— h 01 — hUO'Q
A
:T3(€(k)—u)—|—k—(—k3;7‘10'3—kyTQ—FkZTlel)—FhITgO'l—|—hy7'30'1
F

A

PHtr. CU(k)C™' =nU(—k), CiC'=—i - C=nK
TRtr. TU(k)T ' =ionV(—k), TiT'=—i — T =ik
yzIE Dmirror (= inversion + x#Hn[E¥R ) A7, U(z,y, z)M; = —io 3V (—x,7, 2)

A A A A A

R .= TU(W) RV (z,y, 2) R =iomV(—x, —y, 2), RiR™'=—i = R=1ionkK
M= —T103, Yo = —T2, 3 =T101, J =1, C =7K, R=10113K
class D + anti-unitary symmetry (x,y,z) = (-x,-y,z)

R*=1, [C,R]=0— R, mmm) 7 (table N2)
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® He-B+ ENDWIE class D + (m-rotation X Time-reversal)
Mizushima-Sato-Machida, PRL (2012).

1
Hyr =5 Z Vi H(R)V, oy — (W1, 1y, ZDL QPDT
k

e(k) — pu+ hyo1+ hyo Ak-a’ia
(_lUQ)Ek e ( ) + o — h 01 — hUO'Q
A
= 73(e(k) — p) + k—(—k;,;’]'lo';g — kymo + k.1101) + hym301 4 hyT30)
F

PHtr. CU(k)C™' =71 U(—k), CiC' = —i — C=nkK
TRtr. TU(k)T ' =ionV(—k), TiT'=—i — T =ik

XyEINSO(2)u+s Dm-rotation  {7(7)U(x, y, 2)U (1)} = —ioymU(—a, —y, 2)

A~ ~ I A ~

R:=TU(r) RVU(x,y,2)R' =iomV(—x,—y,2), RiR"'=—i — R=ionK

Y1 = —T103, Yo = —T92, 73 = T101, J = ?:, O = 'rllC, R — iO’ngK
class D + anti-unitary symmetry (x,y,z) = (-x,-y,z)

R*=1, [C,R]=0— R, mmm) 7 (table N2)
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Classification of defect zero mode with a
unitary/anti-unitary m-rotation symmetry

R (x1,29,23,...) = (—x1, —22, 23, ...)

FEZH#2 DR ER



EERITDdefectZzEZ D

e point defect (6-1 =0) d : dimension

* line defect (6-1=1) 6-1 : defect dimension

* membrane defect (6-1 = 2) D : co-dimension of defect
° - 6 - d -D

(‘Slj 82:J « v e SD) : parameters surrounding a defect

d:2,5—1:0,(81) o o
d:3,5—1:1,(81) d—3,5—1—0,(31,32)
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D : co-dimension of defect

d D
Hyp = Z Viki + Z YaSa + H
1=1 a=1

(H,T} =[H,J)=[H,T)={H,C} ={J, T} ={J,C}=[T,C] =0

{vi, H} =
{’S/a,H} —

Vi, J| = {7, T} = |7, C] = {7, [} =0

Yar J] = Far T = {40, C} = {70, T} = 0
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DRITEKE D/ NTARF T

A

n — (nl, o, ..., nD+1)
ny = sin 91 sin 92 sin 93 sin 94 -+ +8In 9D

cos i sinfy sinfysinfy - - -sinfp

o

COS 92 sin 93 sin 94 +++8ln 9D

3
o
|

ng = cosbf3sinfy - --sinfp

ns = cosfy---sinfp

np = costp_1sinfp

npy1 = cosfp

(?’Ll,nz,ng,...) — (—nl,ng,ng,...) : (91 — —91
(nl,ng,ng,...)—>(n1,—n2,n3,...) ) 91—)7’(’—91

(’I’Ll,ng,ng,...) — (nl,ng,—ng,...) X 91 —>7T—92
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® defectZE T /N\TAZANDn-rotationDERIZE A IEX3EYH S

(I) m-rotationZ 52 1T B EEFEHN(n1, n2, ..., no+1)[CADTLVS
SOEDEITREER : (s1,52,...,50) = (-51,52,...,5D)

(1) m-rotationZ 52 (T A EEAZ A (n1, n2, ..., no+1) [T ADTULVELY
> KREELAELY 1 (s1,52,...,50) = (s1,52,...,5D)

® point defect D A4F5KT. FAL T () D H

type | type |l
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Unitary rni-rotation, type (l)

D : co-dimension of defect

Hyp —71k1+2%k +msl+z%sa+ﬂ

1=2 a=2
2 ~2
q/’i_ﬁya_

(H,TY=[H,J|=[H,T)={HCY={JT}={J,C}=[T,C] =0

{% H} — :% J] — {% T} = [%C] = {%, F} =0
{’N)/a;. H} — :;5/&; J] — [&aaT] — {'?a-a C} — {’%J, F} = ()
{Ron}=[Rl=--=[R"l=0

{RJ;}J/I} — [R?;)J/Q] - = [R:;}V/D] =0

R=1
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Czqu — Ozqu_ﬂ

Olqu — Ozp+1jq

RQ‘P

Rp—l—?—q



(a) complex classes

g Cl, C, 70 (Cq)
0 C (Umn+m)/Un)xU(m))xZ Z
1 CaC U(n) 0

(b) real classes

q Clo.q R, mo(Rq)
0 R (O(n+m)/O(n) x O(m)) X Z Z
1 RPHR O(n) Zio
2 R(2) O(2n)/U(n) Lo
3 C(2) U(2n)/Sp(n) 0
4 H(2) (Sp(n+m)/Sp(n) x Sp(m)) X Z Z
5 H(2) ¢ H(2) Sp(n) 0
6 H(4) Sp(n)/U(n) 0
7 C(8) U(n)/O(n) 0
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class TRS PHS chiral Cq or Rq d=0 | d=1 | d=2 | d=3 | d= d=5 d=6 d=7
A co z z z z
Alll 1 c1 z z z z
Al 1 RO z z 22 22
BDI 1 1 R1 22 z z 22
D 1 R2 72 22 z z
DIl -1 1 R3 22 22 z z
All -1 R4 z 22 22 z
o] -1 -l R5 z 22 22 z
C -l R6 z 22 22 z
Cl 1 -l R7 z 22 72 z
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