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B. A warm up: real AZ class in two space dimensions

As a warm up, let us compute the AHSS for 2d system with real AZ symmetry classes. As the symmetry class for
n = 0, we consider the 2d spinless systems with the TRS T . The symmetry group is G = Z2 = {1, T} which acts on
the 2d BZ torus by T : (kx, ky) 7! (�kx,�ky). The factor system is T 2 = 1. We use the following Z2-filtration of the
BZ torus:

(4.16)

Here, a0 = T (a), b0 = T (b),↵0 = T (↵) represent equivalent p-cells. From (4.3), the E1-page is given by the space of
representations at p-cells with symmetry class determined by n 2 Z.

AI n = 0 Z4 Z3 Z
BDI n = 1 Z4

2 0 0
D n = 2 Z4

2 Z3 Z
DIII n = 3 0 0 0
AII n = 4 Z4 Z3 Z
CII n = 5 0 0 0
C n = 6 0 Z3 Z
CI n = 7 0 0 0

Ep,�n

1 p = 0 p = 1 p = 2

(4.17)

The first di↵erential dp,�n

1 : Ep,�n

1 ! Ep+1,�n

1 is straightforwardly given by the compatibility relation as in

d0,01 =

� X Y M
1 �1 0 0 a
0 0 1 �1 b
0 1 0 �1 c

, d0,�4
1 =

� X Y M
2 �2 0 0 a
0 0 2 �2 b
0 2 0 �2 c

, d1,�2
1 = d1,�6

1 =
a b c
2 �2 0 ↵

, (4.18)

and dp,�n

1 = 0 for others. We should be careful about the PHS. For n = 2 and 6, the 1-cell a (b) changes to a0 (b0)
with the particle-hole transformation C. Then, an occupied state |�i at a is sent to an empty state C |�i at a0, which
results in a nontrivial first di↵erential.

Before moving to the second di↵erential d2, it is worth understanding the first di↵erentials in terms of gapless Dirac
points. According to the meaning (II) of the E1-page in Sec. IVA, Ep,�n

1 can be views as the space of topological
gapless points inside p-cells with the symmetry class (n� p+ 1):

← BDI gapless points
← D gapless points
← DIII gapless points
← AII gapless points
← CII gapless points
← C gapless points

← AI gapless points
← CI gapless points

Here, E2,even
1 = Z is understood from that the chiral symmetry stabilizes a Dirac point in a 2-cell. The first di↵erentials

d1,even1 : E1,even
1 ! E2,even

1 represent how gapless Dirac points in the 2-cell are absorbed by the pair creation of the

32
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Dirac points from 1-cells. For class BDI/CII, the time-reversal symmetric pair of Dirac points has the opposite charge
because of the algebra T� = �T between the TRS T and the chiral symmetry �, whereas for class DIII/CI, the charge

is the same because of the algebra T� = ��T . This accounts for d1,(�2)/(�6)
1 = (2,�2, 0) and d1,0/(�4)

1 = (0, 0, 0) as
shown below:

＋

－－

＋

＋

－

＋

－

BDI/CII DIII/CI

＋

－

＋

－

＋

－＋

－

＋

＋

－

－

＋

－

－

＋

Taking the cohomology of d1, we have the E2-page

AI n = 0 Z 0 Z
BDI n = 1 Z4

2 0 0
D n = 2 Z4

2 Z2 Z2

DIII n = 3 0 0 0
AII n = 4 Z Z3

2 Z
CII n = 5 0 0 0
C n = 6 0 Z2 Z2

CI n = 7 0 0 0
Ep,�n

2 p = 0 p = 1 p = 2

(4.19)

In the E2-page, the second di↵erential d0,�1
2 : E0,�1

2 ! E2,�2
2 can be nontrivial. Actually, we find that d0,�1

2 is
surjective. Notice that the even/odd parity of the class BDI 1d winding number w1d[�a0 + a] along the loop �a0 + a
is given by the Z2 invariants at � and X as (�1)w1d[�a

0+a] = (�1)⌫(�)(�1)⌫(X). In the same way, it holds that
(�1)w1d[�b

0+b] = (�1)⌫(Y )(�1)⌫(M) for the 1d winding number along the loop �b0 + b. Therefore, the product
(�1)⌫ :=

Q
k2{�,X,Y,Z}(�1)⌫(k) is the Z2 indicator to detect an odd number of class BDI Dirac points inside the 2-cell

↵ and (�1)⌫ is nothing but the second di↵erential d0,�1
2 .

Alternatively, one can readily find the second di↵erential d0,�1
2 in the view of the pair creations of the Dirac points

from 0-cells. The class BDI symmetry permits creating a pair of Dirac points from 0-cells which removes the Z2

remainder of E2,�2
2 = Z2, the odd charges of Dirac points in the 2-cell. See the following figure:

－

＋

＋

－

＋

－

BDI

＋

－

Explicitly, this pair creation of Dirac points in class BDI can be modeled as

H(k) = (|k � k0|2 � µ)⌧z + (k � k0) · n⌧y, T = K, C = ⌧x, (4.20)

around a 0-cell k0. It is clear that when µ passes zero, the band inversion occurs with the change of the Z2 Pfa�an
invariant (�1)⌫(k0) at the 0-cell k0, and a pair of Dirac points are pumped to the direction perpendicular to n.
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This can contrast well with the case of class CII, where the pair creation of Dirac points from 0-cells should be
doubly degenerate due to the TRS with Kramers. As a result, there is no class CII topological invariant at 0-cells
(this is the meaning of that E0,�5

1 = 0), which means that the 0-cells can not be a new source of Dirac points, i.e.
Dirac points arising from the 0-cells are recast as ones from 1-cells.

Taking the cohomology of d2, we arrive at the limiting page E1 = E3,

AI n = 0 Z 0 Z
BDI n = 1 Z3

2 0 0
D n = 2 Z4

2 Z2 0
DIII n = 3 0 0 0
AII n = 4 Z Z3

2 Z
CII n = 5 0 0 0
C n = 6 0 Z2 Z2

CI n = 7 0 0 0
Ep,�n

1 p = 0 p = 1 p = 2

(4.21)

The data {E0,�n

1 , E1,�(n+1)
1 , E2,�(n+2)

1 } approximate the K-group �K�n

Z2
(T 2) on the basis of the exact sequences

(4.14). The relationship among columns of E1-page, AZ symmetry classes of 2d bulk insulators and 2d surface
gapless states should be kept in mind, which is shown below:

← AI bulk insulators = BDI gapless surface states
← BDI bulk insulators = D gapless surface states
← D bulk insulators = DIII gapless surface states
← DIII bulk insulators = AII gapless surface states
← AII bulk insulators = CII gapless surface states
← CII bulk insulators = C gapless surface states

← CI bulk insulators = AI gapless surface states
← C bulk insulators = CI gapless surface states

The dimension p of Ep,�n

1 indicates the dimension of the skeleton Xp on which the topological invariant is defined.
The exact sequences (4.14) are recast as

AI bulk insulators : �K0
Z2
(T 2) = Z,

BDI bulk insulators : 0 ! Z2 ! �K�1
Z2

(T 2) ! Z3
2 ! 0,

D bulk insulators : 0 ! Z ! �K�2
Z2

(T 2) ! Z4
2 ! 0,

DIII bulk insulators : �K�3
Z2

(T 2) = Z3
2,

AII bulk insulators : �K�4
Z2

(T 2) = Z+ Z2,

CII bulk insulators : �K�5
Z2

(T 2) = Z2,

C bulk insulators : �K�6
Z2

(T 2) = Z,
CI bulk insulators : �K�7

Z2
(T 2) = 0.

These agree with the literature. [4] Especially, E2,�6
1 = Z2 corresponds to the Kane-Mele Z2 topological invariant.

From the explicit formulas of topological invariants, one can show that both the K-groups for n = 1, 2 correspond to
the nontrivial extension of the short exact sequence. We find that �K�1

Z2
(T 2) = Z2 + Z2

2 and �K�2
Z2

(T 2) = Z+ Z3
2.

10

C. E1-page for general symmetry

In this section we describe how to compute the E1-page for general symmetry classes. Let G be the symmetry
group and �, c : G ! Z2 = {±1} the indicators for unitary/antiunitary and symmetry/antisymmetry, respectively.

10 As seen previously, in class BDI bulk insulators, the 1d winding numbers w
x
1d, w

y
1d along the kx and ky directions give the constraints

on the Z2 invariants defined at 0-cells as (�1)w
x
1d = (�1)⌫(�)(�1)⌫(X) = (�1)⌫(Y )(�1)⌫(M) and (�1)w

y
1d = (�1)⌫(�)(�1)⌫(Y ) =

(�1)⌫(X)(�1)⌫(M), which leads to �
K

�n
Z2

(T 2) = Z2 + Z2
2. In class D bulk insulators, the parity of the Chern number C is related to

the Z2 invariants (the Pfa�an invariants) at 0-cells as (�1)C =
Q

k2�,X,Y,M (�1)⌫(k), which leads to �
K

�2
Z2

(T 2) = Z+ Z3
2.
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