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1 Example 1

Consider a one-dimensional system with two localized orbitals centered at the unit-cell center, both having
positive inversion eigenvalue. See Fig. 1(a). The inversion action is

Î |w1,R⟩ = |w1,−R⟩ , Î |w2,R⟩ = |w2,−R⟩ . (1)

Let the corresponding Bloch states be

|ϕj,k⟩ =
∑

R

|wj,R⟩ eikR, j = 1, 2, (2)

and write

Φk = (|ϕ1,k⟩ , |ϕ2,k⟩). (3)

Then inversion acts on Φk as

ÎΦk = Φ−kIk, Ik = 12. (4)

If inversion symmetry is ignored, the two localized orbitals can be hybridized so that they become
localized at x = a and x = −a. Concretely, redefine

Φ′
k = (ϕ′

1,k, ϕ
′
2,k) = ΦkUk = Φk

(
cos θ

2 − sin θ
2e

ik

sin θ
2e

−ik cos θ
2

)
. (5)

The centers, equivalently the Berry phases, of the Wannier states constructed from ϕ′
1,k, ϕ

′
2,k,

|w′
j,R⟩ =

∑

k

|ϕ′
j,k⟩ e−ikR, j = 1, 2, (6)

are

r′j = ⟨w′
j,R=0|r̂|w′

j,R=0⟩ , (7)

and change as

r′1 = sin2
θ

2
, r′2 = − sin2

θ

2
. (8)

Indeed, the Wannier states transform as

|w′
1,R⟩ = cos

θ

2
|w1,R⟩+ sin

θ

2
|w2,R+1⟩ , (9)

|w′
2,R⟩ = − sin

θ

2
|w1,R−1⟩+ cos

θ

2
|w2,R⟩ , (10)

and using r̂ |wj,R⟩ = R |wj,R⟩ reproduces the calculation above.
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In the basis Φ′
k, the representation matrix of inversion is

ÎΦ′
k = ÎΦkUk = Φ−kIkUk = Φ′

−kU
†
−kIkUk, (11)

so

I ′k = U†
−kIkUk =

(
cos2 θ

2 + e−2ik sin2 θ
2 i sin k sin θ

i sin k sin θ cos2 θ
2 + e2ik sin2 θ

2

)
. (12)

Write

W ′
R = (|w′

1,R⟩ , |w′
2,R⟩). (13)

The inversion action on Wannier states is

ÎW ′
R =

∑

R′

W ′
R′

∑

k

I ′ke
ik(R−R′). (14)

Thus it is determined by

I ′R−R′ =
∑

k

I ′ke
ik(R−R′). (15)

A direct computation gives

I ′R−R′ =





(
cos2 θ

2

cos2 θ
2

)
(R−R′ = 0),

(
± 1

2 sin θ

± 1
2 sin θ

)
(R−R′ = ±1),

(
sin2 θ

2

0

)
(R−R′ = 2),

(
0

sin2 θ
2

)
(R−R′ = −2),

O (otherwise).

(16)

Hence the action does not close within a single Wannier state at a fixed site R. If one restricts to gauge
transformations of the form (5), one also checks that closure occurs only for θ = 0, namely for the original
Wannier states |w1,R⟩ , |w2,R⟩.

• Is there another gauge transformation, other than (5), for which r′1 = −r′2 = a ̸= 0 and inversion
symmetry closes on one or two Wannier states, meaning that the relevant matrix elements of I ′R−R′

have absolute value 1?

2 Example 2

Now consider two localized orbitals centered at the unit-cell center, but with opposite inversion eigenval-
ues, positive and negative. See Fig. 1(b). The action is

Î |w1,R⟩ = |w1,−R⟩ , Î |w2,R⟩ = − |w2,−R⟩ . (17)

Accordingly,

Ik =

(
1

−1

)
. (18)

Within the space spanned by |w1,R⟩ , |w2,R⟩, the inversion matrix is unitarily equivalent to

I ∼
(

1
1

)
. (19)
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( a ) ( b ) エ

∞き 議
I ≡ . *
i . .

t ー

←Λ→ 産爪1 1 1 1

杆杩杧杵杲来 朱

である．

|w1,R〉 , |w2,R〉内における反転対称性の行列はI ∼
(

朱
朱

)
とユニタリ同値であり，このような基底

においては杗条杮杮杩来杲状態の局在位置をx 朽 a,−aに反転対称性を保ったまま連続変形できるため，月kの

ゲージを上手く取って，r1 朽 −r2 朽 aかつIk 朽

(
朱

朱

)
とできると期待できる．

条件を書き出すと，ゲージ変換

Uk 朽

(
uk −v∗k
vk u∗k

)
木朲朰朩

が

I ′k 朽 U†−kIkUk 朽

(
朱

朱

)
木朲朱朩

を満たし，かつ， 杂来杲杲杹位相

r′1 朽
i

朲π

∮ 2π

0

dk木u∗k∂uk 末 v∗k∂vk朩 木朲朲朩

が非ゼロ．
一般解の導出は別にして，非自明解が存在することを示す．

Uk 朽




cos木 θ2 朩+sin木 θ2 朩(i cos(k)+sin(k))√
2

cos木 θ2 朩+e
iki sin木 θ2 朩√
2

cos木 θ2 朩−ie−ik sin木 θ2 朩√
2

ieik sin木 θ2 朩−cos木 θ2 朩√
2


 木朲朳朩

とすると，条件を満たし，杂来杲杲杹位相は

r′1 朽 杳杩杮2
θ

朲
木朲朴朩

となる．

• 一般論として，原子絶縁体の断熱変形が存在する場合，対応するゲージ変換Ukが存在するか？

• 杗条杮杮杩来杲状態が杜空間群対称性を満たす原子絶縁体朢となる条件は，空間群対称性演算子Ug木k朩か
ら構成される杗条杮杮杩来杲状態間の遷移行列

Ug木R−R′朩 朽
∫

T 3

d3k

木朲π朩3
Ug木k朩e

ik·(R−R′) 木朲朵朩

の行列要素が，ある原子絶縁体から誘導される空間群の表現と一致する場合，と定義すれば良い
か？もっと杜まし朢な定義はないか？

朳

Figure 1:

In such a basis, the Wannier centers can be continuously moved to x = a and x = −a while preserving
inversion symmetry. Therefore one expects that a suitable gauge of Φk can be chosen so that r1 = −r2 = a
and

Ik =

(
1

1

)
. (20)

Writing out the conditions, we seek a gauge transformation

Uk =

(
uk −v∗k
vk u∗

k

)
(21)

such that

I ′k = U†
−kIkUk =

(
1

1

)
(22)

and the Berry phase

r′1 =
i

2π

∮ 2π

0

dk (u∗
k∂uk + v∗k∂vk) (23)

is nonzero.
Without deriving the general solution, we show that a nontrivial solution exists. Take

Uk =




cos(θ/2)+sin(θ/2)(i cos k+sin k)√
2

cos(θ/2)+ieik sin(θ/2)√
2

cos(θ/2)−ie−ik sin(θ/2)√
2

ieik sin(θ/2)−cos(θ/2)√
2


 . (24)

This satisfies the required conditions and gives

r′1 = sin2
θ

2
. (25)

• In general, if an adiabatic deformation of an atomic insulator exists, does the corresponding gauge
transformation Uk also exist?

• Can the condition that Wannier states form a “space-group-symmetric atomic insulator” be defined
by requiring that the transition matrices between Wannier states,

Ug(R−R′) =
∫

T 3

d3k

(2π)3
Ug(k)e

ik·(R−R′), (26)

constructed from the space-group symmetry operator Ug(k), agree with the matrix elements of a
space-group representation induced from some atomic insulator? Is there a cleaner definition?
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