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1 The barycentric subdivision operator

I record notes from Chapter 2 of [1].
Let A™ be the standard n-simplex. A map
o: A" - R? (1.1)
is affine if
o((1— i +ty) = (1 —Df @) +tf(y), wyeA”, teo,1] (1.2)

holds. Hence an affine map o is determined by specifying only the images of the vertices of A™. We
write, for example,

o= (vo---vp), v, €RL i=0,...,n. (1.3)
! The target R? may be replaced by any convex space.

Fix A?. Denote by S/, (A?) the free module generated by all affine simplices o : A™ — A, that is, by
all affine n-simplices. Then S, (A%) is a subcomplex of S, (A?).

For an affine n-simplex o = (vg - - - v, ), write its barycenter as

1 n
— ) q
by : n+1;vZGA. (1.4)
For this fixed affine simplex o, define
50 : Sl/(Aq) - SZ/+1(Aq)7 BJ(wO"'wl) = (b0w0"‘wl)7 (15)
No : 7 — S;(Aq)v na(k) = kb, € Sé(Aq) (16)

The map S, adds the barycenter of o to an affine I-simplex (wq ---w;), and 7, sends an integer k to k
copies of the barycenter b, of o. Introduce the augmentation map

e:SL(AY) = Z, €(p’ = Zaiwi) =1, €(p™% =0 (1.7)

Since Sj(A?) is finitely generated in each element under consideration, the sum ). a; is finite. The
composite

Ny o €: SL(A?) — SL(AY) (1.8)

acts nontrivially only in degree 0 and does not change degree:

Ne © e(z a;w;) = T]U(Z a;) = (Z a;)bs. (1.9)

7

INotice that a general singular n-simplex ¢ : A” — X is an arbitrary continuous map, and X need not be a vector
space, so notation such as o = (vg - - - vn) is meaningless in that generality.



® 1), o€ is a chain map.

Indeed,
Ne 0 €0 d(p' = (wow1)) = 1y 0 e(wy — wp) =0 =3 on, oe(wowr), (1.10)
Donyoe(wy) =00n,(1) =0(by) =0=1n,0e00d(p° = wy), (1.11)
Ne0€0d(p™ ) = don, oe(p™1) = 0. (1.12)
Lemma 1.1. The map B, is a chain homotopy between n, o € and 1; that is,
08s + Bo0 = id — nye€. (1.13)
Proof. This is a direct computation:
l .
0B (wq -+ wy) = (wp -+~ wy) — Z(—l)l(bc,wo ceeaDy e wy), (1.14)
i=0
B,0(5°) =0, (1.15)
l
Boa(pl>0 = (wOwl)) =B < (_1)Z(w0w1wl)> (116)
i=0
l .
= Z(—l)i(bawo e wy). (1.17)
i=0
Therefore
(0B + B0)(p” = wo) = (wo) — (bs) = (id — nge)(wo), (1.18)
(085 + Bs0)(p'7° = (wo -~ wy)) = (wo -~ wy) = p! = (id —nee)(p'). O (1.19)

Define homomorphisms independent of any fixed auxiliary simplex o,

sdy Sl (AY) = S/ (AY), o= (vo...vs) > sdp(vo- V), (1.20)

inductively by
sdo(vg) :=1d, sd,(oc = (vg:--vy,)) = By o0 sdy,_100(0). (1.21)

In low degrees,
sd1(v0v1) = Blugoy) © 8do © A(Vov1) = Blugsy) © sdo((v1) — (vo)) (1.22)
= Boovn) ((v1) = (v0)) = (B(uevr)v1) = (B(veer)v0), (1.23)

5d2(Vov1v2) = B(ugvyvg) © 8d1 © O(Vov1V2) (1.24)
= ﬁ(uoulvz) o sd1((v1v2) — (vov2) + (vou1)) ( )

= Blogvrva) (O(wy02)02) = (B(vy02)01) = (B(ugua)2) (1.26)

+ (blogva)v0) + (brugv;)v1) = (bruge;)v0)) (1.27)

= (D(wow1v2)O(w102)V2) = (B(wovr02) D (v1v2)V1) (1.28)

= (b(wov1v2) D(wov2)V2) F (B(wgwyv2)D(wow2) V0) (1.29)

+ (b(vgw1v2)P(wov1) V1) = (Blwgvyva) D(wowr)V0)- (1.30)

Thus sd,, is the operation of subdividing the boundary of ¢ = (vg - - - v,) by barycenters, starting from
lower-dimensional simplices. As an example, sds is pictured as

(1.31)



Define another homomorphism

D, : S,(A7) = S, (AY) (1.32)
inductively by
Do :=0, Dy>o(0):=p,0(sd, —id— D,_100)(o). (1.33)
For Dy,
Dl(Uo’Ul) = ﬂ('u()'l)l) o (Sdl —id — D() 9] 8)(v0v1) (134)
= B(”O”l)((b(vovl)vl) - (b(Uovl)vO) - (Uo’l)l)) (135)
= (b(vovﬂb(vovl)vl) - (b(UOUI)b(U(J'Ul)UO) - (b(vovl)vovl)’ (136)

so some vertices coincide. The map D,, is presumably introduced technically in order to prove that sd,
and id are chain homotopic. Formally set sd,<o = 0 and D,,g = 0.

Lemma 1.2. e sd = (sdy,) is a chain map.
e D =(D,) is a chain homotopy from id to sd; that is,
0D, + D10 = sd,, — id. (1.37)
Proof. Since sdy0d = 0sdy = 0, the claim that sd is a chain map holds for n = 0. Assuming it for
1 < n, we get

Dsdn(0) = DBosdy_10(0) = (1 — noe — By)sdn_10(0) = (1 — Bo)sdr_10(0) (1.38)
= (1 - Baa)ann—l(U) = 35dn—1(0)7 (139)

where we used
€sd,_10(0"1) =0, esdod(vov1) = esdo((v1) — (vo)) = 0. (1.40)
Next,
0D + D_10 = 0 = sdg — id. (1.41)
Assume (1.37) for all i < n. Then for n > 0,

(0Dy, + Dy—10)(0) = (9B, (sdn — id — Dy—10) + Dyp—10)(0) (1.42)
((id = no€e — B,0)(sdp — id — Dy,—10) + Dyp—10)(0) (1.43)

= ((id — B;0)(sdy, — id — Dy—10) + Dy,—10)(0) (1.44)

— (sdyy — id — Byd(sdy — id — Dyy_10))(0) (1.45)
( (1.46)

( (1.47)

( (1.48)

= (sd,, —id — By (sdp—1 — id)0 + B,0D,,—10)(0)
= (sd,, —id — By (8dp—1 —id)0 + Bo(sdp—1 —id — D,,—20)0)(0)

This proves the lemma. O
For a continuous map f: X — Y, the induced map fg : Si(X) — S.(Y) is defined by composition:

(0: A" 5 X) = (fgpoo: A" > X = Y). (1.49)

For a general singular g-simplex o : A? — X, define

sd(0) 1= ox 0sdy(1) € Sy(X), (1.50)
D(o) :==04Dg(1) € Sg41(X), (1.51)



where ¢ = id : A? — A9, Thus sd(o) is the element of S;(X) obtained by barycentrically subdividing
the domain A? of the singular simplex o : A? = X:

X (1.52)
LN % X. (1.53)

Theorem 1.3. e sd: S(X)— S(X) is a chain map, and D : S(X) — S(X) is a chain homotopy
from id to sd.

e The following diagrams commute:

S(X) —245 5(Xx)  S(X) —2— §(X)

f#l f#l ) f#l f#l . (1.54)

S(Y) —4 sv)  SY) —2— S(v)
The proof is omitted.

e The map sd : S(X) — S(X) is called the barycentric subdivision operator.
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