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Abstract

This note summarizes the derivation of the Berry connection and several points that require care.

1 Band structures and vector bundles

When many-body effects can be neglected, or within the framework of density functional theory, the
Schrodinger equation describing electron motion is given by the one-particle Hamiltonian on three-
dimensional Euclidean space R3

N ﬁQ

H=—+V(r 1

L v (1)

For simplicity, we ignore the spin degrees of freedom of the electron. The potential term V (7) satisfies the
lattice translation symmetry corresponding to the repeated structure of a solid crystal. Let a1, as, a3 € R?
be lattice vectors, and write the group of lattice translations as

II= {n1a1 + n2as + nzas|(ny, na,n3) € Z3} (2)

The function V(r) satisfies V(r + a) = V(r) for translations a € II. The lattice translation operator
acting on the Hilbert space is given, for a € II, by T, = e~ in terms of the momentum operator p,
the generator of infinitesimal translations. Write the one-particle position basis as {|r)},cps. Using the
canonical commutation relation [, p,| = 0., 4, v € {x,y, 2}, one has

The lattice translation symmetry characteristic of a solid crystal is expressed as
[Ta,H) =0, acll, (5)

Thus the Hamiltonian H can be diagonalized simultaneously with the translation operators T,. The
lattice translation group II is an abelian group isomorphic to Z3, and its irreducible representations are
labeled by points k € X1 on a three-dimensional torus Xy 2 T3, called the Brillouin zone (BZ) torus.
Here the BZ torus Xy is the parallelepiped spanned by reciprocal lattice vectors G, Go, G3 satisfying

ai~Gj :27T(Sij, 1,] € {1,2,3}, (6)

and the character is given by xx(a) = e~?®®. Although the notation k denotes a vector in R?, we identify
it under translations by reciprocal lattice vectors,

k=k+G, G=mGi+msGs+ m3Gs, (ml,mg,mg) EZg, (7)

and regard it as a point on the three-dimensional torus. Below, whenever we write k, it is understood to
mean a point on the BZ torus.



In the sector with Bloch momentum k, the eigenvalues of the Hamiltonian H are discrete. To see this,
define a basis in the sector with Bloch momentum k formally by using the projection onto the k sector,

Pe=) xkla)T, (8)

acll

as

k)= Pe|r) =Y ¢**|r —a) (9)

acll
Note that T, |k, r) = e~ |k, 7). Because the relation
|k,r +a)=|k,r) e * acll, (10)

holds, the independent degrees of freedom in r for the state |k, r) are only the functional dependence of
the wavefunction on the unit cell,

3
R?)/H:{T:Ztiai€R3|O§t1,t2,t3§1}, (11)
i=1

obtained by quotienting real space by lattice translations. This is equivalent to a quantum-mechanical
problem in a finite box, and hence gives discrete eigenvalues.

Thus one obtains a family of discrete energy eigenvalues and eigenstates Ey, g, |¥n k) , & € X1, labeled
by the BZ torus Xp. Written as defining equations, they are

Ta |"r/)n,k> = eiik.a |wn,k> 5
H Y0 1) = Enge [n k) - (12)

Here n =1,2,..., denotes the n-th eigenvalue.
By the linearity of the eigenvalue equation (12), the eigenstate |¢,, k) has a U(1) phase ambiguity.
Namely, if |1, ) is a solution, then [t ) eXm* is also a solution for any U(1)-valued function eX=x.

2 Cell-periodic states

We separate the Bloch state [ty k) into a plane-wave factor “e?*”” and the remaining part. The wave
number k in the plane wave “e’*"” is not identified under translations by reciprocal lattice vectors
k — k + G. To avoid confusion, let us introduce different notation. We write, in upright font, the
momentum eigenvalue of the momentum operator p, the generator of infinitesimal translations, as k.
The quantity k is an element of R?, not of the BZ torus, and momenta that differ by reciprocal lattice

vectors are distinct:
k#k+G. (13)

Choose one lift from the BZ torus Xy to momentum space R?, and denote it by the same symbol, k — k.
Although one lift is implicitly chosen, we will not write the lift dependence explicitly unless it can cause
confusion. A change of lift is given by k — k 4+ G. Notice also the notation “e’*™”. This expression
implicitly introduces a coordinate system specified by r and means a plane wave centered at the origin
in that coordinate system. In an infinitely extended crystal there is no canonical choice of coordinates.
We therefore fix one coordinate system specified by r, and separate the Bloch state into the plane-wave

component e’ ("=70) centered at 7y and the remaining part:

[Yn k) = ™) furey). (14)
The state defined by

|U’Z,0k> = e_ik'('ﬁ—rO) "d}n,k) (]‘5)



is called the cell-periodic state, and its coordinate-basis representation
u(r) = (r|ury) (16)
is called the cell-periodic function. Note that 7_q [upe) = lupy)s that is,
uz(fk(r +a)= ufl‘fk('r)7 a €1l (17)

holds. The relation T, [up 1) = |uy%y) means that the cell-periodic state has zero Bloch momentum.
In particular, unlike Bloch states, cell-periodic states at different momenta k can have nonzero inner
u:;‘?k/> # 0.

Under a reciprocal-lattice translation k — k + G, the Bloch state |1y, k) gives the same physical

state, namely the same state up to a U(1) phase. For the cell-periodic state, the operator coming from
e~ (7=70) remains, and one has

product. Thus in general <u2°k

Uy @) X g1 (F=70) U )e) (18)

Thus [u,’ ) and [u;°y , o) give different physical states under reciprocal-lattice translations.
Let us examine the dependence of the cell-periodic state on the reference point ry3. A change of
reference point ro — 7, gives the same physical state, i.e. the state agrees up to a U(1) phase:

7'6 _ ik~(r6—r0) 0 0 19
|un,k> =e€ ‘un,k> X ‘un,k> . ( )

On the other hand, for a certain standard connection described below, the g dependence remains.

3 Berry connection

When discussing various topological invariants, it is useful to introduce a connection. In general, a
connection on a complex vector bundle is not unique. In band theory, however, there is a family of
standard choices of connection, called the Berry connection, for the complex vector bundle formed
by the Bloch states |9, k) 1. Here we introduce the Berry connection from the viewpoint that it arises
naturally when evaluating the expectation value of the position operator #.

3.1 Derivation using a wave packet

Assume that the n-th eigenstate [¢, k) is nondegenerate in a contractible region O, C X1 centered at
ko, and is defined smoothly on Og,. Let c(k) be a complex-valued function supported on O, with a
Gaussian peak at ko 2. Define the state

B[ = /O dke(k) [ ) (20)

to be the wave packet determined by c(k) 3. The wave function of the wave packet, ¥[c|(r) = (r| ¥[c]),
has a peak at some point in real space; away from that point, its wave-number components cancel and
decay. In particular, the expectation value of the position operator is well-defined. Let us therefore
evaluate

([T [d]) = /O K /O /()" (k') (bl 1) (21)

The expectation value (¢, k|7|Yn k) is ill-defined by itself because it is the expectation value of
the position operator in the infinitely extended wavefunctions [, ). However, when combined with a
function ¢(k) supported only on a contractible region, it can be computed as follows. Since the Bloch

1For a reference pointing out that this is not unique but rather a family, see [1].
2For example, c(k) ~ e—blk—ko)? gia (k)
3The goal is to define the covariant derivative of the section c(k) in a natural way.



state |t ) is defined only on a contractible region Og,, the corresponding cell-periodic states can be
chosen so as to satisfy, under shifts by reciprocal lattice vectors, the condition

|u2?k+G> _ e—z‘G-(fwro) |u:1?k> (22)

First, using the cell-periodic states, rewrite

<’1/}n k|r|wn k:/> = < 7’0k efik'(’;‘f’ro),’”;eik-('f'f’l‘o) u:’l(jk/> (23)
The operator part can be rewritten as
—ik-(P—7ro) 5 ik - (P—7 —tk-(P—r - ik (P—mr —i(k—k")-(7—7r0) ;
e~ (F=ro)poik(F=r0) — ooy ik 0)(71%)6 (F=r0) 4 =il )-( O)Z@ (24)
;Iire the dlc;rivative (,% in momentum space does not depend on the choice of lift, so we simply write %'
en we obtain
N .0 . r —i(k—K")-(P— auzok’
(U k[Plton ) = T0d(k = K) =i 50k — k') + <un‘jk R B v (25)

where we used (¢, k|¥n.k) = 6(k — K'). For the third term, evaluate it in the coordinate representation
and use the periodicity of the cell—periodic functions:

/ 4 ou’, (r)
™ - Un, k * —z(k—k')‘(r—&-a—r ) nk
<un?k e - > Z /R o drul? ) (26)
If we first carry out the sum over lattice translamons, then from

D etk e N5k — K + G) (27)

i(k—k')-(F—7p)

a€ell
we get
N ou’°,, ) our (r)
0 72(k k n,k _ 5 k*k/ G / d * ZG-(’I‘f’I‘o) n,k+G
<umk e | 7% > ; ( + Q) o runk(r) e — ok
. ou’®
:25(k—k’+G) <u;};k iG-(P=10) BZ+G> (28)
G cell
our
— S (k- k“+G)<nk (£f> (29)
G cell

Here, for cell-periodic functions, we defined

o du; - / o (T)*auz‘fk(r) (30)
nk ok 1 o R3/TI n.k ok

Note that, by the periodicity (17), the value of this integral is independent of the choice of unit cell.
Now consider the inner product (30). It is independent of the lift k — k. Indeed, under a change of lift
k — k + G, and under the gauge-fixing condition (22), one has

ro au;?k-&-G S BUZ‘fk 31
un7k+G ok - un,k ok ( )
cell cell
Define the Berry connection by
AT — i { "0 8u20,k 39
n,k " v n k ok ( )
cell

Because of lift-independence, the argument on the left-hand side may be written as k. Finally, noting
that only G = 0 contributes in the infinite sum over reciprocal lattice vectors, the expectation value of
the position of the wave packet is computed as

@Mwmw:m+/

Ok[)

dkc(k)* {Z(’i + AT k} c(k) (33)



3.2 Global structure of the Berry connection

The Berry connection AT",c satisfies the desired transformation law under changes of patch. For simplicity,
assume that the eigenstate |1, k) is nondegenerate on the entire BZ torus and isolated from the other

bands. Introduce patches {O;}; covering the BZ torus. Let |’(/Jn k> be the eigenstate on the patch Oy,
and let |u; z)> = ¢~k (F=70) |¢(Z ) be the cell-periodic state. Impose the gauge-fixing condition (22) for

5 (4)
Bu;?k
ok :
cell

On the overlap O; N O, the states are glued by a transition function ek taking values in U(1):

70,(1)

shifts by reciprocal lattice vectors, and define the Berry connection by Ar"’(z) = <un b

i i (29)
WO = [0} Xk, ke 0inoy, (34)

For the cell-periodic states, we similarly obtain

|u1"0, )> _ efikA(f-fro) |w7(:,)k> _ e*’ik'(’f‘*’!‘g) |w£])3c> zxilﬂk) _ ‘u:'lol;(7)> 1X£17]k) (35)

Therefore the Berry connection transforms as

’I’L

A = A9 — 9B ke 0ino;, (36)

Changing 7 in the definition of the Berry connection corresponds to introducing a different connection.
To see this, let us compute a gauge-invariant quantity, the holonomy. Under the change of reference point
(19), the Berry connection on a patch O; changes as

A = AT — (1= 10) (37)

For a reciprocal lattice vector G, consider the closed path Ck, g, = {ko + sG; € Xnu|s € [0,1]} in
the BZ torus Xp. The holonomy " (C%0.i) along the path Cro,c,; is determined only by the Berry
connections on the patches and the gluing conditions. More concretely, divide the interval [0,1] as
0 =159 < s <---<sny =1, and suppose that each interval [sq, s4+1] is contained in a patch O,. Note
that Oy = Op. The holonomy is given by

0 N-1 4+1 g (s). AT )
e (Crp.@;) = H fs () Aks X e kgt | (38)
q=0
Then changing the reference point 7 gives the transformation
’
eV (Crg.a;) — 1™ (Crg.a;) « e—iGz"("’é—”’o) (39)

This expression shows that the gauge-inequivalent ro dependence of the Berry connection is limited to
changes of 7o within the unit cell, 7§ — 7o € R3/II. Indeed, for r{ = ro + a with a € II, there exists the
gauge transformation e’ = %@ . Xy — U(1) such that, independently of the patch,

Are® = AT — gpoy, ke Xn, )

3.3 Discrete formula for the holonomy

An infinitesimal integral of the Berry connection can be approximated as

k+6k
ol R Ak AT o <U2?k+5k ’u;0k> (41)
Therefore the holonomy can be written as a product of inner products at discrete points:

N—-1

Y0 (Crg,a;) — 1 0 T
¢ A (g, [tz 6 (42)



The gauge invariance is manifest if one writes it as

70 70 70
u?L,k0+Gi—ﬁGi> H <un7ko+%Gi ‘ un,kg+%Gi>] (43)
p=0

eiGi‘(’f’—"‘o)

i~T0 .
eV (Cro.e;) — lim <u20k
N—o0 70

u20k> does not depend on the reference point rg, the rg
’iG-(f‘—To)

Moreover, since the inner product <u;°k/

dependence of the holonomy comes only from the c-number part of the operator e , reproducing

(39).

References

[1] Daniel S. Freed, Gregory W. Moore, Twisted equivariant matter, arXiv:1208.5055.



	Band structures and vector bundles
	Cell-periodic states
	Berry connection
	Derivation using a wave packet
	Global structure of the Berry connection
	Discrete formula for the holonomy


