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Abstract

For the M = 2 sector of the antiferromagnetic XXX model, I derive the Bethe equations for
periodic and open boundary conditions. For periodic boundary conditions, I also estimate the number
of solutions.

For the XXX model, I derive the Bethe equations mostly following Bethe’s original paper [1]. T also
referred to [2, 3].

1 The XXX Model

Consider the following Hamiltonian on a circle with IV lattice sites, namely the antiferromagnetic Heisen-
berg chain:
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As anotational convention, set o4y = ;. The Hamiltonian is SU(2) invariant and translation invariant.
Choose a basis that diagonalizes S*. In the following, as a basis for wave functions, I take [0) = |11 ...)
as the “vacuum” and write an M-particle state as

s = > fla1,....oa)og, ...op, |0) (4)

1<z1<---<zp <N

Note that the eigenfunction f is meaningful only on the domain 1 < z7 < --- < zp < N.

In the sector with particle number M, the term —2 Zj 1_% = —2M is a constant. Hence, in what
follows I redefine
1—071—-07%

- — +1
H =3 (050] + 050 +2——=——55) (5)
J

and solve this Hamiltonian.

1.1 Translation Symmetry

(The content of this subsection will not be used later.)



By translation symmetry, the translation operator T' defined by
To,T™' =041, TI0)=]0), (6)

and the Hamiltonian H can be diagonalized simultaneously. Since TV = 1, the eigenvalues of T' are

quantized in Zy. In the eigenspace with T = e, P = %Tp, p=1,...,N—1, the eigenfunction f satisfies

Z flay, .., am)og, -0y 1 1]0) =P Z f(wy, .. ,om)og, ...op,, 10). (7)

1<z <--<zp <N 1<z1<--<zm <N

In the sum on the left-hand side, the contribution with z;; < N — 1 is

Z f(@, oo xm)og - 0,,,4110). (8)

1<z 1< <zpy<N-1

Comparing this with the contribution with 2 < z; on the right-hand side,

e’ Z fw, .. om)oy, ...op, |0) = e'F Z fler+1, e+ 1o, 4.0 4110)

2<z 1< <zm <N 1<z <--<zpm<N-1

we obtain
flar,. o) =P flar+1,.. oy +1), (xy <N-1) (10)

The contribution with xp; = N in the sum on the left-hand side is

> f@i,. a1, N)og 41 ...op 107 |0) (11)
1<z <--<xpm-1<N-1
= Z flxy,...,opm1, N)oyog 0., 1110 (12)

1I<zi<-<xpm-1<N-1

and comparing this with the contribution with 21 = 1 on the right-hand side,

e > f(L,@a,...,x)o7 00, . 05, |0) (13)
2<xo< <z <N
=P > f(Lag+1,...,xn + Doy oy, g .05, 41]0) (14)
1<zo<--<xp<N-1
= ¢tP > fLay+1,..,ap—1 + D)oy 0y g .05, 1110) (15)

1I<zi<-<xp-1<N-1

we obtain
flxy,...,xp 1, N) =P f(l, a0 +1,... 201 +1) (16)
1.2 Eigenvalue Equation

Let us examine the structure of the eigenvalue equation

H|f>M:E|f>M (17)



1.21 M=1

For M =1, the third term drops out, and

HIf)y =D (0520701 + 8j007_1)f (@) [0) (18)
=2 (fG)oii + £ 10) (19)
=Y (G =D+ fG+1)o; [0) (20)

J
therefore the eigenvalue equation is

fG-1+ f(J+1) Ef(j) j=2,...,N—-1,
fIN)+ f(2) = Ef(1), (21)
fIN=1)+ f(1) = Ef(N),

The plane wave
fru(z) = etk (22)

satisfies the first equation, and then Fy = 2cosk. If k = 27”” ,p=0,...,N —1, then ’** satisfies the
second and third equations. Thus we have constructed N hnearly mdependent solutions.

1.22 M=2

For the hopping terms, when x1 # xs,

g:t10+aml To |O> — Ujzq Llilng ‘0> + 6.7w20$10-.L2j:1 |O> (23)

Notice the above relation. When two lowering operators act on the same site, set 0,0, = 0. For the
interaction term, we are using a diagonal basis, and

1—0%1—-07%
+1
Z 9 s TJ T 12 |0> 6\11 —z3|, 1011 To |0> (24)
J

0|z, —ao|,1 Teturns 1 only when x; and zp are adjacent, and returns 0 otherwise. The action of the
Hamiltonian on the wave function |f), is

H |f>2 = Z f(x17x2)(0;1+10';2 |O> =+ 0;10;2+1 |0> +o ;1 1Ux2 |O> + agclggcz 1 |0> + 25\351 —zal, 1Ux1 To |0>)
1<z <x2<N
(25)

Rewrite each term in order. The first term vanishes when zo = 1 + 1, so

Ist. = Y flana)o,, oy, 0= Y flar - Loy, oy, [0). (26)

2<z1+1<xa<N 2<z1<x2<N

For the second term, separate the sum into the case x3 = N and the remaining cases. Also taking into
account that the contribution with xz; = 1 vanishes when 2o = N, we have

2nd. = Z f(w1,20)0, 0, 1110) + Z f(x1,N)o, o7 |0) (27)
1<z <za<N-—1 2<z <N—1
= Z f($1,$2 - 1) 03,02, |O> Z f(x27N)U;U;2 ‘0> . (28)
1<zi<z2—1<N-1 2<xo<N-—-1
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For the third term, separate the sum into the case 1 = 1 and the remaining cases. Moreover, when
x1 = 1, the contribution with x5 = N vanishes, and hence

drd.= Y flanm)o, 40,00+ > f(1,z)on0,, [0) (29)
2<z1<z2<N 2<zo<N-—1
= > flar+ Lag)og o, 100+ > f(Lar)ogox0). (30)
1<z <z2—1<N-1 2<x1<N-1

The fourth term vanishes when zo = z1 + 1, so

4th. = Z (w1, 22)0, 0, 110) = Z f(x1, 20 +1)o, 0, [0). (31)

2<z1+1<zo<N 1<z1<z5<N-1

The fifth term contributes only when the two points are adjacent on the circle, and

Sth.= > f(z,2+1)20,0,,,(0) + f(1,N)207 oy [0). (32)
1<z<N-1

The case distinction in the sums is illustrated in Figure 1. Let us look at the eigenvalue equation in each
region.
e For2<uzy, 21+ 1<axy <N —1 (yellow),

(A) : f(.]?l —1, 3;‘2) + f(1‘1, To — 1) + f(.l?l +1, xg) =+ f($1, Tro + 1) = Ef(],‘l, 33‘2). (33)

For a1 =1,3 < zs < N — 1 (cyan),
(B): fla2, N)+ f(Lw2 = 1) + f(2,22) + f(L 2 + 1) = Ef(1, 22). (34)
o For2<a; <N —2, 29 = N (orange),
(C): fler—=1L,N)+ f(z1,N = 1)+ f(z1 + L, N) + f(1,21) = Ef(z1, N). (35)
e For2<az =a,a0=a+1,2<z <N —2 (green),

(D): fle—=La+1)+ flz,x+2)+2f(zr,2+1) = Ef(x,z+1). (36)



e For 1 = 1,29 = 2 (blue),
(E): f(2,N)+ f(1,3)+2f(1,2) = Ef(1,2). (37)
e Forxy =N — 1,25 = N (red),
(F): f(N-2,N)+ f(I,N—-1)+2f(N—-1,N)=Ef(N—1,N). (38)
e For 1 = 1,29 = N (pink),
(G): f(LN—-1)+f(2,N)+2f(1,N)=Ef(1,N). (39)
Now, looking at the equations, it is convenient to extend the domain 1 < 21 < o < N of f(x1,z2) so

that it includes 0, N + 1, N + 2, and to introduce boundary conditions for the extra degrees of freedom
of f(x1,x2). Introduce the following 2N — 1 new variables:

f(0733‘2)7 x2:17'_'7N—17 (40)
f(xlaN+1)a x1:27"'7N7 (41)
f(N,N +2), (42)
Furthermore, impose the following “boundary conditions”:
f(o,wg):f(l'Q,N), '7)2:1""7N_1a
f(xl,N—l—l):f(l,xl), $1:2,...,N, (43)

f(N,N +2)= f(2,N).

These are natural relations for a function on the circle. Under these boundary conditions, the equations
(A,B,C) can be combined as

(Eq.l) : f(d?l —1,1‘2)+f(£61,1‘2 —1)—|—f(171+1,1‘2)+f(5€1,1‘2+1) :Ef(icl,l‘g), (|JL‘1 —5[,2| > 2)
(44)

and similarly (D,E,F,G) can be rewritten as

(EQ-2): f(w—1,m+1)+f(x,ac+2)+2f(m,a:+1):Ef(x,m+1), (.’L‘Zl,...,N), (45)

For the extension of variables, it is equivalently possible to introduce infinitely many variables
fz1,22), w,220€Z, 1 <x2 <21+ N, (46)
and impose the boundary condition
(B.C.):  f(z1,22) = f(22,21 + N) = f(x2 — N, 21) (47)

instead. Thus the problem is to solve the eigenvalue equations (Eq.1, Eq.2), under the boundary condition
(B.C.), for variables f(z1,z2) satisfying x1 < 3 < 21 + N.

Following Bethe [1], we find eigenfunctions. Since (Eq.1) has no interaction term, one expects a
“two-particle plane-wave state” to be a solution. For example, for arbitrary complex numbers k1, ks,

eik?l:El 67;/{7211727 eik?QLEl eikliﬂz (48)
are both solutions of (Eq.1) with F = 2cosk; + 2 cos ky. However,
f(-TQ, IE1 + N) — eik}QNeiklligeikgwl (49)

so the boundary condition cannot be satisfied for general (ki,ks). Therefore, for ky # ko, assume a
solution of the form

gk (21, 20) = cre’Frmthaea) 4oy ilhamithes) =g gy < gy 4 N, (50)



and determine k = (k1, k2) and the relative ratio of ¢1, ¢o from (Eq.2) and (B.C.). Substituting g (z1, x2)
into (Eq.2), we get

ge(x — 1Lz 4+1) + gz, 2 +2) + 29 (2, 2 + 1) = Epgr(z, . + 1) (51)
We reinterpret this equation as follows. First introduce the function
hk(x)(: “gk(ac,x)”) — Clei(klx-l—kzx) + Czei(kzm-i-klm) _ ei(k1+k2)z(cl + 62) (52)
Note that gg(z1,z2) satisfies (Eq.1) for arbitrary (x1,x2) outside the original domain. Then the relation
ge(x — Lz + 1)+ he(z) + he(x + 1) + ge(x, 2 + 2) = Epgr(z, 2 + 1) (53)
holds. Using this, equation (51) is equivalent to
hi(z) + hg(z + 1) = 2gx(x, 2 + 1) = 0, (54)
namely
(14 etFmrtka)ye 4 (1 4 eihtka)yey — 9¢ 62 — 9¢yeth1 = 0 (55)

Solving this, we obtain the relative ratio

1 l(k}l-‘rkz) _ 2 iky
a_ _1te < (56)
2 1 + eilkitka) _ eika
Here I assumed ¢y # 0.
The boundary condition (B.C.), gg(z2, 21 + N) = gg(x1, 22), gives
(Cl o 0261’/61N)ei(k1w1+k2w2) + (62 _ CleikzN)ei(kw:erkzwl) =0, 1 <x2<z1+N. (57)

Taking into account the assumption k1 # ks, the condition for this to hold for arbitrary x; < zo < 1+ N
is

_ iki N
N (58)
Co = c1e"?Y,

Thus we obtain two equations, the Bethe equations, that determine the unknown variables (k1, k2):

i(k1+k ik
g _ LA etthy) - geh : (59)
1 + el(k1+k¢2) _ 2€’Lk)2

1 + ei(k1+l€2) _ Qeikz

el = — 1+ eilkithka) _ 9gik1’ (60)
Here one should keep in mind that ky # k.
Because of ¢k, k1, ko do not take the usual wavenumber form. However, noting that
Gilkitka)N _ (61)
we find for the sum that
by = L 20) (62)

holds. The quantity ki + ko is nothing but the eigenvalue of the translation operator.



1.2.3 The Case k; = ko

When ki = ko = k, if we take the ansatz

G (21, T9) = eFl@rte) (63)

then (Eq.1) and (Eq.2) give, respectively,
E =4cosk, 2cosk+2=EF, (64)

and hence we obtain k = 0, namely the constant solution f(x1,x2) = const.. Note that the k = 0 solution
is special to the SU(2)-symmetric case. If, in the XXZ model, the coefficient of o507, is multiplied by
A, then the equation becomes

cosk=A (65)
and the behavior is as follows:
e For A < —1, there is no solution.
e For A = —1, there is the single solution k = .

e For —1 < A < 1, there are two real solutions k = £ cos™*(A).
e For A =1, there is the single solution k = 0.

e For A > 1, there are two purely imaginary solutions k& = #+ cosh ™' (A).

On the other hand, the boundary condition (B.C.) gives
"N =1 (66)

and therefore the purely imaginary solutions are not realized. For —1 < A < 1, a solution exists only for
special values of A determined by V.

For the XXX model (A =1),

e there is one constant solution with & = 0, independently of V.

1.2.4 Symmetries of the Bethe Equations

Let us record several properties of the Bethe equations.

. c 1 6i(k1+k‘2) _ Qeikl
el = L — +.k : > k1 # ko, (67)
Co 1 + eilkitkz) _ 9giks
ei¥ha k1 — efi‘pk‘l«kz’ (68)
el —k1,—ky — lPky k1 — e*itpkl‘@? (69)
[ez’wkl,kz]* _ ei@ké‘,ki‘ _ e*iﬂokf,k;’ (70)
ewk,k =1, (71)
eiP0ky — Pk1,0 — 1, (72)
Note these identities. Also note that the function e’?** as a function of k is discontinuous at k = 0.
fi(ky, ko) = N =Pkiha - fo (K, kp) = etF2NH k1 ko (73)



If we set the above, the Bethe equations are
f1(k1, k2) = fa(ka, ko) = 1. (74)
Since f1(k2, k1) = fa(k1, k2) and fa(ka, k1) = f1(k1, k2),

e the equations are symmetric under the interchange (k1, ko) — (k2, k1). In other words, (k1,k2) is a
solution if and only if (ko, k1) is a solution. After all, the Bethe ansatz solution g was specified by
a pair of two distinct wavenumbers (k1, ks).

Since fi(—k1, —k2) = fi1(k1,k2)"" and fo(—k1, —ks) = fo(k1, k2) 71,

e the equations are symmetric under (ki,ks) — (—ki1, —k2). In other words, (ki,k2) is a solution
if and only if (—k1, —k2) is a solution. This presumably comes from inversion symmetry of the
system.

Since fi(k1,ke)* = f1(ki, k3)~ and fo(ky, k2)* = fo(k}, k3) 1,

e the equations are symmetric under (k1, k2) — (k7, k3). In other words, (k1, k2) is a solution if and
only if (k7, k%) is a solution.

e Note that the solutions have the character of “PT-symmetry breaking”. That is, if one extends the
XXX model to a parameter-dependent model while preserving this symmetry, complex solutions
are generated by the collision of two real solutions.

Since fi1(k, k) = fa(k, k) = —1,
o ki =ky= w, n=1,..., N, are solutions.

Since f1(0,k) = 1 and f5(0, ko) = %2V,

o (ki,ko) =(0,22), n=0,...,N — 1, are solutions.

1.2.5 Real Solutions

Following Bethe [1], let us count the number of independent solutions when ki, ko are real.

e—i(k}1+k}2)/2 + ez(k1+k2)/2 _ 2ei(k1—k2)/2 CcoS '1451'57162 _ e—i(k‘z—kl)/Q

P [
€ T emilkitk)/2 4 gilkitk)/2 _ Qe—i(ki—k2)/2 T g klgkz — eilka—k1)/2 (75)

As is clear from this rewriting, if k1, ko are real, then ¢y is also real. The Bethe equations can be rewritten
as

Nki — =0 mod 2, (76)
Nk + ¢ =0 mod 2,
Let us examine the properties of yg:
ki1 + k ;
Y =T+ 2arg (cos ! —5 2 _ e_l(]”_’“)/?) (77)
k k ko — k
=7 + 2arg <2 sin — sin — + 4 sin ———+ > (78)
2 2 2
k k ko — k
=T + 2arg (231n2lsin22—isin 2 5 1) mod 27, (79)
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Figure 2: The function Nk; — ¢, mod 27, with N = 7. From left to right,
ko =7/10,7w/2,7,37/2, 27 — 7/10.
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Figure 3: Solution curves for Nk; — g = 0 (blue) and Nky + ¢ = 0 (yellow). The horizontal axis is kq,
and the vertical axis is ko. The precision is MachinePrecision. Solutions (k1, k2) are obtained
as intersections of the two solution curves. The two panels are for N = 7, 30, respectively.

Thus, when k; is varied from 0 through ks to 27, ¢ increases monotonically as @ r, = 0 = Qr, k, =
T = Qon i, = 2m. Therefore, for any kg, the function Nk; — ¢, has winding number N — 1 as k; winds
once from 0 to 2w. Hence the equation Nk; — ¢ = 0 for k1 has at least N — 1 solutions, independently
of ko. Note that, in general, there may also be an even number of additional solutions that are unstable
under deformations of ks. Figure 2 shows plots of the function Nk; — @y for several choices of k3 in the

case N = 7. From Figure 2, one sees that multiple solutions in k; tend to appear when k, is close to
0= 2.

Do the unstable solutions not protected by the winding number contribute to solutions of the Bethe

equations? To check this, Figure 3 shows the zeros of Nk; — ¢ and Nks 4+ ¢g. From the figure, one

sees that the smallest point (k1 = 0, k") with ks > 0 at k; = 0 arises from an unstable zero not fixed

by the winding number. Moreover, considering the stability of the existence of this solution (0, k¥*)

: 2
with respect to N, since (ki1,k2) = (-, &) is a solution, the solution (0, k5"") is expected to remain for
arbitrary N.

Assume that intersections such as those near k; = ko = W in the right panel of Figure 3 are

not true solutions because of numerical precision (this will later turn out to be wrong). Then the number
of solutions satisfying 0 < k; < ke < 27 is

N-2
N —-1)(N -2
(Zn)+1:()2#+1 (80)
n=1
This differs from Bethe’s estimate [1], W

, only by the contribution from the unstable zero. Below
I also record Bethe’s argument.



1.2.6 Bethe’s Estimate of the Number of Real Solutions

Let us follow the argument in [1].

The solutions are

by = 27;?1 + 2, (81)
ko = 27;\2 - %, (82)
A =0,....,N—1. (83)
k. may be taken to satisfy
TS P ST (84)

by — ky — 277(%4;\7 M) 2% (85)
Therefore, for Ay = 0,..., Ay — 2, the inequality 0 < k1 < ko is satisfied. However, when \; = Ay — 1,
ki < ks may fail. Indeed, if one formally solves the Bethe equations e'(F1N—¢x) — ¢ilk2N+ek) — 1 for the
case k; = ko, one obtains the solution ¢ = m, A = Ay — 1. If the Bethe equation e*1V = ei®r1.k2 ig
regarded as an equation determining k; for fixed ko, the monotonicity of ¢ on 0 < ky < ko shows that,
for a fixed branch Aj, there is at most one solution. Hence A\; = Ay — 1 is inappropriate as a solution.
Thus the number of independent ansatz solutions gg(x1,z2) is

ZZZZ(A2—1)=—(N_1)2(N_2). (86)

This argument misses the fact that, due to the singular behavior of ¢ at k1 = 0, a solution with
A1 = 0 may exist when Ay = 1. Indeed, if k; = 0 and k; < ko, then the Bethe equations give Ay = 0 and

o 27‘1’)\2

by = 5 (87)

This has solutions for A =1,..., N — 1.

1.2.7 Complex-Conjugate Solutions

The number of real solutions is %2(1\[—2) + 1, and the number of constant solutions is one when N is
N(N-1)
2

even and zero when NV is odd. Since the dimension of the M = 2 Hilbert space is
solutions is short by N — 2 when N is even and by N — 3 when N is odd.

, the number of

Since the total momentum k; + k5 is real, we may set

kl =Uu —|— /{,
{ k= u—F, (88)
Following [1], first look for solutions in which ki, ks are complex conjugates. That is, set k = iv with v
real. It is enough to study v > 0.

CcoS L;kz — e~ ilk2—k1)/2 cosu —e~ v

iPr _
Wk = — , =— 389
cos w — eilka—k1)/2 cosu — e (89)

10



Then the Bethe equations become

eiuN—vN — ik — __cosu—e”"

cosu—e? ? (90)
etuN+oN _ o—ive — _ cosu—e”

cosu—e~ V"’

Thus, introducing the function

e’ —cosu
F =_=— 91
(u,v) e~v — cosu (01)
we have
"N = _SignF (u,v), (92)
Nv = log |F(u,v)|. (93)

The second equation (93) can be rewritten as

v —v —2v
e’ — CosUu e — cosue
=e? (94)

e v —cosu e~V —cosu

From this, when —cosu > 0 and N > 2, there is no solution other than v = 0. Therefore it is enough to
consider the region cosu > 0. Also, when cosu = 1, log |F'(u,v)| = v, so for N > 1 there is no solution.
Thus it remains to consider only 0 < cosu < 1. In this case, the function log |F'(u,v)| diverges to +oo at
v = —logcosu and is asymptotic to v + const.. Moreover,

e’(e”¥ —cosu) + (1 —e Y cosu)
(e? — cosu)(e™v — cosu)

e’ (e?” — 1) cosusin®u

Dy log F(u,v) = >0, (0<v<—logcosu), (95)

9% log F(u,v) = >0, (0<wv<—logcosu), (96)

(ev — cosu)?(e? cosu — 1)?

so it is convex and monotonically increasing for 0 < v < —logcosu. The slope at v = 0 is ﬁ, and
hence

e if N < —2_ there is one intersection for v > — log cos u.
l—cosu’ ~

e if N > —2 _ there is one intersection each for v < —logcosu and v > — log cos u.
1l—cosu? ~ ~

Next determine u from the first equation (92). Since €“Y = 1, a necessary condition is
m™m
= —, ez 97
U= n (97)

At this value, e = (—1)", so if (u,v) is a solution then (—u,v) is also a solution. Since e’ — cosu > 0,
the sign change on the right-hand side of (92) occurs at v = — log cos u, which is the divergence point of
the right-hand side of (93). From the condition 0 < cosu < 1,

e when N is odd, the candidates are u, = =7, n=1,..., N-l.

)
—2

2
e when N is even, the candidates are u, = =%, n=1,..., NT

Figure 4 plots the functions Nv and log|F(u,v)| for v = u,, n = 1,...,F100r[%], for N = 7,20.
Equation (92) is

(98)

(—1)" = -1 (0<wv< —logcosuy),
11 (—logcos u, < v),

and hence

11
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Figure 4: Plots of Nv (blue) and log |F(u,v)| (yellow) for u = u,,, n =1,...,Floor(¥52), for N =7
(left) and N = 20 (right).

e for odd n, the condition for a solution is 0 < v < — log cos u,;

e for even n, the condition for a solution is — logcosu, < v.

Taking this into account,

e if nis odd and N > 1_Cgsu is satisfied, there is one solution for v < —log cos u,,.

e if nis odd and N < 170(2)5u is satisfied, there is no solution.

e if n is even, there is one solution for v 2 — log cos u,,.

The condition N < is equivalent to

1—cos un

n < gsin_l(\/—lﬁ) (99)

The number of odd integers n =2m—-1,m=1, , satisfying this condition is My, where My is the

=1,2,
largest integer not exceeding & — sin 1(\/%) + % For N > 1,

My ~ VN (100)

s

Computing My, one obtains

<21)
2 < N <61)
62 < N <120)

(N

;
My E121 < N < 199)
(

(101)
200 < N < 298)

299 < N < 416)

O UL W N

and so on. As examples, Figure 5 shows the functions log |F(u,v)| for u = uy,uz at N = 10, 21, 40.

Therefore, the number of complex-conjugate solutions is, with a factor of two from the contributions
of u = u,, and —u,,,

e when N isodd, N —1—2My.

e when N iseven, N —2 —2My.

12



Figure 6: Solution curves for Nk; — ¢ = 0 (blue) and Nky + ¢ = 0 (yellow). The horizontal axis is
k1, and the vertical axis is ky. Only the neighborhood of (k1, k2) = (0,0) is shown. From left
to right, N = 15,40, 100, 160.

1.2.8 Real Solutions with Close Wavenumbers

Compared with the Hilbert-space dimension N(N — 1)/2, the number of solutions is short by ap-

proximately 2Mpy ~ @ for large N. Looking at [3, 4] and related references, it seems that ad-
ditional real solutions exist. In Section 1.2.5, I ignored intersections with close wavenumbers near
(k1,k2) = 2”(2&1/2)7 QW(N_A}_UQ) for N = 20, but these are in fact solutions. See Figure 6.

By plotting neighborhoods of k1 = ky = w, n =1,2,3,..., and checking by eye when such
solutions appear, I find:

e For N = 22, they appear near k; = ky = iw.

For N = 62, they appear near k1 = ko = iw.

e For N = 121, they appear near k1 = kg = iw.

For N = 200, they appear near ki = kg = :I:W.

27(6—1/2)
5.

For N = 299, they appear near k1 = ky = +

e For N =417, they appear near ky = ky = iw.

The values of N at which new solutions appear agree exactly with My — 1 in the previous subsection.
Therefore, the number of real solutions with close wavenumbers is

2(My —1) (102)

I leave a rigorous computation of the number of close-wavenumber solutions for later.
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1.2.9 Counting Bethe-Ansatz Solutions

Summarizing the above,

there is one constant solution.

the number of real solutions with separated wavenumbers is W + 1.

e the number of complex-conjugate solutions is

— forodd N, N —1—2My.
— for even N, N —2 — 2My.

the number of real solutions with close wavenumbers is 2(My — 1).
Thus the number of Bethe-ansatz solutions is

e for odd N, W

e for even N, Wfl.

Therefore, when NV is even, one solution is missing.

1.2.10 The Case N =3

For N = 3, there are two real solutions, (k1, k2) = (0,27/3), (0,47/3), and one constant solution. Let us
solve the eigenvalue equation directly and compare with the Bethe-ansatz solutions. There are variables
f=(f(1,2), f(1,3), f(2,3))T, and the eigenvalue equation is

f(2,3)+ F(1,3) +2f(1,2) = Ef(1,2
F(L,2)+ f(2,3) +2f(1,3) = Ef(L,3
1,3 1,2 2,3 2,3

), (103)
f(’ )+f(7 )+2f(v ):Ef(7 )

that is,
2 1 1
1 2 1) f=Ef. (104)
1 1 2
Solving this, we obtain the following three solutions:
f=011" E=4, (105)
f=0,0-1)" E=1, (106)
f=01,-1,0", E=1. (107)

These correspond to the constant solution and the Bethe-ansatz solutions. !

1

9o 2n (1, @) = 73 "1 4 & 5 T2 = (1, e™/3, eI/, (108)
73
27 27 . -
Go.4n (T1,m2) =€ 3 1 e 3 "2 = (=1,e7 /3 /3, (109)
73

Linear combinations of these.

14



Figure 7: Real solutions of the Bethe equations for N = 4. The point (%’r, %’T) is also plotted.
1.2.11 The Case N =4

On the other hand, for N = 4, the above argument gives four real solutions, (k1, k2) = (0, 27/4), (0,47 /4), (0,67 /4), (27/3,
and one constant solution. Since the Hilbert-space dimension is 6, one solution is missing. See Figure 7
for the real solutions of the Bethe equations. Let us solve the eigenvalue equation directly and compare
with the Bethe-ansatz solutions.

There are variables f = (f(1,2), f(1,3), £(1,4), £(2,3), f(2,4), f(3,4))T, and the eigenvalue equation
is

f(2,4)+ f(1,3) +2f(1,2) = Ef(1,2),
f(3,4)+ f(1,2) + f(2,3) + f(1,4) = Ef(L,3),
F(13) + £(2,4) + 2/(1,4) = Ef(1,4), (110)
f(1,3) 4+ f(2,4) +2f(2,3) = Ef(2,3),
F(L,4) + £(2,3) + f(3,4) + f(1,2) = Ef(2,4),
f(2,4)+ f(1,3) +2f(3,4) = Ef(3,4),
that is,
21 0010
1 0 1 1 0 1
01021 off=Ef (1)
101 1 01
01 001 2
Solving this, we obtain the following six solutions:
f=0,1,1,1,1,1)", E=4, (112)
f (17_25 1717 2 1)T7 E= _2a (113)
f=1(0,-1,0,0,1,00", E=0, (114)
f=(-1,0,0,0,0,1)7, E=2 (115)
f=(-1,0,0,1,0,007, E=2, (116)
f=1(-1,0,1,0,0,0", E=2. (117)
On the other hand,
constant solution: f=(1,1,1,1,1,1), E =4, (118)
(k1,ka) = (2%, 4%) : f=(01,-2,1,1,-2,1), E=-2 (119)
(k1,k2) = (0,7): f=(0,-1,0,0,1,0), E =0, (120)
(kh k2) - (05 g) : f = (1707 _i7i707 _1)7 E = 27 (121)
(ko) = 0.50): F=(1,0,4,0,0,-1), E=2 (122)
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Thus one solution with £ = 2 is indeed missing.

In general, when the number of sites is even, the following solution of the eigenvalue equation exists. 2

N

) =Y (=105 07,10} (123)

j=1

Indeed, substituting the above |¢) into the eigenvalue equation confirms that it is a solution with eigen-
value E = 2. The missing solution seems to be due to having neglected the case in which the denominator
in (56) vanishes, but I am not fully satisfied with this explanation. For example, [5] contains a discussion.
I record a note on this in the next subsection.

1.2.12 “Singular Solutions” of the Bethe Equations

etki = -, j=1,2, (124)

and introduce A;. Then

—2i(Ag — Ay — 2)

1+ eilhitha) _geikt — : —, 125
()\1 — ’L)(/\g — ’L) ( )
(K ; —2i(A1 — A2 — 20)
1+ eilhrtka) _ oeihs — , , 126
On— )0 — ) (126)
Using these identities, the Bethe equations become
MA\Y A A -2
_ 127
(Al—i> AL — g — 24 (127)
o+ i\N N A -2
- _ 128
(Ag—i) Ao — A1 — 28 (128)
The case in which the denominator vanishes is singular, so after clearing denominators,
(A8 (= Ao = 20) = =(\ =) (Ao = A1 = 20), (129)
P2+ D)% a = A1 = 20) = —(A2 =) (M — A2 — 20) (130)
we obtain the solution
A =1, = —1i (131)

It is known that, under a suitable regularization, the corresponding eigenvalue and eigenvector give |¢)
and E =2 [5].

1.2.13 The Solutions Are Given by Complex-Conjugate Pairs

From the symmetry of the Bethe equations under complex conjugation, if {ki,ka} is a solution, then
{kj,k3} is also a solution. In fact, as sets one has {k1,ka} = {k¥,k5}. For general M, this was proved
using the transfer matrix in [7]. Also, [6] states only that, by the symmetry of the Bethe equations under
complex conjugation, one may take ko = ki for complex solutions. Is that really sufficient?

2] learned this from Hosho Katsura. I thank him.
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For M = 2, one can prove this as follows using the fact that momentum and energy are real. 3 Since
k1 + ko is the total momentum, it is real; in particular, Imk; + Im ks = 0. When Imk; = —Imky # 0,
we want to show Re k; = Reky. The energy is

k1 + ko k1 — ko
COS

Er =2cosk) +2cosky = 4cos 5 5 (132)
and its imaginary part is
ki +k Re (k1 — k Im (ky — k
Im Ej, = —4 cos — +he sin e (ki = k2) sinh m (k1 2). (133)
2 2 2
Since the Hamiltonian is Hermitian, Im Ey = 0. Under the assumption Im k; = —Im ko # 0, this implies

either k1 4+ k2 = m mod 2m, or Re (k1 — k2) = 0. Thus the claim is proved when k1 + k2 # 7 mod 2.

Now consider the case k1 + k2 = 7. In this case the Bethe equations are

1 + ei(k‘1+k2) _ 26’”(,‘1
o 1+ et(ki+kz) _ 9piks
1 + eilkitha) _ 9pika

ikaN _ _ 2iks
e = G tR) g =€ (135)

eihiN _

= ek (134)

Solutions exist when N is even, and they are

2mn 2mn

N—2" N_2

(/ﬁ,kg)z( ), ’I’LZO,...,N—3 (136)

Thus, in the case k1 4+ ko = 7, there are no complex solutions.

1.2.14 Comparison with Existing Results

[6] points out the shortage of My complex-conjugate solutions discussed in Sections 1.2.7 and 1.2.8,
together with the accompanying appearance of real solutions with close wavenumbers. The calculation
in this note agrees with the calculation in [6].

1.2.15 Spectrum of Complex-Conjugate Solutions

. . : 2V N
Let us compute the spectrum of the complex-conjugate solutions for large N. Ignoring the 2M ~ ==

exceptional solutions, and further taking (u,v) = (un,—logcosu,) as an approximate solution, the
solution (k1, k2) is roughly

k1 =k —ilogcosk, (137)
ko =k +ilogcosk, (138)
™ -N N N

k=— = - -——+1 - 1

N’ 2 ) n + ) k) 2 9 ( 39)
The energy eigenvalue is

E(k1,ks) = 2cosky + 2cos ke = etk o emth | gikz 4 ke (140)
= e cosk 4+ e *(cos k)t + e*(cosk) Tt + e cosk (141)
=2cos’k +2 = cos2k + 4, —g<k<%. (142)

3T also learned this proof from Hosho Katsura.

17



1.2.16 Backup Calculation

Let us consider complex solutions. I follow the argument in [1]. First rewrite the Bethe equations slightly.

ion oS kl;kz _ e—i(kg—kl)/Q B COoS k1-§k2 — cos k’lgkz — isin kl;k'& 143
¢ T COS Ll;kz — ei(k2_k1)/2 o 7COS kl;k’? — cos k15k2 + i sin k]gkz ( )
From this,
| Pk 1 sin o 1 ek — i sin f15k2 1( . . /{:2)
cot — = = == . — = = —(cot — — cot —=
2 tang  l-—cospr 12— elPh ek coghithr _coghizhe 3 2 2
(144)
namely,
k1 k
2cot% cot - — cot = (145)
ki =u+iv, ko =u—1iv (146)

With this parametrization, since the total momentum k; + k5 is real, u is real. The variable v is complex
in general.

cot ﬁ cos “JEJ _ cos 5 cos 7 —sin % sin % _ cos 5 cosh 3 —isin § sinh § (147)
2 sin “+2“’ sin § cos 5 + cos g sin sin 5 cosh g + i cos § sinh §
_ (cos § cosh § —isin § blnh 5)(sin 5 cosh § — i cos 5 sinh %) (148)
sin? 5 cosh? 2 5+ cos? § smh2 3
LU v ik 2
_ _cosysin 3 i cosh 2 5 smh2 (149)
sin? & ¢ cosh” § + cos? § sinh” §
B 251nu— 2zslnhv (150)
(1 —cosu)(1 + coshw) + (1 + cosu)(coshv — 1)
sinwu — ¢ sinh v
= 151
coshv — cosu (151)
Replacing v by —v, we get
k si ; sinh
cot—g _ v + 2 sin ’U. (152)

2 coshv — cosu

Although v is complex in general, in the following I take v to be real. Thus k;, ko are assumed to be
complex conjugates. It is enough to consider v > 0.

Yk = Vi + Xk (153)
and separate real and imaginary parts. Then the Bethe equations become

Y = —tYr mod 2, (154)
Nv = xg (155)

2 Open Boundary Conditions

Since the Bethe ansatz is obtained by connecting free-field solutions for |zo — 1| > 1 to the region
|2 —x1| = 1, one might naively expect it to apply also to open boundary conditions. For open boundary
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conditions, the Hamiltonian is

N + 4 gt 1-o71
H= (0j110; o0/, +2 5 5

J=1

Let us examine the structure of the eigenvalue equation

Hf)yy =Elf )

21 M=1

For M =1, the third term drops out, and

i

I
] =

Hf) (052041 + 641,205 ) f () [0)

Z -
!
-
8
Il
—

(fG)oja + G+ 1oy )[0)

<.
Il
—

I
.MZ

<
||
N

<
Il
—

fG

BN
|
—

This gives the eigenvalue equation

fG-D+fE+1)=Ef(G) j=2,...,N—1
f(2)=Ef(1),
f(N —1)=Ef(N),

If £(0) and f(N + 1) are added as variables, this is equivalent to

F(0) = (N +1) =0,

The N linearly independent solutions are

fr(x) = sin

22 M=2

For the hopping terms, when x; # x4,

j+10+011 T2 |0> = Ujz, x1+10w2 ‘0> + 6]$20w10x2+1 |0>

J U;r+1gm1 To |0> = 0j+1,2104, — 1012 |0> + 5J+1 120-:610—x2 1 |O>

Notice these relations. When two lowering operators act on the same site, set o

N-1

N—-1
Jj=1

1<z <z2<N j=1

= > f(@1,@2)0, 1105, 10) + > flanm)oy,

1<z <z2—1<N-1 1<z <za<N-—1

2<x1 <z <N 1<zi<zo—1<N-1

19

— g%
+1
J ).

Jo 10) + Z f(G+ 1)y [0).

Z f(.’L’] -1 IQ)leo-wz |0> + Z f(mla-rQ -

(156)

(157)

(158)

(159)

(160)

(161)

(162)
(163)

(164)

(165)
(166)

0, = 0. From this,

(167)
Oups10)  (168)

Doy,0.,10), (169)



=

-1

N—
Uj_o-;;rl |f>2 = Z Z (w1, 72) J+1,9:10;1—1U;2 |0> + 5]'-&-1,120;1‘7;2—1 |0>)

1 1<zi<z2<N j=1

<.
Il

= > flan,m)o,, 0., [0)+ > f(w1,22)0,, 05,1 10)

2<z1 <z <N 1<zi1<z2—-1<N-1

- 3 flar+ La)oy o100+ > flan,za+1)oy,

1<z <z2—1<N-1 1<z <z2<N-—1

For the interaction term,

N-l1_6721—07
i+1 _
2 : Tjawlawz |0> = 6w1+17w2 T 212 |0>
j=1
and therefore
Nl 1 _4521—0%
? 1
Z Z 2 2 : TJ |f>2 = Z f($1,$2)25l1+1 120$10w2 |0>
1<zi1<z2<N j=1 1<zi1<z2<N

(z, 2 +1)20,0,,,10).

||F12

Thus the action of the Hamiltonian on the wave function |f), is

H ‘f>2 = Z f(xl -1 ‘TQ)Ux]O'xQ |O> =+ Z f(x17x2 - 1) 02102, |O>

2<x1<x2 <N 1<z1<z2—1<N-1
+ Z f(ml +1 xQ)O-wlUwz ‘0> + Z f(l'l,.'IJQ + 1) 02102, |0>
1<z <x2—1<N-1 1<z1<z2<N-1
N-1
+ 3 fla,z+1)20,0,,,0)
z=1

The eigenvalue equation is

e For2<uzy, 21 +1<x5 <N —1 (yellow),

(A): flzr = Lz2) + f(z1,22 — 1) + f(o1 + L, m2) + fz1, 22 + 1) = Ef (21, 22).

For 1 = 1,3 <z < N —1 (cyan),
(B): f(Liza—1)+ f(2,22) + f(Liaz + 1) = Ef(1, 22).
e For 2<z; <N -2, 29 = N (orange),
(C©): flz1—LN)+ f(x1, N =1)+ f(z1 + 1,N) = Ef (21, N).
e Forxy =z, 20 =2+1,2 <2 <N —2 (green),

(D) f(xf1,x+1)+f(x,x+2)+2f(x,x+1):Ef(x,erl)

For x1 = 1,29 = 2 (blue),

(E): f(1,3)+2f(1,2) = Ef(1,2).

For 29 = N — 1,29 = N (red),
(F): f(N—=-2,N)+2f(N—-1,N)=Ef(N—-1,N).

20

(170)

(171)

0., 10).

(172)

(173)

(174)

(175)

(176)

(177)

(178)

(179)

(180)

(181)

(182)

(183)

(184)



e For 1 = 1,20 = N (pink),
(G): 0=Ef(1,N). (185)
As in the periodic-boundary case, it is convenient to extend the domain 1 < 21 < z9 < N of f(x1,z2)

and introduce boundary conditions for the extra degrees of freedom. Introduce the following 2N + 1
variables:

F0,22), x2=1,...,N+1, (186)
f(xlaN+1)? 1'1:0,...,N, (187)

and impose the following boundary conditions:

f(0,22) =0, ro=1,...,N+1,
(BC) { flzi,N+1)=0, 2,=0,...,N. (188)
Then the equations (A,B,C) can be combined as

(Eq.l) : f(l‘l —1,562)—|—f($1,l‘2—1)+f($1+1,$2)+f($1,1‘2+1) :Ef(xl,xz), |JL‘2—$1| > 1,
(189)

Moreover, (D,E,F,G) can also be rewritten as

(Eq.2): fe—1l,z+1)+ f(z,o+2)+2f(x, 2+ 1) = Ef(zx,z+1), (r=1,...,N—-1), (190)

We want to solve the eigenvalue equations (Eq.1, Eq.2, G) under the boundary conditions (B.C.).
(Eq.1) has the following eight free-field solutions:

ezklwl ezkng’ ezkla:z ezkza:l 7 e—zk1w1 ezkzwz’ e—lk1I2 67/’921'71’ (]_91)
ezklwl e—lk2$27 ezklwge—zkgarl ’ e—zk1w1€—1k2w27 e—zlﬂlze—lkle, (192)
By =2cosk; + 2cosks (193)

Thus write the solution as
gu(z1,32) = cFFeiimrgikave | dteikivagikory | o+ mikion gikaza | o+ gmikiza gikaas (194)
+fmethimgmikera 4 = gibimag—ikazy | o= gmikizyg=ikawa 4 o= —ikiva—ikaay (195)
The function gg(x1,z2) again satisfies the relation
ge(z — 1,24+ 1) + ge(z, 2) + ge(z + 1,2+ 1) + gr(z, 2 + 2) = Egpgr(z, 2 + 1) (196)
so substituting gg(z) into (Eq.2), the condition for gg(x1,x2) to be a solution is
gk(z,2) + ge(z + 1,2+ 1) — 2gx(z,z + 1) =0 (197)
This equation has a solution, and for c‘l"’/, cg"/ we obtain

czlrol 1+ ei(o’krl-‘ro'kz) _ Qeiokl

= - —- oo / _
i 11 ciokitolha) _ggio’ks € T OO €{+ -} (198)

Since the equation is linear, we are taking a linear combination of the solutions for each (+kq,tks).
Noting that e*?-- = e~ "++ and e¥+- = e -+ the ansatz solution satisfying (Eq.1, Eq.2) is, with
coefficients a, b, ¢, d,

gk(331 .732) _ a(ei(k1901+k212+%) + ei(k1$2+k‘2x17%)) + b(e*i(k1$1+kzxz+%) + e*i(k1962+k2€61*%)) (199)

+ C(ei(lﬁm—kzwz-‘rg) =+ ei(k1$2_k2$1_%)) + d(e_i(klwl—kzwz‘*‘g) + e_i(klu_kZIl_g)) (200)
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where
1 + ei(k1+k2) _ 2eik1

€ T T cilkitka) _ 9eika’ (201)
zﬂ 1 + ei(kl_kz) _ 2eik‘1 eik] + eikg _ 261(k1+k2)
O T Tl itk _9e—iks  oik1 1 gik2 9 (202)

Next solve the boundary conditions (B.C.). From f(0,z2) =0,
a(e/F2m2+ %) y ilkiza=5)y 4 p(emilkerats) | omilkiza—%))

FofeHRrat) 4 gitlam=§)) 4 g(emihamit ) | gillasa=$))

— (ae—ia/2 + Ce—i,@/Q)eiktle + (beia/2 +dei5/2)e—ik1$2
_|_ (aei(x/Q +d€—i,3/2)eik‘gmg + (be—ia/Q +C€iﬁ/2)e—ik2m2.
Thus, assuming ki # ko,

ae~ /2 4 ce~18/2 =
beia/Q 4 dei,@/Q =0,
aei®/? 4+ de=i8/2 = (),
be~i/2 4 ¢eiB/2 = (),

(207)

Solving these equations gives
b=ae®, c=—ae P2 g=_gelath)/2 (208)
and therefore the ansatz solution is determined as
g(@1,22) = (ei(k1w1+k2$2+%) + ei(lclasz—i-kzwl—%))e—iB/Q + (e—i(k1x1+k2w2+%) 4 emilkizathazi—§ )6i6/2
(209)
—ia/2 (efi(k1x17k2m2+§) + efi(klzrklefg))em/z'
(210)

_ (ei(k1I1*k2I2+g) _|_ 61‘(’61127162117%))6

The condition that the boundary condition f(x1, N + 1) = 0 hold for arbitrary x; gives equations for
]4;1,]6‘2. Set L = N + 1. Then

flazy,L) = (ei(k1m+k2L+%) + ei(k1L+kzm1—%))e—iﬁ/2 + (e—i(k1m1+k2L+%) + e—i(le-t,-kal_%))elﬂ/g (211)
(ei(klxlfk2L+§) + ei(lefktle*g))efia/z _ (efi(klwlszlr‘r%) + e*i(lefkigitl*%))eia/z (212)

_ (ei(k2L+%)e—iB/2 _ ei(—k2L+§)e—m/2)eik1w1 + (e—i(k2L+%)ei,8/2 _ e—i(—k2L+§)em/2)e—iklxl

(213)
+ (ei(le—%)e—iﬂ/Q _ e—i(le—g)eia/2)eik?2I1 + (e—i(ktlL—%)eiﬁ/Z _ ei(le—g)e—ia/2)e—ik2w1
(214)
=N sin(kQL + 042;5)61'16111 — 2% Sin(kgL + #)6*“@111 (215)
+2isin(n L — “E B eikon _ g ginie 1 — L;rﬂ)e*““m (216)
— sin(hoL + =Y sin(yzn) — 4sin(ki L — 28 sin(hazy). (217)
Thus, assuming k1 # ks, the boundary condition gives
sin(ko L + #) = sin(k L — = '5 by, (218)
or equivalently
Bika(N41) _ e i _ 1 + eilkithka) _ 9piks y etk | giks _ 9pi(kitk2) (219)
- 1 4 eilki+ka) _ 9piks eik1 | gika _ 9 )
N _ o gif _ 1 + eilkitka) _ 9piks y etk 4 gikz _ 9pi(k1+k2) (220)
B 14 eilkitka) — 2¢ike etk + etk — 2

These correspond to the Bethe equations for open boundary conditions. Compare with existing results.

22



References

[1]

H. A. Bethe, Zeitschrift fiir Physik 71(1931)205.

Tetsuo Deguchi, “Mathematical Physics of Exact Solutions and the Bethe Ansatz in One-Dimensional
Quantum Systems,” Bussei Kenkyu, 2000, 74(3): 255-319.

Michael Karbach, Gerhard Muller, Introduction to the Bethe ansatz I, arXiv:cond-mat/9809162.
Kazuhiko Minami, “Mathematical Physics of Lattice Models,” Saiensu-sha, 2014.

Rafael I. Nepomechie, Chunguang Wang, Algebraic Bethe ansatz for singular solutions,
arXiv:1304.7978.

F. H. L. Essler, V. E. Korepin and K. Schoutens, J. Phys. A: Math. Gen. 25 4115 (1992).

Vladimirov, Artem Alekseevich. Proof of the invariance of the Bethe-Ansatz solutions under complex
congugation, J. Math. Phys.(Cambridge, Mass.);(United States) 66.1 (1986).

23



	The XXX Model
	Translation Symmetry
	Eigenvalue Equation
	M=1
	M=2
	The Case k1=k2
	Symmetries of the Bethe Equations
	Real Solutions
	Bethe's Estimate of the Number of Real Solutions
	Complex-Conjugate Solutions
	Real Solutions with Close Wavenumbers
	Counting Bethe-Ansatz Solutions
	The Case N=3
	The Case N=4
	``Singular Solutions'' of the Bethe Equations
	The Solutions Are Given by Complex-Conjugate Pairs
	Comparison with Existing Results
	Spectrum of Complex-Conjugate Solutions
	Backup Calculation


	Open Boundary Conditions
	M=1
	M=2


