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Abstract

For the M = 2 sector of the antiferromagnetic XXX model, I derive the Bethe equations for
periodic and open boundary conditions. For periodic boundary conditions, I also estimate the number
of solutions.

For the XXX model, I derive the Bethe equations mostly following Bethe’s original paper [1]. I also
referred to [2, 3].

1 The XXX Model

Consider the following Hamiltonian on a circle with N lattice sites, namely the antiferromagnetic Heisen-
berg chain:

H =
1

2

N∑

j=1

σj · σj+1 (1)

=
∑

j

(σ+
j σ

−
j+1 + σ−

j σ
+
j+1 +

1

2
σz
jσ

z
j+1) (2)

=
∑

j

(σ−
j+1σ

+
j + σ−

j−1σ
+
j + 2

1− σz
j

2

1− σz
j+1

2
)− 2

∑

j

1− σz
j

2
+
N

2
. (3)

As a notational convention, set σj+N = σj . The Hamiltonian is SU(2) invariant and translation invariant.
Choose a basis that diagonalizes Sz. In the following, as a basis for wave functions, I take |0⟩ = |↑↑ . . .⟩
as the “vacuum” and write an M -particle state as

|f⟩M =
∑

1≤x1<···<xM≤N

f(x1, . . . , xM )σ−
x1
. . . σ−

xM
|0⟩ (4)

Note that the eigenfunction f is meaningful only on the domain 1 ≤ x1 < · · · < xM ≤ N .

In the sector with particle number M , the term −2
∑

j

1−σz
j

2 = −2M is a constant. Hence, in what
follows I redefine

H =
∑

j

(σ−
j+1σ

+
j + σ−

j−1σ
+
j + 2

1− σz
j

2

1− σz
j+1

2
) (5)

and solve this Hamiltonian.

1.1 Translation Symmetry

(The content of this subsection will not be used later.)
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By translation symmetry, the translation operator T defined by

TσjT
−1 = σj+1, T |0⟩ = |0⟩ , (6)

and the Hamiltonian H can be diagonalized simultaneously. Since TN = 1, the eigenvalues of T are
quantized in ZN . In the eigenspace with T = eiP , P = 2πp

N , p = 1, . . . , N−1, the eigenfunction f satisfies

∑

1≤x1<···<xM≤N

f(x1, . . . , xM )σ−
x1+1 . . . σ

−
xM+1 |0⟩ = eiP

∑

1≤x1<···<xM≤N

f(x1, . . . , xM )σ−
x1
. . . σ−

xM
|0⟩ . (7)

In the sum on the left-hand side, the contribution with xM ≤ N − 1 is

∑

1≤x1<···<xM≤N−1

f(x1, . . . , xM )σ−
x1+1 . . . σ

−
xM+1 |0⟩ . (8)

Comparing this with the contribution with 2 ≤ x1 on the right-hand side,

eiP
∑

2≤x1<···<xM≤N

f(x1, . . . , xM )σ−
x1
. . . σ−

xM
|0⟩ = eiP

∑

1≤x1<···<xM≤N−1

f(x1 + 1, . . . , xM + 1)σ−
x1+1 . . . σ

−
xM+1 |0⟩

(9)

we obtain

f(x1, . . . , xM ) = eiP f(x1 + 1, . . . , xM + 1), (xM ≤ N − 1) (10)

The contribution with xM = N in the sum on the left-hand side is

∑

1≤x1<···<xM−1≤N−1

f(x1, . . . , xM−1, N)σ−
x1+1 . . . σ

−
xM−1+1σ

−
1 |0⟩ (11)

=
∑

1≤x1<···<xM−1≤N−1

f(x1, . . . , xM−1, N)σ−
1 σ

−
x1+1 . . . σ

−
xM−1+1 |0⟩ (12)

and comparing this with the contribution with x1 = 1 on the right-hand side,

eiP
∑

2≤x2<···<xM≤N

f(1, x2, . . . , xM )σ−
1 σ

−
x2
. . . σ−

xM
|0⟩ (13)

= eiP
∑

1≤x2<···<xM≤N−1

f(1, x2 + 1, . . . , xM + 1)σ−
1 σ

−
x2+1 . . . σ

−
xM+1 |0⟩ (14)

= eiP
∑

1≤x1<···<xM−1≤N−1

f(1, x1 + 1, . . . , xM−1 + 1)σ−
1 σ

−
x1+1 . . . σ

−
xM−1+1 |0⟩ (15)

we obtain

f(x1, . . . , xM−1, N) = eiP f(1, x1 + 1, . . . , xM−1 + 1) (16)

1.2 Eigenvalue Equation

Let us examine the structure of the eigenvalue equation

H |f⟩M = E |f⟩M (17)
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1.2.1 M = 1

For M = 1, the third term drops out, and

H |f⟩1 =
∑

j,x

(δjxσ
−
j+1 + δj,xσ

−
j−1)f(x) |0⟩ (18)

=
∑

j

(f(j)σ−
j+1 + f(j)σ−

j−1) |0⟩ (19)

=
∑

j

(f(j − 1) + f(j + 1))σ−
j |0⟩ (20)

therefore the eigenvalue equation is





f(j − 1) + f(j + 1) = Ef(j) j = 2, . . . , N − 1,
f(N) + f(2) = Ef(1),
f(N − 1) + f(1) = Ef(N),

(21)

The plane wave

fk(x) = eikx (22)

satisfies the first equation, and then Ek = 2 cos k. If k = 2πp
N , p = 0, . . . , N − 1, then eikx satisfies the

second and third equations. Thus we have constructed N linearly independent solutions.

1.2.2 M = 2

For the hopping terms, when x1 ̸= x2,

σ−
j±1σ

+
j σ

−
x1
σ−
x2

|0⟩ = δjx1
σ−
x1±1σ

−
x2

|0⟩+ δjx2
σ−
x1
σ−
x2±1 |0⟩ (23)

Notice the above relation. When two lowering operators act on the same site, set σ−
x σ

−
x = 0. For the

interaction term, we are using a diagonal basis, and

∑

j

1− σz
j

2

1− σz
j+1

2
σ−
x1
σ−
x2

|0⟩ = δ|x1−x2|,1σ
−
x1
σ−
x2

|0⟩ . (24)

δ|x1−x2|,1 returns 1 only when x1 and x2 are adjacent, and returns 0 otherwise. The action of the
Hamiltonian on the wave function |f⟩2 is

H |f⟩2 =
∑

1≤x1<x2≤N

f(x1, x2)(σ
−
x1+1σ

−
x2

|0⟩+ σ−
x1
σ−
x2+1 |0⟩+ σ−

x1−1σ
−
x2

|0⟩+ σ−
x1
σ−
x2−1 |0⟩+ 2δ|x1−x2|,1σ

−
x1
σ−
x2

|0⟩)

(25)

Rewrite each term in order. The first term vanishes when x2 = x1 + 1, so

1st. =
∑

2≤x1+1<x2≤N

f(x1, x2)σ
−
x1+1σ

−
x2

|0⟩ =
∑

2≤x1<x2≤N

f(x1 − 1, x2)σ
−
x1
σ−
x2

|0⟩ . (26)

For the second term, separate the sum into the case x2 = N and the remaining cases. Also taking into
account that the contribution with x1 = 1 vanishes when x2 = N , we have

2nd. =
∑

1≤x1<x2≤N−1

f(x1, x2)σ
−
x1
σ−
x2+1 |0⟩+

∑

2≤x1≤N−1

f(x1, N)σ−
x1
σ−
1 |0⟩ (27)

=
∑

1≤x1<x2−1≤N−1

f(x1, x2 − 1)σ−
x1
σ−
x2

|0⟩+
∑

2≤x2≤N−1

f(x2, N)σ−
1 σ

−
x2

|0⟩ . (28)
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第丳項はx1 丽 丱とそれ以外の和に分離してさらにx1 丽 丱の場合にx2 丽 Nの寄与がゼロであるので，

丳乲乤. 丽
∑

2≤x1<x2≤N
f丨x1, x2丩σ

−
x1−1σ

−
x2
|丰〉丫

∑

2≤x2≤N−1
f丨丱, x2丩σ

−
Nσ
−
x2
|丰〉 丨串丹丩

丽
∑

1≤x1<x2−1≤N−1
f丨x1 丫 丱, x2丩σ

−
x1
σ−x2
|丰〉丫

∑

2≤x1≤N−1
f丨丱, x1丩σ

−
x1
σ−N |丰〉 . 丨丳丰丩

第４項はx2 丽 x1 丫 丱の場合はゼロであるので，

临乴乨. 丽
∑

2≤x1+1<x2≤N
f丨x1, x2丩σ

−
x1
σ−x2−1 |丰〉 丽

∑

1≤x1<x2≤N−1
f丨x1, x2 丫 丱丩σ−x1

σ−x2
|丰〉 . 丨丳丱丩

第５項は円周上の串点として隣接する場合のみ寄与があり，

丵乴乨. 丽
∑

1≤x≤N−1
f丨x, x丫 丱丩串σ−x σ

−
x+1 |丰〉丫 f丨丱, N丩串σ−1 σ

−
N |丰〉 . 丨丳串丩

和の場合分けを図示すると図丱のようになる． それぞれの領域での固有値方程式を見ていく．

• 串 ≤ x1, x1 丫 丱 ≤ x2 ≤ N − 丱のとき（黄色）は，

丨A丩 为 f丨x1 − 丱, x2丩 丫 f丨x1, x2 − 丱丩 丫 f丨x1 丫 丱, x2丩 丫 f丨x1, x2 丫 丱丩 丽 Ef丨x1, x2丩. 丨丳丳丩

• x1 丽 丱, 丳 ≤ x2 ≤ N − 丱のとき（水色）は，

丨B丩 为 f丨x2, N丩 丫 f丨丱, x2 − 丱丩 丫 f丨串, x2丩 丫 f丨丱, x2 丫 丱丩 丽 Ef丨丱, x2丩. 丨丳临丩

• 串 ≤ x1 ≤ N − 串, x2 丽 Nのとき（橙色）は，

丨C丩 为 f丨x1 − 丱, N丩 丫 f丨x1, N − 丱丩 丫 f丨x1 丫 丱, N丩 丫 f丨丱, x1丩 丽 Ef丨x1, N丩. 丨丳丵丩

• 串 ≤ x1 丽 x, x2 丽 x丫 丱, 串 ≤ x ≤ N − 串のとき（緑色）は，

丨D丩 为 f丨x− 丱, x丫 丱丩 丫 f丨x, x丫 串丩 丫 串f丨x, x丫 丱丩 丽 Ef丨x, x丫 丱丩. 丨丳丶丩

临

Figure 1

For the third term, separate the sum into the case x1 = 1 and the remaining cases. Moreover, when
x1 = 1, the contribution with x2 = N vanishes, and hence

3rd. =
∑

2≤x1<x2≤N

f(x1, x2)σ
−
x1−1σ

−
x2

|0⟩+
∑

2≤x2≤N−1

f(1, x2)σ
−
Nσ

−
x2

|0⟩ (29)

=
∑

1≤x1<x2−1≤N−1

f(x1 + 1, x2)σ
−
x1
σ−
x2

|0⟩+
∑

2≤x1≤N−1

f(1, x1)σ
−
x1
σ−
N |0⟩ . (30)

The fourth term vanishes when x2 = x1 + 1, so

4th. =
∑

2≤x1+1<x2≤N

f(x1, x2)σ
−
x1
σ−
x2−1 |0⟩ =

∑

1≤x1<x2≤N−1

f(x1, x2 + 1)σ−
x1
σ−
x2

|0⟩ . (31)

The fifth term contributes only when the two points are adjacent on the circle, and

5th. =
∑

1≤x≤N−1

f(x, x+ 1)2σ−
x σ

−
x+1 |0⟩+ f(1, N)2σ−

1 σ
−
N |0⟩ . (32)

The case distinction in the sums is illustrated in Figure 1. Let us look at the eigenvalue equation in each
region.

• For 2 ≤ x1, x1 + 1 ≤ x2 ≤ N − 1 (yellow),

(A) : f(x1 − 1, x2) + f(x1, x2 − 1) + f(x1 + 1, x2) + f(x1, x2 + 1) = Ef(x1, x2). (33)

• For x1 = 1, 3 ≤ x2 ≤ N − 1 (cyan),

(B) : f(x2, N) + f(1, x2 − 1) + f(2, x2) + f(1, x2 + 1) = Ef(1, x2). (34)

• For 2 ≤ x1 ≤ N − 2, x2 = N (orange),

(C) : f(x1 − 1, N) + f(x1, N − 1) + f(x1 + 1, N) + f(1, x1) = Ef(x1, N). (35)

• For 2 ≤ x1 = x, x2 = x+ 1, 2 ≤ x ≤ N − 2 (green),

(D) : f(x− 1, x+ 1) + f(x, x+ 2) + 2f(x, x+ 1) = Ef(x, x+ 1). (36)
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• For x1 = 1, x2 = 2 (blue),

(E) : f(2, N) + f(1, 3) + 2f(1, 2) = Ef(1, 2). (37)

• For x1 = N − 1, x2 = N (red),

(F ) : f(N − 2, N) + f(1, N − 1) + 2f(N − 1, N) = Ef(N − 1, N). (38)

• For x1 = 1, x2 = N (pink),

(G) : f(1, N − 1) + f(2, N) + 2f(1, N) = Ef(1, N). (39)

Now, looking at the equations, it is convenient to extend the domain 1 ≤ x1 < x2 ≤ N of f(x1, x2) so
that it includes 0, N + 1, N + 2, and to introduce boundary conditions for the extra degrees of freedom
of f(x1, x2). Introduce the following 2N − 1 new variables:

f(0, x2), x2 = 1, . . . , N − 1, (40)

f(x1, N + 1), x1 = 2, . . . , N, (41)

f(N,N + 2), (42)

Furthermore, impose the following “boundary conditions”:




f(0, x2) = f(x2, N), x2 = 1, . . . , N − 1,
f(x1, N + 1) = f(1, x1), x1 = 2, . . . , N,
f(N,N + 2) = f(2, N).

(43)

These are natural relations for a function on the circle. Under these boundary conditions, the equations
(A,B,C) can be combined as

(Eq.1) : f(x1 − 1, x2) + f(x1, x2 − 1) + f(x1 + 1, x2) + f(x1, x2 + 1) = Ef(x1, x2), (|x1 − x2| ≥ 2).
(44)

and similarly (D,E,F,G) can be rewritten as

(Eq.2) : f(x− 1, x+ 1) + f(x, x+ 2) + 2f(x, x+ 1) = Ef(x, x+ 1), (x = 1, . . . , N), (45)

For the extension of variables, it is equivalently possible to introduce infinitely many variables

f(x1, x2), x1, x2 ∈ Z, x1 < x2 < x1 +N, (46)

and impose the boundary condition

(B.C.) : f(x1, x2) = f(x2, x1 +N) = f(x2 −N,x1) (47)

instead. Thus the problem is to solve the eigenvalue equations (Eq.1, Eq.2), under the boundary condition
(B.C.), for variables f(x1, x2) satisfying x1 < x2 < x1 +N .

Following Bethe [1], we find eigenfunctions. Since (Eq.1) has no interaction term, one expects a
“two-particle plane-wave state” to be a solution. For example, for arbitrary complex numbers k1, k2,

eik1x1eik2x2 , eik2x1eik1x2 (48)

are both solutions of (Eq.1) with E = 2 cos k1 + 2 cos k2. However,

f(x2, x1 +N) = eik2Neik1x2eik2x1 (49)

so the boundary condition cannot be satisfied for general (k1, k2). Therefore, for k1 ̸= k2, assume a
solution of the form

gk(x1, x2) = c1e
i(k1x1+k2x2) + c2e

i(k2x1+k1x2), x1 < x2 < x1 +N, (50)
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and determine k = (k1, k2) and the relative ratio of c1, c2 from (Eq.2) and (B.C.). Substituting gk(x1, x2)
into (Eq.2), we get

gk(x− 1, x+ 1) + gk(x, x+ 2) + 2gk(x, x+ 1) = Ekgk(x, x+ 1) (51)

We reinterpret this equation as follows. First introduce the function

hk(x)(= “gk(x, x)
′′) := c1e

i(k1x+k2x) + c2e
i(k2x+k1x) = ei(k1+k2)x(c1 + c2) (52)

Note that gk(x1, x2) satisfies (Eq.1) for arbitrary (x1, x2) outside the original domain. Then the relation

gk(x− 1, x+ 1) + hk(x) + hk(x+ 1) + gk(x, x+ 2) = Ekgk(x, x+ 1) (53)

holds. Using this, equation (51) is equivalent to

hk(x) + hk(x+ 1)− 2gk(x, x+ 1) = 0, (54)

namely

(1 + ei(k1+k2))c1 + (1 + ei(k1+k2))c2 − 2c1e
ik2 − 2c2e

ik1 = 0 (55)

Solving this, we obtain the relative ratio

c1
c2

= −1 + ei(k1+k2) − 2eik1

1 + ei(k1+k2) − 2eik2
(56)

Here I assumed c2 ̸= 0.

The boundary condition (B.C.), gk(x2, x1 +N) = gk(x1, x2), gives

(c1 − c2e
ik1N )ei(k1x1+k2x2) + (c2 − c1e

ik2N )ei(k1x2+k2x1) = 0, x1 < x2 < x1 +N. (57)

Taking into account the assumption k1 ̸= k2, the condition for this to hold for arbitrary x1 < x2 < x1+N
is

{
c1 = c2e

ik1N ,
c2 = c1e

ik2N ,
(58)

Thus we obtain two equations, the Bethe equations, that determine the unknown variables (k1, k2):

eik1N = −1 + ei(k1+k2) − 2eik1

1 + ei(k1+k2) − 2eik2
, (59)

eik2N = −1 + ei(k1+k2) − 2eik2

1 + ei(k1+k2) − 2eik1
, (60)

Here one should keep in mind that k1 ̸= k2.

Because of φk, k1, k2 do not take the usual wavenumber form. However, noting that

ei(k1+k2)N = 1 (61)

we find for the sum that

k1 + k2 =
2π(λ1 + λ2)

N
(62)

holds. The quantity k1 + k2 is nothing but the eigenvalue of the translation operator.
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1.2.3 The Case k1 = k2

When k1 = k2 = k, if we take the ansatz

gk,k(x1, x2) = eik(x1+x2) (63)

then (Eq.1) and (Eq.2) give, respectively,

E = 4 cos k, 2 cos k + 2 = E, (64)

and hence we obtain k = 0, namely the constant solution f(x1, x2) = const.. Note that the k = 0 solution
is special to the SU(2)-symmetric case. If, in the XXZ model, the coefficient of σz

jσ
z
j+1 is multiplied by

∆, then the equation becomes

cos k = ∆ (65)

and the behavior is as follows:

• For ∆ < −1, there is no solution.

• For ∆ = −1, there is the single solution k = π.

• For −1 < ∆ < 1, there are two real solutions k = ± cos−1(∆).

• For ∆ = 1, there is the single solution k = 0.

• For ∆ > 1, there are two purely imaginary solutions k = ± cosh−1(∆).

On the other hand, the boundary condition (B.C.) gives

eikN = 1 (66)

and therefore the purely imaginary solutions are not realized. For −1 ≤ ∆ ≤ 1, a solution exists only for
special values of ∆ determined by N .

For the XXX model (∆ = 1),

• there is one constant solution with k = 0, independently of N .

1.2.4 Symmetries of the Bethe Equations

Let us record several properties of the Bethe equations.

eiφk =
c1
c2

= −1 + ei(k1+k2) − 2eik1

1 + ei(k1+k2) − 2eik2
, k1 ̸= k2, (67)

eiφk2,k1 = e−iφk1,k2 , (68)

eiφ−k1,−k2 = eiφk2,k1 = e−iφk1,k2 , (69)

[eiφk1,k2 ]∗ = e
iφk∗

2 ,k∗
1 = e

−iφk∗
1 ,k∗

2 , (70)

eiφk,k = −1, (71)

eiφ0,k2 = eiφk1,0 = 1, (72)

Note these identities. Also note that the function eiφk,k as a function of k is discontinuous at k = 0.

f1(k1, k2) = eik1N−φk1,k2 , f2(k1, k2) = eik2N+φk1,k2 (73)
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If we set the above, the Bethe equations are

f1(k1, k2) = f2(k1, k2) = 1. (74)

Since f1(k2, k1) = f2(k1, k2) and f2(k2, k1) = f1(k1, k2),

• the equations are symmetric under the interchange (k1, k2) → (k2, k1). In other words, (k1, k2) is a
solution if and only if (k2, k1) is a solution. After all, the Bethe ansatz solution gk was specified by
a pair of two distinct wavenumbers (k1, k2).

Since f1(−k1,−k2) = f1(k1, k2)
−1 and f2(−k1,−k2) = f2(k1, k2)

−1,

• the equations are symmetric under (k1, k2) → (−k1,−k2). In other words, (k1, k2) is a solution
if and only if (−k1,−k2) is a solution. This presumably comes from inversion symmetry of the
system.

Since f1(k1, k2)
∗ = f1(k

∗
1 , k

∗
2)

−1 and f2(k1, k2)
∗ = f2(k

∗
1 , k

∗
2)

−1,

• the equations are symmetric under (k1, k2) → (k∗1 , k
∗
2). In other words, (k1, k2) is a solution if and

only if (k∗1 , k
∗
2) is a solution.

• Note that the solutions have the character of “PT-symmetry breaking”. That is, if one extends the
XXX model to a parameter-dependent model while preserving this symmetry, complex solutions
are generated by the collision of two real solutions.

Since f1(k, k) = f2(k, k) = −1,

• k1 = k2 = 2π(n−1/2)
N , n = 1, . . . , N , are solutions.

Since f1(0, k2) = 1 and f2(0, k2) = eik2N ,

• (k1, k2) = (0, 2πnN ), n = 0, . . . , N − 1, are solutions.

1.2.5 Real Solutions

Following Bethe [1], let us count the number of independent solutions when k1, k2 are real.

eiφk = − e−i(k1+k2)/2 + ei(k1+k2)/2 − 2ei(k1−k2)/2

e−i(k1+k2)/2 + ei(k1+k2)/2 − 2e−i(k1−k2)/2
= −cos k1+k2

2 − e−i(k2−k1)/2

cos k1+k2

2 − ei(k2−k1)/2
(75)

As is clear from this rewriting, if k1, k2 are real, then φk is also real. The Bethe equations can be rewritten
as {

Nk1 − φk = 0 mod 2π,
Nk2 + φk = 0 mod 2π,

(76)

Let us examine the properties of φk:

φk = π + 2arg

(
cos

k1 + k2
2

− e−i(k2−k1)/2

)
(77)

= π + 2arg

(
−2 sin

k1
2

sin
k2
2

+ i sin
k2 − k1

2

)
(78)

= π + 2arg

(
2 sin

k1
2

sin
k2
2

− i sin
k2 − k1

2

)
mod 2π, (79)
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乆乩乧乵乲乥 丳为 Nk1 − ϕk ≡ 丰丨青線丩，Nk2 丫 ϕk ≡ 丰丨黄線丩の解曲線．横軸がk1丬 縦軸がk2．精度
は乍乡乣乨乩乮乥乐乲乥乣乩乳乩乯乮．解丨k1, k2丩は２つの解曲線の交わりで得られる．それぞれN 丽 丷, 丳丰とし
た．

より，k1 丽 丰→ k2 → 串πと変化させるとϕkはϕ0,k2 丽 丰→ ϕk2,k2 丽 π → ϕ2π,k2 丽 串πと単調に増加する．
すると任意のk2に対して関数Nk1 − ϕkはk1を丰から串πまで１周させたときにN − 丱回の巻き付きを有す
るので，k1に関する方程式Nk1 −ϕk ≡ 丰はk2の依存せず少なくともN − 丱個の解を持つ．一般にはk2の
変形に対して不安定な偶数個の解がさらに存在する場合もあることに注意． 図串にN 丽 丷の場合にお
いてk2をいくつか選んだ場合の関数Nk1−ϕkのプロットを示す．図串を見ると，k2が丰 丽 串πに近いとき
にk1の解が複数生じる傾向にある．

巻き付き数で保護されない不安定解は乂乥乴乨乥方程式の解に寄与するだろうか．そこで式Nk1 −
ϕk, Nk2 丫 ϕkのゼロ点を図丳に図示した． 図を見ると，k1 丽 丰においてk2 > 丰なる最小の丨k1 丽
丰, kmin

2 丩は巻き付き数で固定されない不安定ゼロ点から生じていることがわかる．さらにこの
解丨丰, kmin

2 丩のNに対する存在の安定性について考えると，丨k1, k2丩 丽 丨 πN ,
π
N 丩が解であるため，解丨丰, kmin

2 丩は

任意のNに対して残ると考えられる．

図丳右図のk1 丽 k2 丽 2π(2−1/2)
N 近傍のような交点を数値精度のため真の解ではない，と仮定する（間

違いであることが後で分かる．）と，丰 ≤ k1 < k2 < 串πなる解の個数は

丨
N−2∑

n=1

n丩 丫 丱 丽
丨N − 丱丩丨N − 串丩

串
丫 丱 丨丸丰丩

となる．これは乂乥乴乨乥の見積もり 乛丱九である (N−1)(N−2)
2 と，不安定ゼロ点からの寄与だけ合わない．以

下，乂乥乴乨乥の議論もメモしておく．

丹

Figure 2: The function Nk1 − φk mod 2π, with N = 7. From left to right,
k2 = π/10, π/2, π, 3π/2, 2π − π/10.
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乆乩乧乵乲乥 丳为 Nk1 − ϕk ≡ 丰丨青線丩，Nk2 丫 ϕk ≡ 丰丨黄線丩の解曲線．横軸がk1丬 縦軸がk2．精度
は乍乡乣乨乩乮乥乐乲乥乣乩乳乩乯乮．解丨k1, k2丩は２つの解曲線の交わりで得られる．それぞれN 丽 丷, 丳丰とし
た．

より，k1 丽 丰→ k2 → 串πと変化させるとϕkはϕ0,k2 丽 丰→ ϕk2,k2 丽 π → ϕ2π,k2 丽 串πと単調に増加する．
すると任意のk2に対して関数Nk1 − ϕkはk1を丰から串πまで１周させたときにN − 丱回の巻き付きを有す
るので，k1に関する方程式Nk1 −ϕk ≡ 丰はk2の依存せず少なくともN − 丱個の解を持つ．一般にはk2の
変形に対して不安定な偶数個の解がさらに存在する場合もあることに注意． 図串にN 丽 丷の場合にお
いてk2をいくつか選んだ場合の関数Nk1−ϕkのプロットを示す．図串を見ると，k2が丰 丽 串πに近いとき
にk1の解が複数生じる傾向にある．

巻き付き数で保護されない不安定解は乂乥乴乨乥方程式の解に寄与するだろうか．そこで式Nk1 −
ϕk, Nk2 丫 ϕkのゼロ点を図丳に図示した． 図を見ると，k1 丽 丰においてk2 > 丰なる最小の丨k1 丽
丰, kmin

2 丩は巻き付き数で固定されない不安定ゼロ点から生じていることがわかる．さらにこの
解丨丰, kmin

2 丩のNに対する存在の安定性について考えると，丨k1, k2丩 丽 丨 πN ,
π
N 丩が解であるため，解丨丰, kmin

2 丩は

任意のNに対して残ると考えられる．

図丳右図のk1 丽 k2 丽 2π(2−1/2)
N 近傍のような交点を数値精度のため真の解ではない，と仮定する（間

違いであることが後で分かる．）と，丰 ≤ k1 < k2 < 串πなる解の個数は

丨
N−2∑

n=1

n丩 丫 丱 丽
丨N − 丱丩丨N − 串丩

串
丫 丱 丨丸丰丩

となる．これは乂乥乴乨乥の見積もり 乛丱九である (N−1)(N−2)
2 と，不安定ゼロ点からの寄与だけ合わない．以

下，乂乥乴乨乥の議論もメモしておく．

丹

Figure 3: Solution curves for Nk1 −φk ≡ 0 (blue) and Nk2 +φk ≡ 0 (yellow). The horizontal axis is k1,
and the vertical axis is k2. The precision is MachinePrecision. Solutions (k1, k2) are obtained
as intersections of the two solution curves. The two panels are for N = 7, 30, respectively.

Thus, when k1 is varied from 0 through k2 to 2π, φk increases monotonically as φ0,k2
= 0 → φk2,k2

=
π → φ2π,k2

= 2π. Therefore, for any k2, the function Nk1 − φk has winding number N − 1 as k1 winds
once from 0 to 2π. Hence the equation Nk1 − φk ≡ 0 for k1 has at least N − 1 solutions, independently
of k2. Note that, in general, there may also be an even number of additional solutions that are unstable
under deformations of k2. Figure 2 shows plots of the function Nk1 − φk for several choices of k2 in the
case N = 7. From Figure 2, one sees that multiple solutions in k1 tend to appear when k2 is close to
0 = 2π.

Do the unstable solutions not protected by the winding number contribute to solutions of the Bethe
equations? To check this, Figure 3 shows the zeros of Nk1 − φk and Nk2 + φk. From the figure, one
sees that the smallest point (k1 = 0, kmin

2 ) with k2 > 0 at k1 = 0 arises from an unstable zero not fixed
by the winding number. Moreover, considering the stability of the existence of this solution (0, kmin

2 )
with respect to N , since (k1, k2) = ( π

N ,
π
N ) is a solution, the solution (0, kmin

2 ) is expected to remain for
arbitrary N .

Assume that intersections such as those near k1 = k2 = 2π(2−1/2)
N in the right panel of Figure 3 are

not true solutions because of numerical precision (this will later turn out to be wrong). Then the number
of solutions satisfying 0 ≤ k1 < k2 < 2π is

(

N−2∑

n=1

n) + 1 =
(N − 1)(N − 2)

2
+ 1 (80)

This differs from Bethe’s estimate [1], (N−1)(N−2)
2 , only by the contribution from the unstable zero. Below

I also record Bethe’s argument.

9



1.2.6 Bethe’s Estimate of the Number of Real Solutions

Let us follow the argument in [1].

The solutions are

k1 =
2πλ1
N

+
φk

N
, (81)

k2 =
2πλ2
N

− φk

N
, (82)

λ1, λ2 = 0, . . . , N − 1. (83)

φk may be taken to satisfy

−π ≤ φk ≤ π (84)

k2 − k1 =
2π(λ2 − λ1)

N
− 2φk

N
(85)

Therefore, for λ1 = 0, . . . , λ2 − 2, the inequality 0 ≤ k1 < k2 is satisfied. However, when λ1 = λ2 − 1,
k1 < k2 may fail. Indeed, if one formally solves the Bethe equations ei(k1N−φk) = ei(k2N+φk) = 1 for the
case k1 = k2, one obtains the solution φk = π, λ1 = λ2 − 1. If the Bethe equation eik1N = eiφk1,k2 is
regarded as an equation determining k1 for fixed k2, the monotonicity of φk on 0 ≤ k1 ≤ k2 shows that,
for a fixed branch λ1, there is at most one solution. Hence λ1 = λ2 − 1 is inappropriate as a solution.
Thus the number of independent ansatz solutions gk(x1, x2) is

N−1∑

λ2=2

λ2−2∑

λ1=0

=

N−1∑

λ2=2

(λ2 − 1) =
(N − 1)(N − 2)

2
. (86)

This argument misses the fact that, due to the singular behavior of φk at k1 = 0, a solution with
λ1 = 0 may exist when λ2 = 1. Indeed, if k1 = 0 and k1 < k2, then the Bethe equations give λ1 = 0 and

k2 =
2πλ2
N

. (87)

This has solutions for λ2 = 1, . . . , N − 1.

1.2.7 Complex-Conjugate Solutions

The number of real solutions is (N−1)(N−2)
2 + 1, and the number of constant solutions is one when N is

even and zero when N is odd. Since the dimension of the M = 2 Hilbert space is N(N−1)
2 , the number of

solutions is short by N − 2 when N is even and by N − 3 when N is odd.

Since the total momentum k1 + k2 is real, we may set

{
k1 = u+ k,
k2 = u− k,

(88)

Following [1], first look for solutions in which k1, k2 are complex conjugates. That is, set k = iv with v
real. It is enough to study v > 0.

eiφk = −cos k1+k2

2 − e−i(k2−k1)/2

cos k1+k2

2 − ei(k2−k1)/2
= −cosu− e−v

cosu− ev
(89)
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Then the Bethe equations become
{

eiuN−vN = eiφk = − cosu−e−v

cosu−ev ,

eiuN+vN = e−iφk = − cosu−ev

cosu−e−v .
(90)

Thus, introducing the function

F (u, v) :=
ev − cosu

e−v − cosu
(91)

we have

eiuN = −SignF (u, v), (92)

Nv = log |F (u, v)|. (93)

The second equation (93) can be rewritten as

ev − cosu

e−v − cosu
= e2v

e−v − cosue−2v

e−v − cosu
(94)

From this, when − cosu ≥ 0 and N > 2, there is no solution other than v = 0. Therefore it is enough to
consider the region cosu > 0. Also, when cosu = 1, log |F (u, v)| = v, so for N > 1 there is no solution.
Thus it remains to consider only 0 < cosu < 1. In this case, the function log |F (u, v)| diverges to +∞ at
v = − log cosu and is asymptotic to v + const.. Moreover,

∂v logF (u, v) =
ev(e−v − cosu) + (1− e−v cosu)

(ev − cosu)(e−v − cosu)
> 0, (0 < v < − log cosu), (95)

∂2v logF (u, v) =
ev(e2v − 1) cosu sin2 u

(ev − cosu)2(ev cosu− 1)2
> 0, (0 < v < − log cosu), (96)

so it is convex and monotonically increasing for 0 < v < − log cosu. The slope at v = 0 is 2
1−cosu , and

hence

• if N < 2
1−cosu , there is one intersection for v ≳ − log cosu.

• if N > 2
1−cosu , there is one intersection each for v ≲ − log cosu and v ≳ − log cosu.

Next determine u from the first equation (92). Since e2iuN = 1, a necessary condition is

u =
πn

N
, n ∈ Z (97)

At this value, eiuN = (−1)n, so if (u, v) is a solution then (−u, v) is also a solution. Since ev − cosu > 0,
the sign change on the right-hand side of (92) occurs at v = − log cosu, which is the divergence point of
the right-hand side of (93). From the condition 0 < cosu < 1,

• when N is odd, the candidates are un = ±πn
N , n = 1, . . . , N−1

2 ;

• when N is even, the candidates are un = ±πn
N , n = 1, . . . , N−2

2 .

Figure 4 plots the functions Nv and log |F (u, v)| for u = un, n = 1, . . . ,Floor[N−1
2 ], for N = 7, 20.

Equation (92) is

(−1)n =

{
−1 (0 < v < − log cosun),
1 (− log cosun < v),

(98)

and hence

11
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乆乩乧乵乲乥 临为 N 丽 丷（左図），N 丽 串丰（右図）における関数Nv（青）と関数乬乯乧 |F 丨u, v丩|（黃）
のu 丽 unのn 丽 丱, . . . ,乆乬乯乯乲丨N−12 丩のプロット．

• nが奇数のときは丰 < v < − 乬乯乧 乣乯乳un，

• nが偶数のときは− 乬乯乧 乣乯乳un < v丬

がそれぞれ解であるための条件．これを考慮すると

• nが奇数でかつN > 2
1−cosunが満たされている場合はv . − 乬乯乧 乣乯乳unにおいてひとつの解を持つ丮

• nが奇数でかつN < 2
1−cosunが満たされている場合は解が存在しない．

• nが偶数の場合はv & − 乬乯乧 乣乯乳unにおいてひとつの解を持つ丮

条件N < 2
1−cosunは

n <
串N

π
乳乩乮−1丨

丱√
N

丩 丨丹丹丩

と等価．これを満たす奇数n 丽 串m − 丱,m 丽 丱, 串, . . . ,の数は N
π 乳乩乮−1丨 1√

N
丩 丫 1

2を超えない最大の整数

をMNとして，MN個． N � 丱のときは，

MN ∼
√
N

π
丨丱丰丰丩

である． MNを計算すると，

MN 丽





丱 丨N ≤ 串丱丩
串 丨串串 ≤ N ≤ 丶丱丩
丳 丨丶串 ≤ N ≤ 丱串丰丩
临 丨丱串丱 ≤ N ≤ 丱丹丹丩
丵 丨串丰丰 ≤ N ≤ 串丹丸丩
丶 丨串丹丹 ≤ N ≤ 临丱丶丩
丮丮丮

丨丱丰丱丩

などとなる．例として，N 丽 丱丰, 串丱, 临丰における関数乬乯乧 |F 丨u, v丩|のu 丽 u1, u3を図丵に示した．

以上より，複素共役な解の数は，丨u 丽 un,−unの寄与があるため串倍して）

• Nが奇数のときは，N − 丱− 串MN個．

• Nが偶数のときは，N − 串− 串MN個．

丱串

Figure 4: Plots of Nv (blue) and log |F (u, v)| (yellow) for u = un, n = 1, . . . ,Floor(N−1
2 ), for N = 7

(left) and N = 20 (right).

• for odd n, the condition for a solution is 0 < v < − log cosun;

• for even n, the condition for a solution is − log cosun < v.

Taking this into account,

• if n is odd and N > 2
1−cosun

is satisfied, there is one solution for v ≲ − log cosun.

• if n is odd and N < 2
1−cosun

is satisfied, there is no solution.

• if n is even, there is one solution for v ≳ − log cosun.

The condition N < 2
1−cosun

is equivalent to

n <
2N

π
sin−1(

1√
N

) (99)

The number of odd integers n = 2m− 1, m = 1, 2, . . . , satisfying this condition is MN , where MN is the
largest integer not exceeding N

π sin−1( 1√
N
) + 1

2 . For N ≫ 1,

MN ∼
√
N

π
(100)

Computing MN , one obtains

MN =





1 (N ≤ 21)
2 (22 ≤ N ≤ 61)
3 (62 ≤ N ≤ 120)
4 (121 ≤ N ≤ 199)
5 (200 ≤ N ≤ 298)
6 (299 ≤ N ≤ 416)
...

(101)

and so on. As examples, Figure 5 shows the functions log |F (u, v)| for u = u1, u3 at N = 10, 21, 40.

Therefore, the number of complex-conjugate solutions is, with a factor of two from the contributions
of u = un and −un,

• when N is odd, N − 1− 2MN .

• when N is even, N − 2− 2MN .
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乆乩乧乵乲乥 丵为 N 丽 丱丰, 串丱, 临丰における関数Nv（青），乬乯乧 |F 丨u1, v丩|（黃），乬乯乧 |F 丨u3, v丩|（緑）．
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乆乩乧乵乲乥 丶为 Nk1 − ϕk ≡ 丰丨青線丩，Nk2 丫 ϕk ≡ 丰丨黄線丩の解曲線．横軸がk1丬 縦軸がk2．
丨k1, k2丩 丽 丨丰, 丰丩近傍のみ図示した．左からN 丽 丱丵, 临丰, 丱丰丰, 丱丶丰．

1.2.8 波数の近い実数解

解の数は，么乩乬乢乥乲乴空間の次元であるN丨N − 丱丩/串に対して，Nが大きいところでおよそ串MN ∼ 2
√
N
π 個

足りない． 乛丳丬 临九など見ると，さらに実数解が存在するようだ． 丱丮串丮丵節においては，N 丽 串丰におけ

る丨k1, k2丩 丽
2π(2−1/2)

N , 2π(N−1−1/2)N 近傍の波数の近い交点を無視したが，これらは解である．図丶を見

よ．

このような解がいつ出現するかをk1 丽 k2 丽 2π(n−1/2)
N , n 丽 丱, 串, 丳, . . .近傍をプロットして目で確か

めると，

• N 丽 串串においてk1 丽 k2 丽 ± 2π(2−1/2)
N 近傍に出現．

• N 丽 丶串においてk1 丽 k2 丽 ± 2π(3−1/2)
N 近傍に出現．

• N 丽 丱串丱においてk1 丽 k2 丽 ± 2π(4−1/2)
N 近傍に出現．

• N 丽 串丰丰においてk1 丽 k2 丽 ± 2π(5−1/2)
N 近傍に出現．

• N 丽 串丹丹においてk1 丽 k2 丽 ± 2π(6−1/2)
N 近傍に出現．

• N 丽 临丱丷においてk1 丽 k2 丽 ± 2π(7−1/2)
N 近傍に出現．

となった．これは，新しい解が出現するNは，前節のMN − 丱と完全に一致している．よって，波数が
近い実数解の個数は，

串丨MN − 丱丩 丨丱丰串丩

で与えられる．

波数が近い解の個数の厳密に計算は保留する．

丱丳

Figure 5: The functions Nv (blue), log |F (u1, v)| (yellow), and log |F (u3, v)| (green) for N = 10, 21, 40.
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乆乩乧乵乲乥 丵为 N 丽 丱丰, 串丱, 临丰における関数Nv（青），乬乯乧 |F 丨u1, v丩|（黃），乬乯乧 |F 丨u3, v丩|（緑）．
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

乆乩乧乵乲乥 丶为 Nk1 − ϕk ≡ 丰丨青線丩，Nk2 丫 ϕk ≡ 丰丨黄線丩の解曲線．横軸がk1丬 縦軸がk2．
丨k1, k2丩 丽 丨丰, 丰丩近傍のみ図示した．左からN 丽 丱丵, 临丰, 丱丰丰, 丱丶丰．

1.2.8 波数の近い実数解

解の数は，么乩乬乢乥乲乴空間の次元であるN丨N − 丱丩/串に対して，Nが大きいところでおよそ串MN ∼ 2
√
N
π 個

足りない． 乛丳丬 临九など見ると，さらに実数解が存在するようだ． 丱丮串丮丵節においては，N 丽 串丰におけ

る丨k1, k2丩 丽
2π(2−1/2)

N , 2π(N−1−1/2)N 近傍の波数の近い交点を無視したが，これらは解である．図丶を見

よ．

このような解がいつ出現するかをk1 丽 k2 丽 2π(n−1/2)
N , n 丽 丱, 串, 丳, . . .近傍をプロットして目で確か

めると，

• N 丽 串串においてk1 丽 k2 丽 ± 2π(2−1/2)
N 近傍に出現．

• N 丽 丶串においてk1 丽 k2 丽 ± 2π(3−1/2)
N 近傍に出現．

• N 丽 丱串丱においてk1 丽 k2 丽 ± 2π(4−1/2)
N 近傍に出現．

• N 丽 串丰丰においてk1 丽 k2 丽 ± 2π(5−1/2)
N 近傍に出現．

• N 丽 串丹丹においてk1 丽 k2 丽 ± 2π(6−1/2)
N 近傍に出現．

• N 丽 临丱丷においてk1 丽 k2 丽 ± 2π(7−1/2)
N 近傍に出現．

となった．これは，新しい解が出現するNは，前節のMN − 丱と完全に一致している．よって，波数が
近い実数解の個数は，

串丨MN − 丱丩 丨丱丰串丩

で与えられる．

波数が近い解の個数の厳密に計算は保留する．

丱丳

Figure 6: Solution curves for Nk1 − φk ≡ 0 (blue) and Nk2 + φk ≡ 0 (yellow). The horizontal axis is
k1, and the vertical axis is k2. Only the neighborhood of (k1, k2) = (0, 0) is shown. From left
to right, N = 15, 40, 100, 160.

1.2.8 Real Solutions with Close Wavenumbers

Compared with the Hilbert-space dimension N(N − 1)/2, the number of solutions is short by ap-

proximately 2MN ∼ 2
√
N

π for large N . Looking at [3, 4] and related references, it seems that ad-
ditional real solutions exist. In Section 1.2.5, I ignored intersections with close wavenumbers near

(k1, k2) =
2π(2−1/2)

N , 2π(N−1−1/2)
N for N = 20, but these are in fact solutions. See Figure 6.

By plotting neighborhoods of k1 = k2 = 2π(n−1/2)
N , n = 1, 2, 3, . . . , and checking by eye when such

solutions appear, I find:

• For N = 22, they appear near k1 = k2 = ± 2π(2−1/2)
N .

• For N = 62, they appear near k1 = k2 = ± 2π(3−1/2)
N .

• For N = 121, they appear near k1 = k2 = ± 2π(4−1/2)
N .

• For N = 200, they appear near k1 = k2 = ± 2π(5−1/2)
N .

• For N = 299, they appear near k1 = k2 = ± 2π(6−1/2)
N .

• For N = 417, they appear near k1 = k2 = ± 2π(7−1/2)
N .

The values of N at which new solutions appear agree exactly with MN − 1 in the previous subsection.
Therefore, the number of real solutions with close wavenumbers is

2(MN − 1) (102)

I leave a rigorous computation of the number of close-wavenumber solutions for later.
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1.2.9 Counting Bethe-Ansatz Solutions

Summarizing the above,

• there is one constant solution.

• the number of real solutions with separated wavenumbers is (N−1)(N−2)
2 + 1.

• the number of complex-conjugate solutions is

– for odd N , N − 1− 2MN .

– for even N , N − 2− 2MN .

• the number of real solutions with close wavenumbers is 2(MN − 1).

Thus the number of Bethe-ansatz solutions is

• for odd N , N(N−1)
2 .

• for even N , N(N−1)
2 − 1.

Therefore, when N is even, one solution is missing.

1.2.10 The Case N = 3

For N = 3, there are two real solutions, (k1, k2) = (0, 2π/3), (0, 4π/3), and one constant solution. Let us
solve the eigenvalue equation directly and compare with the Bethe-ansatz solutions. There are variables
f = (f(1, 2), f(1, 3), f(2, 3))T , and the eigenvalue equation is





f(2, 3) + f(1, 3) + 2f(1, 2) = Ef(1, 2),
f(1, 2) + f(2, 3) + 2f(1, 3) = Ef(1, 3),
f(1, 3) + f(1, 2) + 2f(2, 3) = Ef(2, 3).

(103)

that is,



2 1 1
1 2 1
1 1 2


f = Ef . (104)

Solving this, we obtain the following three solutions:

f = (1, 1, 1)T , E = 4, (105)

f = (1, 0,−1)T , E = 1, (106)

f = (1,−1, 0)T , E = 1. (107)

These correspond to the constant solution and the Bethe-ansatz solutions. 1

1

g0, 2π
3
(x1, x2) = e

2πi
3

x1 + e
2πi
3

x2 = (−1, eπi/3, e−πi/3), (108)

g0, 4π
3
(x1, x2) = e

2πi
3

x1 + e
2πi
3

x2 = (−1, e−πi/3, eπi/3). (109)

Linear combinations of these.
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乆乩乧乵乲乥 丷为 N 丽 临の乂乥乴乨乥方程式の実数解． 丨 2π3 ,
4π
3 丩もプロットした．

1.2.11 N 丽 临の場合

一方で，N 丽 临の場合は，上記議論から丨k1, k2丩 丽 丨丰, 串π/临丩, 丨丰, 临π/临丩, 丨丰, 丶π/临丩, 丨串π/丳, 临π/丳丩の临つの実
数解と丬ひとつの定数解が存在するが，么乩乲乢乥乲乴空間の次元である丶には丱個足りない． 乂乥乴乨乥方程式の実
数解については図丷を見よ．直接固有値方程式を解いて乂乥乴乨乥仮設解と比較する．

f 丽 丨f丨丱, 串丩, f丨丱, 丳丩, f丨丱, 临丩, f丨串, 丳丩, f丨串, 临丩, f丨丳, 临丩丩Tの変数があり，固有値方程式は




f丨串, 临丩 丫 f丨丱, 丳丩 丫 串f丨丱, 串丩 丽 Ef丨丱, 串丩,
f丨丳, 临丩 丫 f丨丱, 串丩 丫 f丨串, 丳丩 丫 f丨丱, 临丩 丽 Ef丨丱, 丳丩,
f丨丱, 丳丩 丫 f丨串, 临丩 丫 串f丨丱, 临丩 丽 Ef丨丱, 临丩,
f丨丱, 丳丩 丫 f丨串, 临丩 丫 串f丨串, 丳丩 丽 Ef丨串, 丳丩,
f丨丱, 临丩 丫 f丨串, 丳丩 丫 f丨丳, 临丩 丫 f丨丱, 串丩 丽 Ef丨串, 临丩,
f丨串, 临丩 丫 f丨丱, 丳丩 丫 串f丨丳, 临丩 丽 Ef丨丳, 临丩,

丨丱丱丰丩

つまり，



串 丱 丰 丰 丱 丰
丱 丰 丱 丱 丰 丱
丰 丱 串 丰 丱 丰
丰 丱 丰 串 丱 丰
丱 丰 丱 丱 丰 丱
丰 丱 丰 丰 丱 串



f 丽 Ef . 丨丱丱丱丩

解くと以下の丶つの解を得る．

f 丽 丨丱, 丱, 丱, 丱, 丱, 丱丩T , E 丽 临, 丨丱丱串丩

f 丽 丨丱,−串, 丱, 丱,−串, 丱丩T , E 丽 −串, 丨丱丱丳丩

f 丽 丨丰,−丱, 丰, 丰, 丱, 丰丩T , E 丽 丰, 丨丱丱临丩

f 丽 丨−丱, 丰, 丰, 丰, 丰, 丱丩T , E 丽 串, 丨丱丱丵丩

f 丽 丨−丱, 丰, 丰, 丱, 丰, 丰丩T , E 丽 串, 丨丱丱丶丩

f 丽 丨−丱, 丰, 丱, 丰, 丰, 丰丩T , E 丽 串. 丨丱丱丷丩

一方で，

定数解 为 f 丽 丨丱, 丱, 丱, 丱, 丱, 丱丩, E 丽 临, 丨丱丱丸丩

丨k1, k2丩 丽 丨
串π

丳
,
临π

丳
丩 为 f 丽 丨丱,−串, 丱, 丱,−串, 丱丩, E 丽 −串, 丨丱丱丹丩

丨k1, k2丩 丽 丨丰, π丩 为 f 丽 丨丰,−丱, 丰, 丰, 丱, 丰丩, E 丽 丰, 丨丱串丰丩

丨k1, k2丩 丽 丨丰,
π

串
丩 为 f 丽 丨丱, 丰,−i, i, 丰,−丱丩, E 丽 串, 丨丱串丱丩

丨k1, k2丩 丽 丨丰,
丳π

串
丩 为 f 丽 丨丱, 丰, i,−i, 丰,−丱丩, E 丽 串 丨丱串串丩

丱丵

Figure 7: Real solutions of the Bethe equations for N = 4. The point (2π3 ,
4π
3 ) is also plotted.

1.2.11 The Case N = 4

On the other hand, forN = 4, the above argument gives four real solutions, (k1, k2) = (0, 2π/4), (0, 4π/4), (0, 6π/4), (2π/3, 4π/3),
and one constant solution. Since the Hilbert-space dimension is 6, one solution is missing. See Figure 7
for the real solutions of the Bethe equations. Let us solve the eigenvalue equation directly and compare
with the Bethe-ansatz solutions.

There are variables f = (f(1, 2), f(1, 3), f(1, 4), f(2, 3), f(2, 4), f(3, 4))T , and the eigenvalue equation
is 




f(2, 4) + f(1, 3) + 2f(1, 2) = Ef(1, 2),
f(3, 4) + f(1, 2) + f(2, 3) + f(1, 4) = Ef(1, 3),
f(1, 3) + f(2, 4) + 2f(1, 4) = Ef(1, 4),
f(1, 3) + f(2, 4) + 2f(2, 3) = Ef(2, 3),
f(1, 4) + f(2, 3) + f(3, 4) + f(1, 2) = Ef(2, 4),
f(2, 4) + f(1, 3) + 2f(3, 4) = Ef(3, 4),

(110)

that is,



2 1 0 0 1 0
1 0 1 1 0 1
0 1 2 0 1 0
0 1 0 2 1 0
1 0 1 1 0 1
0 1 0 0 1 2




f = Ef . (111)

Solving this, we obtain the following six solutions:

f = (1, 1, 1, 1, 1, 1)T , E = 4, (112)

f = (1,−2, 1, 1,−2, 1)T , E = −2, (113)

f = (0,−1, 0, 0, 1, 0)T , E = 0, (114)

f = (−1, 0, 0, 0, 0, 1)T , E = 2, (115)

f = (−1, 0, 0, 1, 0, 0)T , E = 2, (116)

f = (−1, 0, 1, 0, 0, 0)T , E = 2. (117)

On the other hand,

constant solution : f = (1, 1, 1, 1, 1, 1), E = 4, (118)

(k1, k2) = (
2π

3
,
4π

3
) : f = (1,−2, 1, 1,−2, 1), E = −2, (119)

(k1, k2) = (0, π) : f = (0,−1, 0, 0, 1, 0), E = 0, (120)

(k1, k2) = (0,
π

2
) : f = (1, 0,−i, i, 0,−1), E = 2, (121)

(k1, k2) = (0,
3π

2
) : f = (1, 0, i,−i, 0,−1), E = 2 (122)
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Thus one solution with E = 2 is indeed missing.

In general, when the number of sites is even, the following solution of the eigenvalue equation exists. 2

|ψ⟩ =
N∑

j=1

(−1)jσ−
j σ

−
j+1 |0⟩ . (123)

Indeed, substituting the above |ψ⟩ into the eigenvalue equation confirms that it is a solution with eigen-
value E = 2. The missing solution seems to be due to having neglected the case in which the denominator
in (56) vanishes, but I am not fully satisfied with this explanation. For example, [5] contains a discussion.
I record a note on this in the next subsection.

1.2.12 “Singular Solutions” of the Bethe Equations

eikj =
λj + i

λj − i
, j = 1, 2, (124)

and introduce λj . Then

1 + ei(k1+k2) − 2eik1 =
−2i(λ2 − λ1 − 2i)

(λ1 − i)(λ2 − i)
, (125)

1 + ei(k1+k2) − 2eik2 =
−2i(λ1 − λ2 − 2i)

(λ1 − i)(λ2 − i)
(126)

Using these identities, the Bethe equations become

(
λ1 + i

λ1 − i

)N

= −λ2 − λ1 − 2i

λ1 − λ2 − 2i
, (127)

(
λ2 + i

λ2 − i

)N

= −λ1 − λ2 − 2i

λ2 − λ1 − 2i
(128)

The case in which the denominator vanishes is singular, so after clearing denominators,

(λ1 + i)N (λ1 − λ2 − 2i) = −(λ1 − i)N (λ2 − λ1 − 2i), (129)

(λ2 + i)N (λ2 − λ1 − 2i) = −(λ2 − i)N (λ1 − λ2 − 2i) (130)

we obtain the solution

λ1 = i, λ2 = −i (131)

It is known that, under a suitable regularization, the corresponding eigenvalue and eigenvector give |ψ⟩
and E = 2 [5].

1.2.13 The Solutions Are Given by Complex-Conjugate Pairs

From the symmetry of the Bethe equations under complex conjugation, if {k1, k2} is a solution, then
{k∗1 , k∗2} is also a solution. In fact, as sets one has {k1, k2} = {k∗1 , k∗2}. For general M , this was proved
using the transfer matrix in [7]. Also, [6] states only that, by the symmetry of the Bethe equations under
complex conjugation, one may take k2 = k∗1 for complex solutions. Is that really sufficient?

2I learned this from Hosho Katsura. I thank him.
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For M = 2, one can prove this as follows using the fact that momentum and energy are real. 3 Since
k1 + k2 is the total momentum, it is real; in particular, Im k1 + Im k2 = 0. When Im k1 = −Im k2 ̸= 0,
we want to show Re k1 = Re k2. The energy is

Ek = 2 cos k1 + 2 cos k2 = 4 cos
k1 + k2

2
cos

k1 − k2
2

(132)

and its imaginary part is

ImEk = −4 cos
k1 + k2

2
sin

Re (k1 − k2)

2
sinh

Im (k1 − k2)

2
. (133)

Since the Hamiltonian is Hermitian, ImEk = 0. Under the assumption Im k1 = −Im k2 ̸= 0, this implies
either k1 + k2 = π mod 2π, or Re (k1 − k2) = 0. Thus the claim is proved when k1 + k2 ̸= π mod 2π.

Now consider the case k1 + k2 = π. In this case the Bethe equations are

eik1N = −1 + ei(k1+k2) − 2eik1

1 + ei(k1+k2) − 2eik2
= e2ik1 , (134)

eik2N = −1 + ei(k1+k2) − 2eik2

1 + ei(k1+k2) − 2eik1
= e2ik2 , (135)

Solutions exist when N is even, and they are

(k1, k2) = (
2πn

N − 2
, π − 2πn

N − 2
), n = 0, . . . , N − 3 (136)

Thus, in the case k1 + k2 = π, there are no complex solutions.

1.2.14 Comparison with Existing Results

[6] points out the shortage of MN complex-conjugate solutions discussed in Sections 1.2.7 and 1.2.8,
together with the accompanying appearance of real solutions with close wavenumbers. The calculation
in this note agrees with the calculation in [6].

1.2.15 Spectrum of Complex-Conjugate Solutions

Let us compute the spectrum of the complex-conjugate solutions for large N . Ignoring the 2M ∼ 2
√
N

π
exceptional solutions, and further taking (u, v) = (un,− log cosun) as an approximate solution, the
solution (k1, k2) is roughly

k1 = k − i log cos k, (137)

k2 = k + i log cos k, (138)

k =
πn

N
, n = −−N

2
,−N

n
+ 1, . . . ,

N

2
, (139)

The energy eigenvalue is

E(k1, k2) = 2 cos k1 + 2 cos k2 = eik1 + e−ik1 + eik2 + e−ik2 (140)

= eik cos k + e−ik(cos k)−1 + eik(cos k)−1 + e−ik cos k (141)

= 2 cos2 k + 2 = cos 2k + 4, −π
2
< k <

π

2
. (142)

3I also learned this proof from Hosho Katsura.
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1.2.16 Backup Calculation

Let us consider complex solutions. I follow the argument in [1]. First rewrite the Bethe equations slightly.

eiφk = −cos k1+k2

2 − e−i(k2−k1)/2

cos k1+k2

2 − ei(k2−k1)/2
= −cos k1+k2

2 − cos k1−k2

2 − i sin k1−k2

2

cos k1+k2

2 − cos k1−k2

2 + i sin k1−k2

2

(143)

From this,

cot
φk

2
=

1

tan φk

2

=
sinφk

1− cosφk
=

1

i

eiφk − e−iφk

2− eiφk − e−iφk
=

sin k1−k2

2

cos k1+k2

2 − cos k1−k2

2

=
1

2
(cot

k1
2

− cot
k2
2
),

(144)

namely,

2 cot
φk

2
= cot

k1
2

− cot
k2
2

(145)

k1 = u+ iv, k2 = u− iv (146)

With this parametrization, since the total momentum k1+ k2 is real, u is real. The variable v is complex
in general.

cot
k1
2

=
cos u+iv

2

sin u+iv
2

=
cos u

2 cos iv
2 − sin u

2 sin iv
2

sin u
2 cos iv

2 + cos u
2 sin iv

2

=
cos u

2 cosh v
2 − i sin u

2 sinh v
2

sin u
2 cosh v

2 + i cos u
2 sinh v

2

(147)

=
(cos u

2 cosh v
2 − i sin u

2 sinh v
2 )(sin

u
2 cosh v

2 − i cos u
2 sinh v

2 )

sin2 u
2 cosh2 v

2 + cos2 u
2 sinh2 v

2

(148)

=
cos u

2 sin u
2 − i cosh v

2 sinh
v
2

sin2 u
2 cosh2 v

2 + cos2 u
2 sinh2 v

2

(149)

=
2 sinu− 2i sinh v

(1− cosu)(1 + cosh v) + (1 + cosu)(cosh v − 1)
(150)

=
sinu− i sinh v

cosh v − cosu
. (151)

Replacing v by −v, we get

cot
k2
2

=
sinu+ i sinh v

cosh v − cosu
. (152)

Although v is complex in general, in the following I take v to be real. Thus k1, k2 are assumed to be
complex conjugates. It is enough to consider v > 0.

φk = ψk + iχk (153)

and separate real and imaginary parts. Then the Bethe equations become

ψk ≡ −ψk mod 2π, (154)

Nv = χk (155)

2 Open Boundary Conditions

Since the Bethe ansatz is obtained by connecting free-field solutions for |x2 − x1| > 1 to the region
|x2−x1| = 1, one might naively expect it to apply also to open boundary conditions. For open boundary
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conditions, the Hamiltonian is

H =

N−1∑

j=1

(σ−
j+1σ

+
j + σ−

j σ
+
j+1 + 2

1− σz
j

2

1− σz
j+1

2
). (156)

Let us examine the structure of the eigenvalue equation

H |f⟩M = E |f⟩M (157)

2.1 M = 1

For M = 1, the third term drops out, and

H |f⟩1 =

N−1∑

j=1

N∑

x=1

(δjxσ
−
j+1 + δj+1,xσ

−
j )f(x) |0⟩ (158)

=

N−1∑

j=1

(f(j)σ−
j+1 + f(j + 1)σ−

j ) |0⟩ (159)

=

N∑

j=2

f(j − 1)σ−
j |0⟩+

N−1∑

j=1

f(j + 1)σ−
j |0⟩ . (160)

This gives the eigenvalue equation




f(j − 1) + f(j + 1) = Ef(j) j = 2, . . . , N − 1,
f(2) = Ef(1),
f(N − 1) = Ef(N),

(161)

If f(0) and f(N + 1) are added as variables, this is equivalent to

f(j − 1) + f(j + 1) = Ef(j), j = 1, . . . , N, (162)

f(0) = f(N + 1) = 0. (163)

The N linearly independent solutions are

fk(x) = sin
πpx

N + 1
, p = 1, . . . , N. (164)

2.2 M = 2

For the hopping terms, when x1 ̸= x2,

σ−
j+1σ

+
j σ

−
x1
σ−
x2

|0⟩ = δjx1
σ−
x1+1σ

−
x2

|0⟩+ δjx2
σ−
x1
σ−
x2+1 |0⟩ , (165)

σ−
j σ

+
j+1σ

−
x1
σ−
x2

|0⟩ = δj+1,x1
σ−
x1−1σ

−
x2

|0⟩+ δj+1,x2
σ−
x1
σ−
x2−1 |0⟩ , (166)

Notice these relations. When two lowering operators act on the same site, set σ−
x σ

−
x = 0. From this,

N−1∑

j=1

σ−
j+1σ

+
j |f⟩2 =

∑

1≤x1<x2≤N

N−1∑

j=1

f(x1, x2)(δjx1σ
−
x1+1σ

−
x2

|0⟩+ δjx2σ
−
x1
σ−
x2+1 |0⟩) (167)

=
∑

1≤x1<x2−1≤N−1

f(x1, x2)σ
−
x1+1σ

−
x2

|0⟩+
∑

1≤x1<x2≤N−1

f(x1, x2)σ
−
x1
σ−
x2+1 |0⟩ (168)

=
∑

2≤x1<x2≤N

f(x1 − 1, x2)σ
−
x1
σ−
x2

|0⟩+
∑

1≤x1<x2−1≤N−1

f(x1, x2 − 1)σ−
x1
σ−
x2

|0⟩ , (169)
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N−1∑

j=1

σ−
j σ

+
j+1 |f⟩2 =

∑

1≤x1<x2≤N

N−1∑

j=1

f(x1, x2)(δj+1,x1σ
−
x1−1σ

−
x2

|0⟩+ δj+1,x2σ
−
x1
σ−
x2−1 |0⟩) (170)

=
∑

2≤x1<x2≤N

f(x1, x2)σ
−
x1−1σ

−
x2

|0⟩+
∑

1≤x1<x2−1≤N−1

f(x1, x2)σ
−
x1
σ−
x2−1 |0⟩ (171)

=
∑

1≤x1<x2−1≤N−1

f(x1 + 1, x2)σ
−
x1
σ−
x2

|0⟩+
∑

1≤x1<x2≤N−1

f(x1, x2 + 1)σ−
x1
σ−
x2

|0⟩ .

(172)

For the interaction term,

N−1∑

j=1

1− σz
j

2

1− σz
j+1

2
σ−
x1
σ−
x2

|0⟩ = δx1+1,x2
σ−
x1
σ−
x2

|0⟩ (173)

and therefore

∑

1≤x1<x2≤N

N−1∑

j=1

2
1− σz

j

2

1− σz
j+1

2
|f⟩2 =

∑

1≤x1<x2≤N

f(x1, x2)2δx1+1,x2σ
−
x1
σ−
x2

|0⟩ (174)

=

N−1∑

x=1

f(x, x+ 1)2σ−
x σ

−
x+1 |0⟩ . (175)

Thus the action of the Hamiltonian on the wave function |f⟩2 is

H |f⟩2 =
∑

2≤x1<x2≤N

f(x1 − 1, x2)σ
−
x1
σ−
x2

|0⟩+
∑

1≤x1<x2−1≤N−1

f(x1, x2 − 1)σ−
x1
σ−
x2

|0⟩ (176)

+
∑

1≤x1<x2−1≤N−1

f(x1 + 1, x2)σ
−
x1
σ−
x2

|0⟩+
∑

1≤x1<x2≤N−1

f(x1, x2 + 1)σ−
x1
σ−
x2

|0⟩ (177)

+

N−1∑

x=1

f(x, x+ 1)2σ−
x σ

−
x+1 |0⟩ (178)

The eigenvalue equation is

• For 2 ≤ x1, x1 + 1 ≤ x2 ≤ N − 1 (yellow),

(A) : f(x1 − 1, x2) + f(x1, x2 − 1) + f(x1 + 1, x2) + f(x1, x2 + 1) = Ef(x1, x2). (179)

• For x1 = 1, 3 ≤ x2 ≤ N − 1 (cyan),

(B) : f(1, x2 − 1) + f(2, x2) + f(1, x2 + 1) = Ef(1, x2). (180)

• For 2 ≤ x1 ≤ N − 2, x2 = N (orange),

(C) : f(x1 − 1, N) + f(x1, N − 1) + f(x1 + 1, N) = Ef(x1, N). (181)

• For x1 = x, x2 = x+ 1, 2 ≤ x ≤ N − 2 (green),

(D) : f(x− 1, x+ 1) + f(x, x+ 2) + 2f(x, x+ 1) = Ef(x, x+ 1). (182)

• For x1 = 1, x2 = 2 (blue),

(E) : f(1, 3) + 2f(1, 2) = Ef(1, 2). (183)

• For x1 = N − 1, x2 = N (red),

(F ) : f(N − 2, N) + 2f(N − 1, N) = Ef(N − 1, N). (184)
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• For x1 = 1, x2 = N (pink),

(G) : 0 = Ef(1, N). (185)

As in the periodic-boundary case, it is convenient to extend the domain 1 ≤ x1 < x2 ≤ N of f(x1, x2)
and introduce boundary conditions for the extra degrees of freedom. Introduce the following 2N + 1
variables:

f(0, x2), x2 = 1, . . . , N + 1, (186)

f(x1, N + 1), x1 = 0, . . . , N, (187)

and impose the following boundary conditions:

(B.C.)

{
f(0, x2) = 0, x2 = 1, . . . , N + 1,
f(x1, N + 1) = 0, x1 = 0, . . . , N.

(188)

Then the equations (A,B,C) can be combined as

(Eq.1) : f(x1 − 1, x2) + f(x1, x2 − 1) + f(x1 + 1, x2) + f(x1, x2 + 1) = Ef(x1, x2), |x2 − x1| > 1,
(189)

Moreover, (D,E,F,G) can also be rewritten as

(Eq.2) : f(x− 1, x+ 1) + f(x, x+ 2) + 2f(x, x+ 1) = Ef(x, x+ 1), (x = 1, . . . , N − 1), (190)

We want to solve the eigenvalue equations (Eq.1, Eq.2, G) under the boundary conditions (B.C.).
(Eq.1) has the following eight free-field solutions:

eik1x1eik2x2 , eik1x2eik2x1 , e−ik1x1eik2x2 , e−ik1x2eik2x1 , (191)

eik1x1e−ik2x2 , eik1x2e−ik2x1 , e−ik1x1e−ik2x2 , e−ik1x2e−ik2x1 , (192)

Ek = 2 cos k1 + 2 cos k2 (193)

Thus write the solution as

gk(x1, x2) = c++
1 eik1x1eik2x2 + c++

2 eik1x2eik2x1 + c−+
1 e−ik1x1eik2x2 + c−+

2 e−ik1x2eik2x1 (194)

+ c+−
1 eik1x1e−ik2x2 + c+−

2 eik1x2e−ik2x1 + c−−
1 e−ik1x1e−ik2x2 + c−−

2 e−ik1x2e−ik2x1 (195)

The function gk(x1, x2) again satisfies the relation

gk(x− 1, x+ 1) + gk(x, x) + gk(x+ 1, x+ 1) + gk(x, x+ 2) = Ekgk(x, x+ 1) (196)

so substituting gk(x) into (Eq.2), the condition for gk(x1, x2) to be a solution is

gk(x, x) + gk(x+ 1, x+ 1)− 2gk(x, x+ 1) = 0 (197)

This equation has a solution, and for cσσ
′

1 , cσσ
′

2 we obtain

cσσ
′

1

cσσ
′

2

= − 1 + ei(σk1+σ′k2) − 2eiσk1

1 + ei(σk1+σ′k2) − 2eiσ′k2
=: eiφσσ′ , σ, σ′ ∈ {+,−}, (198)

Since the equation is linear, we are taking a linear combination of the solutions for each (±k1,±k2).
Noting that eiφ−− = e−iφ++ and eiφ+− = e−iφ−+ , the ansatz solution satisfying (Eq.1, Eq.2) is, with
coefficients a, b, c, d,

gk(x1, x2) = a(ei(k1x1+k2x2+
α
2 ) + ei(k1x2+k2x1−α

2 )) + b(e−i(k1x1+k2x2+
α
2 ) + e−i(k1x2+k2x1−α

2 )) (199)

+ c(ei(k1x1−k2x2+
β
2 ) + ei(k1x2−k2x1− β

2 )) + d(e−i(k1x1−k2x2+
β
2 ) + e−i(k1x2−k2x1− β

2 )) (200)
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where

eiα = −1 + ei(k1+k2) − 2eik1

1 + ei(k1+k2) − 2eik2
, (201)

eiβ = − 1 + ei(k1−k2) − 2eik1

1 + ei(k1−k2) − 2e−ik2
= −e

ik1 + eik2 − 2ei(k1+k2)

eik1 + eik2 − 2
(202)

Next solve the boundary conditions (B.C.). From f(0, x2) = 0,

a(ei(k2x2+
α
2 ) + ei(k1x2−α

2 )) + b(e−i(k2x2+
α
2 ) + e−i(k1x2−α

2 )) (203)

+ c(ei(−k2x2+
β
2 ) + ei(k1x2− β

2 )) + d(e−i(−k2x2+
β
2 ) + e−i(k1x2− β

2 )) (204)

= (ae−iα/2 + ce−iβ/2)eik1x2 + (beiα/2 + deiβ/2)e−ik1x2 (205)

+ (aeiα/2 + de−iβ/2)eik2x2 + (be−iα/2 + ceiβ/2)e−ik2x2 . (206)

Thus, assuming k1 ̸= k2, 



ae−iα/2 + ce−iβ/2 = 0,
beiα/2 + deiβ/2 = 0,
aeiα/2 + de−iβ/2 = 0,
be−iα/2 + ceiβ/2 = 0,

(207)

Solving these equations gives

b = aeiβ , c = −ae−i(α−β)/2, d = −aei(α+β)/2 (208)

and therefore the ansatz solution is determined as

gk(x1, x2) = (ei(k1x1+k2x2+
α
2 ) + ei(k1x2+k2x1−α

2 ))e−iβ/2 + (e−i(k1x1+k2x2+
α
2 ) + e−i(k1x2+k2x1−α

2 ))eiβ/2

(209)

− (ei(k1x1−k2x2+
β
2 ) + ei(k1x2−k2x1− β

2 ))e−iα/2 − (e−i(k1x1−k2x2+
β
2 ) + e−i(k1x2−k2x1− β

2 ))eiα/2.
(210)

The condition that the boundary condition f(x1, N + 1) = 0 hold for arbitrary x1 gives equations for
k1, k2. Set L = N + 1. Then

f(x1, L) = (ei(k1x1+k2L+α
2 ) + ei(k1L+k2x1−α

2 ))e−iβ/2 + (e−i(k1x1+k2L+α
2 ) + e−i(k1L+k2x1−α

2 ))eiβ/2 (211)

− (ei(k1x1−k2L+ β
2 ) + ei(k1L−k2x1− β

2 ))e−iα/2 − (e−i(k1x1−k2L+ β
2 ) + e−i(k1L−k2x1− β

2 ))eiα/2 (212)

= (ei(k2L+α
2 )e−iβ/2 − ei(−k2L+ β

2 )e−iα/2)eik1x1 + (e−i(k2L+α
2 )eiβ/2 − e−i(−k2L+ β

2 )eiα/2)e−ik1x1

(213)

+ (ei(k1L−α
2 )e−iβ/2 − e−i(k1L− β

2 )eiα/2)eik2x1 + (e−i(k1L−α
2 )eiβ/2 − ei(k1L− β

2 )e−iα/2)e−ik2x1

(214)

= 2i sin(k2L+
α− β

2
)eik1x1 − 2i sin(k2L+

α− β

2
)e−ik1x1 (215)

+ 2i sin(k1L− α+ β

2
)eik2x1 − 2i sin(k1L− α+ β

2
)e−ik2x1 (216)

= −4 sin(k2L+
α− β

2
) sin(k1x1)− 4 sin(k1L− α+ β

2
) sin(k2x1). (217)

Thus, assuming k1 ̸= k2, the boundary condition gives

sin(k2L+
α− β

2
) = sin(k1L− α+ β

2
) = 0, (218)

or equivalently

e2ik2(N+1) = e−iαeiβ =
1 + ei(k1+k2) − 2eik2

1 + ei(k1+k2) − 2eik1
× eik1 + eik2 − 2ei(k1+k2)

eik1 + eik2 − 2
, (219)

e2ik1(N+1) = eiαeiβ =
1 + ei(k1+k2) − 2eik1

1 + ei(k1+k2) − 2eik2
× eik1 + eik2 − 2ei(k1+k2)

eik1 + eik2 − 2
(220)

These correspond to the Bethe equations for open boundary conditions. Compare with existing results.
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