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Abstract

I follow [1]. For details such as proofs, [2] is more thorough.

1 Differential Characters

1.1 What is a proper subring of R?

Let A be a proper subring of R. That is, A C R, A # R, and A is closed under multiplication and
addition.

Proposition 1.1. If an additive group A C R contains a nontrivial open interval (a,b), then A = R.

(Proof) Let a < b. Notice that %H’ € A. Since A is an additive group, (agb, b*Ta T Ex — ‘IT“’ eR|z €
o—b b

. . 1
(a,b)} C A. For any real number r € R, there exists an integer n such that --r € (%52, 25%). O

Thus A contains no continuous interval. The group A is either discrete or dense. Here, a subset S C R
is called discrete if, for every x € S, there exists € > 0 such that the e-neighborhood (x — ¢, x + €) contains
no point of S other than z. A subset S C R is called dense if, for every x € S and every € > 0, there
exists y € S such that |z — y| < €, namely points of S exist arbitrarily close to x. By definition, a subset
S € R cannot be both discrete and dense.

Proposition 1.2. Any additive subgroup A € R is either discrete or dense.

(Proof) Assume that A is not discrete. That is, there exists & € A such that points of A exist
arbitrarily close to z. (For every € > 0, (z — €,z +¢)NA # ).) Since A is an additive group, we may take
2 = 0. Thus there are points of A arbitrarily close to 0. (For every € > 0, there exists € A such that
|z] < €.) Using integer multiples of such an x, we can approximate any real number » € R to arbitrary
precision. Namely, for every € > 0, there exist z € A and n € Z such that |r —nz| < € and nz € A. Hence
A is dense. O

Proposition 1.3. Any discrete additive subgroup A € R is of the form A = oZ.

(Proof) Since A is discrete, for some € > 0 one has o = ming yea 2y |z —y| > €. By additivity, o € A
and aZ C A. If there existed z € A with = ¢ aZ, this would contradict the definition of o O

On the other hand, a dense A need not be the set Q of all rational numbers. For example, Z + /27 =
{n + m+/2[n,m € Z} is clearly an additive subgroup, but it contains irrational numbers and is not
of the form aZ, so it is not discrete and hence is dense. Moreover, since (n 4+ v/2m)(n’ + v2m') =
(nn' 4+ 2mm’) + \/i(nm' +mn') € Z +\/2Z, the set Z + \/27Z is a subring.



1.2 Preparations
1.2.1 Notation p,r,¢

Consider the short exact sequence
0-ASRER/A O (1.1)
The projection p : R — R/A and the embedding r : A — R induce homomorphisms of cochains

ps: C*(M,R) — C*(M,R/A),  (ps.f)(0) = p(f(0)), (1.2)
re: CH(M,A) = CH(M,R),  (r.f)(0) = r(f(0)). (1.3)

Both are chain maps:

((P«0r — Oryap«) f)(0) = P(Orf(0)) = (P« )(00) = p(f(90)) — p(f(90)) =0, :
((reda = Orra) f)(0) = 7(6af(0)) = (r«f)(90) = r(f(90)) — r(f(80)) = 0. (1.5)

Define the de Rham homomorphism by

L QM) = CF(M,R), w— 1(w) = (J»—>/Uw>. (1.6)

The map ¢ is also a chain map:

((td — drt)w) (o) = /de —w(do) = /wa — /ao w=0. (1.7)

Below, when it is clear from context, all of 0, dx,dr/a Will simply be denoted by 4.

1.2.2 Projective objects

In general, for a free abelian group P, the functor Hom (P, —) is exact, and hence the following is a short
exact sequence:

0 — Hom(P, A) = Hom(P,R) 2% Hom(P,R/A) — 0. (1.8)

Therefore,

o if r,f =0 for f € Hom(P,A), then f = 0;
e if p,g =0 for g € Hom(P,R), then there exists f € Hom(P, A) such that g = r.f;

e (the projective property of free abelian groups) for any f € Hom(P, R/A) there exists fe Hom(P,R)
such that f = p,f:

R (1.9)
3F 7 i
P%\R/A

Below we use these facts with P = Cy (M), Zi(M). (The group Ci(M) is the free abelian group with
basis the set of cubes o : I¥ — M, and in general any subgroup of a free abelian group is a free abelian

group.)



1.2.3 Injective objects

As a general fact, R is an injective object as a Z-module. Thus, for an injection A — B and a homomor-
phism A — R, there exists f making the following diagram commute:

B (1.10)
\
/ 137

\

A——R

f
Below we use it in the form

Cr(M) . (1.11)

w
~

1.2.4 On f =g when f|z, =0

e Let the following be an exact sequence of abelian groups:

045 B%C (1.12)

The functor Hom(M, —) is a left exact covariant functor. Namely, the following is exact:

0 — Hom(M, A) L Hom(M, B) £ Hom(M, C). (1.13)

(Proof) For @ : M — A, suppose that f.a = foa =0. Then for every m € M, 0 = foa(m) = f(a(m)).
Since f is injective, a(m) = 0, and hence o« = 0. Let « : M — A. Since go f = 0, for m € M
we have g, fia(m) = go f(a(m)) = 0, and hence g, f. = 0. Let 8 : M — B satisfy g, = 0. For
m € M, g.8(m) = g(8(m)) = 0. Since ker g = im f, there exists a,, € A such that 8(m) = a,,. The
homomorphism property of the correspondence m + a,, follows from the linearity of 8: an, + am =
B(m) + B(m') = B(m +m') = amym. O

e Let the following be an exact sequence of abelian groups:

ML NS L0 (1.14)

The functor Hom(—, A) is a left exact contravariant functor. Namely, the following is exact:

Hom(M, A) < Hom(N, A) < Hom(L, A) < 0. (1.15)

Wiebel’s textbook only says, “since Hom 4(A, M) = Hom 400 (M, A),” but I check the proof directly.

(Proof) For v : L — A, suppose that g*y = 0. Then for every n € N, g*y(n) = v(g(n)) = 0. Since g
is surjective, v = 0. For v: L — A, f*¢*v(m) = v(f o g(m)) = v(0) =0, so f*g* = 0. Let 8 € ker f*.
This means that, for every m € M, f*8(m) = B(f(m)) = 0. In other words, g is zero on im f = kerg.
Since g is surjective, for any [ € L there exists n; € N such that | = g(n;). Define v: L — A by

v(1) = B(m). (1.16)

This is well-defined: if g(n;) = g(n;), then n; —n] € ker g = im f, and hence 5(n;) — 5(n]) = B(n —nj) =
0. The homomorphism property follows from g(n; + ny) = g(ny) + g(ny) = L +1’, so one may take
N4 = Ny + nyr. O



Apply the latter statement as follows. By the definition of Zj, the following is an exact sequence:

0= Zu(M) 5 Cu(M) 2 By (M) — 0. (1.17)
By left exactness of the functor Hom(—, A) for an abelian group A, the following is exact:
Hom(Z, (M), A) <— Hom(C (M), A) <" =2 Hom(By_1 (M), A) « 0. (1.18)

Here 4* is the restriction map. Applying the above, ker i* = im 6. Thus if a cochain f : C*(M, A) satisfies
i*f = flz.(m) = 0 on its restriction to Z (M), then there exists g : Br_1 — A such that

f=6g=go00. (1.19)

In particular, when A = R, the injectivity of R allows one to extend the domain to Cx—1(M). In summary,
we have shown:

e if the restriction of f € C*(M,R) to Zy(M) is zero, flz. ) = 0, then there exists g € Ck=1(M,R)
such that f = dg.

We will also use the following form:

Hom(Zy,(M),R/A) ¢~ Hom(Cy (M), R/A) <=2 Hom(By_1(M),R/A) + 0. (1.20)

1.3 p.¢ is injective

If poww = 0 for a k-form w € Q¥(M), then, since ker p, = imr,, there exists ¢ € C*(M, A) such that
W = TyC. (1.21)

This is equivalent to
/w =c(o) € A (1.22)

for every singular cube o : I¥ — M. Since the proper subring A contains no continuous interval (a, b), if
w were a nonzero k-form this would be a contradiction. Therefore

w=0 (1.23)
holds, and hence
pat 2 QF(M) — C*(M,R/A) (1.24)
is injective. The injectivity of 7, also implies
w=rec = c=0. (1.25)
1.3.1 The Bockstein homomorphism
Let
B: H*(M,R/A) — H*T1 (M, A) (1.26)

be the Bockstein homomorphism. Explicitly, for a € Z*(M,R/A), choose a lift @ € C*(M,R) satisfying
p«@ = a. Since p,6a = 6p.a = da = 0, there exists ¢ € C¥(M, A) such that @ = r.c. Then define

B([a]) := [c]. (1.27)

Notice that c is a cocycle, since r.dc = 0. The change induced by replacing @ +— a + r.b, b € C*(M, A),
is a coboundary, since 0r,b = r,db. The change induced by replacing a +— a + dd = a4+ do 0 is as
follows. If d € C*=1(M,R) denotes an extension of d : By_; — R/A to Cj_; — R, then p*écf = dd. Thus
8@ — 8a + 62d = da, so the definition is independent of the representative a.



1.4 Memo

An abelian group G is divisible if, for any g € G and any n € N, there exists h € G such that nh = g. In
other words, every element can be divided by any nonzero integer.

An abelian group G is injective if, for any injective homomorphism f : A — B and any homomorphism
g: A — G, there exists a homomorphism h : B — G such that g = ho f.

For abelian groups, divisibility and injectivity are equivalent.
The group R is injective as a Z-module.

Free Z-modules are projective.

1.5 Structure theorem for differential characters

Definition 1.4.

H*(M,R/A) == {f € Hom(Z,(M),R/A)Pw; € QF+H1(M) s.t. fod = pawy}). (1.28)

Here, note that
Cror (M) 2 Bo(M) C Z(M) L R/A. (1.29)

I go through Theorem 1.1 of [1] step by step.

Proposition 1.5. For f € Hom(Z(M),R/A), there exists Ty € C*(M,R) such that

pTflz 01y = J- (1.30)

(Proof) First note that any homomorphism f : Zz(M) — R/A can be lifted to a homomorphism f :
Zp(M) — R. Indeed, Zy(M) C Cx(M), and Cr(M) is the free abelian group generated by nondegenerate
cubes o : I*¥ — M. Since a subgroup of a free abelian group is again free, Z (M) also has a basis, namely it

is the free abelian group generated by some set S. For each s € S, choose one lift R/A 3 f(s) — f(s) € R,
and define

f(s) == F(s). (1.31)
Then extend linearly to a general o € Z;(M). Thus we obtain f satisfying
pf=1 (1.32)

1.

o R . (1.33)

F- i

e

Zy (M) f4> R/A

Since R is divisible, it is injective, and for the injection Zy(M) — Cy(M) the domain of the homomor-

1One can simply apply the general fact (1.9), but I wrote down a constructive proof.



phism f : Z,(M) — R can be extended:

Cr(M) . (1.34)

I

/ | 3Ty eC* (M,R)
Y
Zy (M) —R
f
Thus we obtain Ty such that
Tf|z,(an) = f- (1.35)
Notice that the restriction map commutes with p., so p.(T%|z.(m)) = (0+T)|z, (), and hence the
notation p.T|z, (ar) is justified. O
Below, Ty may be called a representation of f.

4 N

Proposition 1.6. For f € H’k(M, R/A), the form wy € QFT1(M) satisfying f o 0 = p.awy is closed
and has periods in A. Namely,

dws =0, (1.36)

/wf € A for all o € Zp1(M). (1.37)

o _/
(Proof) Choose Ty € C*(M,R) such that f = p.T¢|z, (). Since dCki1(M) = Bp(M) C Z(M),

ps0Ty = 6p Ty = pTpo0 = fod=puws. (1.38)

Thus there exists ¢y € C*+1(M, A) such that

0T = wy — rycy. (1.39)
It follows that
0= 52Tf = 0wy — Orycy = tdwy — ridcy, (1.40)
or
tdwy = ri0C§. (1.41)
By the discussion in Sec. 1.3,
dwy =0, dcy=0. (1.42)

The period condition follows because, for any o € Zj11(M),

/wf = (wy)(0) = (0Tf + rvcy) (o) = (rvcy)(o) € A. (1.43)

Write the closed forms with periods in A as

QE (M) := {w € Q8 (M) / w e A forall o € Z,(M)} (1.44)

= {w € QF(M)|dw = 0, / w €A forall o € Z;,(M)}. (1.45)

[oa

The definition of a differential character can be rewritten as



4 N

H*(M,R/A) = {f € Hom(Zy,(M),R/A)[Pw; € Q5 (M)p s.t. fod = pawy}. (1.46)
o J
a I
Proposition 1.7. The form wy is unique. Equivalently, p,. : Q¥ (M) — C*1(M,R/A) is injec-
tive.
_/
(Proof) If w} also satisfies f o0 = p*u,u}, then p.o(wy — w}) =0, and p,¢ is injective. O

Write the cohomology class determined by cy as

ug := [cy] € H* (M, A). (1.47)

Notice that
[twr] = [recy] = riles] = rauy. (1.48)
[Proposition 1.8. The class uy is unique. ]

(Proof) The cochain ¢; is determined by the relation
recy = 0T — wwy. (1.49)

The form wy is unique, but 7y has ambiguity. Let T} € C*(M,R) be another choice satisfying T}z, () =
f, and define

rocy = 0T} — woy. (1.50)
Then
(T = Tf)| 7,y = 0. (1.51)
Thus there exists dy : Z,(M) — A such that
(Ty = Tf)| 2, (1) = 7do. (1.52)

The homomorphism 7,dy : Zr — R can be extended by the injectivity of R as a Z-module, so there exists
dy € C*(M,R) such that

redo = di| 2, (ar)- (1.53)
Therefore,
(Tf = T; = di)|z, () = 0. (1.54)
By the remark in Sec. 1.2.4, there exists s € C*~1(M, R) such that
Ty =T} — dy = 6s. (1.55)
Thus
ru(cp — cp) = 0T — 6T = —dd, (1.56)
is a coboundary, and hence, by the injectivity of r,,

[c}] =Tles]. O (1.57)



We have shown that wy and uy are uniquely determined by f € H* (M,R/A). Let us also record the
ambiguity of the representation 7.

Proposition 1.9. The ambiguity of a representation Ty of f is

Ty Ty +r.d+6s, deCF(M,A), seC*(M,R). (1.58)

(Proof) Trace the above argument backward. The difference 7' = T — T satisfies

p«T| 2, (ar) = 0. (1.59)
By the exact sequence (1.20),
pT =3b, be CF Y (M,R/A). (1.60)
Choose a lift b+ s € C¥~1(M,R) with p,s = b. Then
pT = 6p.s = p.ds, s€ CF LM, R). (1.61)

Thus p.(T — &s) = 0, and hence there exists d € C*(M, A) such that

T—0s=r.d O (1.62)
Now define
6 : HF(M,R/A) — Q5P (M), 61(f) == wy, (1.63)
o HE(M,R/A) — H* (M, A),  6a(f) :=uy = [¢f]. (1.64)
EProposition 1.10. A form w € Q5T (M)A determines u € H¥ (M, A). ]

(Proof) Let w € Q5T (M),. By the period condition, petw|z, (ary = 0. In the exact sequence (1.20),
tw € keri =1imd, so

3T : Bp(M) - R/A s.t. pouw = 6T, (1.65)
Since By, (M) is a free Z-module, there exists T : By(M) — R such that p,T = T. Hence
pe(tw — 6T) = 0. (1.66)
Therefore there exists ¢ € C¥*1(M, A) such that
w — 6T = ryc. (1.67)

Since r.dc = 0 and r, is injective, the class u = [¢] is defined. If 7" is another choice and r.c’ = w — §T",
then r.(c — ¢') = =6(T — T"), so u is unique. O

[Proposition 1.11. An element u € H*' (M, A) determines [w] € HT' (M) with w € Q5T (M), ]

(Proof) For u € H¥*Y(M,A), consider r,u € H**1(M,R). By the isomorphism (=1 : H**1(MR) =



HYTL (M), there exists [w] € HiE'(M) such that .= (rwu) = [w]. If u = [¢], then r.c = w + 6T, and
therefore

/ w = (rec—38T)(2) = c(2) € A. (1.68)
2€Zk+1(M)

Thus w has periods in A. O
[Proposition 1.12. The maps 01,82 are surjective. ]

(Proof) By the preceding two propositions, if either w € QT (M), or u € H*1(M, A) is given, a pair

cl

w, u satisfying [iw] = r,u is determined. Let u = [c], ¢ € C**1(M, A). Then

6T = w —rec, T € CF(M,R) (1.69)
is determined. Now set
=0Tz, 00)- (1.70)
Then
f(00 € Bi(M) C Zi(M)) = p.T(30) = p.0T(0) = p.(1w — r.¢)(0) = parw(o), (1.71)

s0 f o8 =pew, and f € H*(M,R/A).

To show independence of the replacement of ¢, first show that f is independent of the choice of T
Under T'+— T + 6.5,

f(z € Zp(M)) = p.T(2) = pT(2) + pedS(2) = pT(2) + p.S(02) = p.T(2), (1.72)

so f depends only on the class [T] € H’“(M, R). Moreover, replacing ¢ — ¢+ §b is precisely T +— T + dr.b,
so f is determined only by u = [c] € H**1(M, A). O

The proof also gives the following.

\
Corollary 1.13. A triple
(T,c,w) € C*(M,R) x C*1(M, A) x Q*F1(M) (1.73)
satisfying
0T = w — ryc (1.74)
defines a differential character f := p.T|z, (a) € er{k(M7 R/A). The character f depends only on
[T] € H*(M,R) and [c] € H*1(M, A).

/
Although we wrote w € QF+1(M) here, the relation 07 = w — r,c implies w € QF(M),, as shown
above.

For v € H*(M,R/A), choose s € Z*(M,R/A) with v = [s] and set

f=slz.n)- (1.75)

Replacing s by s — s+ dt does not change f, since dt(z € Zi(M)) = 0. Also f(do) = 0, so f is a
differential character with d;(f) = 0. Write this as

H*(M,R/A) 2 H*(M,R/A), v =[s] = i1([s]) = | z(a0)- (1.76)



Clearly i; is injective. If we take an extension p.5 = s, § € C¥(M,R), to R-valued cochains, then

a representation of f = ¢1([s]) is Ty = 5. Then the cohomology class —uy = —[cs] of the cochain
c € C*1(M,A) determined by §5 = —r.cy is exactly the Bockstein homomorphism of [s]:
up = —B([s]). (1.77)

Thus f = i1([s]) is a differential character satisfying d;(f) = 0 and d2(f) = —B([s]). We have shown:

Proposition 1.14.

52 o 7:1 = —B. (178)

Proposition 1.15. There is an exact sequence

0 — HY(M,R/A) 25 BF(M,R/A) 2 QEFL(M) 5 — 0. (1.79)

(Proof) The injectivity of i1, the surjectivity of 41, and §; 0i; = 0 have already been shown. Let f € ker ¢y,
namely wy = 0. Choose a representation Ty such that f = p.T¥|z, (ar). Then 07y = —r.cy. Thus

5Tf(0’) = Tf(ﬁa) = 7T*Cf(0) €A, (180)

so dp. 1y = p.0Ty = 0, and a cocycle p, Ty € Z¥(M,R/A) is defined. Under a replacement Ty —Tr+68,
the change p,8S = p.S is a coboundary, so f determines a cohomology class [p.Ty] € H*(M,R/A).
Moreover i1 ([p.T%]) = p«T¢|z, (ar)- O

For a k-form a € Q¥ (M), define

fa = putalz, (1), (1.81)
that is,
fa(26Zk(M)):p(/a>. (1.82)
Then
fa(90) = p.a(o) = pada(o), (1.83)

so f, is a differential character f, € H’“(M7 R/A) with 61 (fa) = da. Write ia(a) = fo. For 8 € QF(M),,
by definition fz € Zu(M) B € A, which maps to 0 under p. Therefore i5 defines a homomorphism

OF (M) /8 (M) 25 H*(M,R/A),  « — paialz, (- (1.84)

If i5(r) = 0, namely if [ a € A for every z € Z,(M), then in particular for every do € By (M) we have
Jo, @ = [ da =ida(o) € A. By injectivity of p,., this implies da = 0. Thus « is closed and has periods
in A. Hence the kernel of is is Q¥ (M) 4, and i5 is injective. Moreover, for f = iz(c) one can take Ty = o
as a representation, so uy = da(f) = 0.

Proposition 1.16.

51 0y = d. (1.85)

Proposition 1.17. There is an exact sequence

0 — QF(M)/QF (M) a 25 HF(M,R/A) 2 H¥ (M, A) — 0. (1.86)

(Proof) The injectivity of i3, the surjectivity of d2, and dp0i5 = 0 have already been shown. Let f € ker ds.
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Thus for T satisfying p.Ty|z, () = f, suppose 6Ty = wwy + ride. Then wy = §(Ty — r«e), and by de
Rham’s theorem wy = df. Hence §(Ty — rie — 1) = 0, so a cocycle a = Ty — rye — 10 € ZF(M,R) is
defined. Again by de Rham’s theorem, there exist ¢ € Q¥ (M) and n € Q*~1(M) such that a = t¢ + tdn.
Therefore

Ty =u(¢p+6+dn) +r.e. (1.87)
Consequently
0Tt = 1d(¢ + 0) + r.de. (1.88)
Thus f =i2(¢ + 0) = put(d + 0)| 2, (a1)- O
Introduce the following.
\
Definition 1.18.
RF(M,A) := {(w,u) € Q5 (M)x x H*(M, A)|r.u = [w]}, (1.89)
R*(M, A) := @R (M, A). (1.90)
o /
a I
Proposition 1.19. The group R*(M,A) has a ring structure with respect to the product
(u,w) - (v,¢) = (WU v,wA D). (1.91)
- /

(Proof)

re(uUv) =rauUro = w]Utd] = tw] Ui[d] = ([w] U [¢]) = tlw A d] = [tlwA¢)]. O (1.92)

Proposition 1.20. There is an exact sequence

0 — HE(M,R)/r[H*(M, A)] 22 A*(M,R/A) 2% RF+L(01,A) — 0. (1.93)

(Proof) The surjectivity of (d,d2) follows from Corollary 1.13. For [T] € H*(M,R), define i1 by

f=1i12([T1) == pT| 2, (1) (1.94)

Since §S(z € Zx(M)) = 0, this does not depend on the choice of T'. Since 6T = 0, p,T(0o) = p.éT(c) =0,
and hence f € H*(M,R/A) with w; = 0 and u; = 0. Therefore (8;,d2) 0 i1a = 0. If iy5([T]) = 0,
then p.T|z, () = 0. By (1.20), the projectivity of By, and the injectivity of R, there exists b €
Hom(Cy_1(M),R) such that p,T = p,bo d. Thus there exists ¢ € C*(M, A) such that

T = 0b+ ryc. (1.95)

Since 7,.0c = T = 0, the cochain c is a cocycle and defines [c] € H*(M, A). Since [T] = r.[c], the kernel
of 419 is r*[Hk(M, A)].

Conversely, suppose [ € H’f(M7 R/A) satisfies §1(f) = 0 and d2(f) = 0. Then a representation
[ =0Tl 7, (m) of [ satisfies 6T = r,de for some e € C¥~1(M, A). Therefore Ty determines a cohomology
class [T}] € H¥(M,R), and i15([T}]) = f. O

The following has been proved.
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Theorem 1.21. There are exact sequences

0 — HF(M,R/A) S EHF(M,R/A) 25 QEH (M), — 0, (1.96)
0 — QF(M)/QE (M) 2 HF (M, R/A) 22 HML (M, A) — 0, (1.97)
0 — H*(M,R)/r,[H*(M, A)] 22 (% (M, R/A) L% RE+1(0L,A) = 0. (1.98)

Moreover, the following hold. The maps 1,123,412 are defined by

i1([s]) = 8|z, (), (1.99)
ia(a) = pataz, (any, (1.100)
i12([T]) = p Tz, (ar)- (1.101)

If Ty € C*(M,R) is a representation of f € FI’“(M,R/A), [ =0T¢lz, a1y, then
0T = wy —recy, wyp € QNN (M) s, cp € ZFHH(M,A). (1.102)

The maps 01,02 are defined by

01(f) = wy, (1.103)
5:(f) = les]. (1.104)
The following identities hold:
51 o 7:2 = d7 (1105)
52 o il = —B. (1106)
Here B s the Bockstein homomorphism.
o _/

1.5.1 Example: Euler class of a circle bundle

Let SO(2) — E = M be a circle bundle with connection 6, and let Q be its curvature form. Since =0
represents the Euler class, 5-Q € Q2/(M)z. For a smooth closed path v : S* — M, the SO(2) holonomy
H(7) is defined. Define a differential character on smooth closed paths by e*™'¢(y) = H(y). To define
a differential character for an arbitrary cycle x € Z;(M), note that there exists a smooth closed path
~: 8! — M such that « = v + Oy for some y2. Then define

X(@) = x(v) + %p </y Q) =x(7) + %p*m(y). (1.109)

In this example, 01(X) = 5= and 65(%) = x (the Euler class).

2An element of x € Z1(M) is, by definition, a 1-chain without boundary, and a k-chain is an integer linear combination
of nondegenerate cubes

o:I¥ - M, smooth, (1.107)

namely

T = Zniﬂi, n; €L, Oxr= Zniaai =0. (1.108)
i i

Therefore z itself is not necessarily smooth. On the other hand, it agrees with some smooth closed path v : ST — M
up to a boundary, so it can be written as x =« + 0y.
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1.6 Graded ring structure

As already checked in [3], suppose the subdivision operator A : Ci (M) — Ci (M) is shown, step by step,

to have the following properties:

e In the limit of subdivision, the cup product and wedge product agree:

lim (A*)"(w U 8) = t(w A D).

n—roo

e For w; € Q1 (M) and wy € Q2(M), the following infinite sum converges:

E: Q' (M) x Q2(M) — ¢ht2=1(M,R), bilinear,

Ew®6)(x):=— Z(Lw U ) (pAiz).

=0

Here v is a chain homotopy between A and 1:

1— A=+ 0.

Then, with

oo

Blw®0):=—Y (A")4" (wU.),

=0

the map F is a chain homotopy connecting U and A:

t{wi Aws) — w1 Uws = §E (w1 ® wy) + Ed(w; @ ws)

= 5E(OJ1,0J2) + E(dwl,o.)g) + (—l)llE(wl, do.)g).

In particular, for closed forms wy,wa,

twr Awa) — g Utws = 0B (w1 @ ws), wi € Qlcﬁ(M),wg € Qlc"i(M)

Moreover,
n—1 .
(A")"E(w @ wa) = E(w1 ® wa) + Z(A*)lw*(wl U twa),
i=0
S0

lim (A*)"E(w; ® we) = 0.

n— oo

We make several preparations.

(1.110)

(1.111)

(1.112)

(1.113)

(1.114)

(1.115)
(1.116)

(1.117)

(1.118)

(1.119)

e Since r : A — R is compatible with products, r(zy) = r(x)r(y), the map r, is compatible with the

cup product on the cochain level:

reC1 UTwco = ri(c1 Uca).

(1.120)

e On the cochain level, the cup product is neither graded commutative nor associative. However,

these identities hold in cohomology. Write the chain homotopies as
H:C*(M,A)® C*(M, A) — C* (M, A),
fug-— (71)deg(f) deg(g)g uf
=0H(f®g)+H((f®g))
= (SH(fv g) + H((Sfa g) + (_l)deg(f)H(fu 59)7
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K :C*(M,A)®C*(M,A) @ C*(M,A) — C*~1(M, A), ( )
(fUg)Uh—fU(gUh) (1.126)
=0K(f®g®h)+K(O(f@g®h)) (1.127)
= 0K (f,9,h) + K(5f,9,h) + (~1)* VK (f,6g,h) + (—1)*eITEO K (f g 5h),  (1.128)

and so on.

On the other hand, the noncommutativity of the cup product of differential forms can be written
using E. From (1.116),

wor U twy — (—1)1"2 0005 U sy (1.129)
= —0F(w; ® wa — (—1)11[2w2 ®wi) — Bd(w; @ we — (—1)lll2w2 ®wy) (1.130)
= —(6E + E&) (w1 @ ws — (—1)12wy @ wy). (1.131)

Thus
H(w ® 1) = —FB(w; @ wa — (—1)12w5 @ wy). (1.132)

In other words,

Ho(1®1)=—FEo(id — (=1)27), (1.133)

where
TR - QRN, W Quws— ws wy (1.134)

is the braiding.

The failure of associativity for differential forms can also be expressed using E. Let wq,ws, w3 be
forms of degrees Iy, 15,3, respectively. Then

(w1 U wwa) U wws — twy U (tws U ws) ( )

= (w1 Aw2) — (0F + Ed)(w1 @ w2)) U iws — wwr U (L(wz Aws) — (0E + Ed)(wa ® ws)) )

=t(wy Awz Aws) — (0F + Ed)((w1 A wa) @ ws) ( )

— (w1 Aws Aws) — (0F 4+ Ed) (w1 ® (w2 Aws))) (1.138)

—((0E + Ed)(w1 @ wa)) U tws + tw1 U (0E + Ed)(ws @ w3) ( )

=—(0E + Ed)((w1 Aws) @ ws — w1 ® (w2 Aws)) ( )

—((0E 4 Ed)(w1 @ w2)) Uws + w1 U (0F + Ed) (w2 @ ws). ( )

The first line can be written as

—(0E + Ed)((w1 Aw2) Qs — w1 ® (w2 Aws)) = (04 + Ad) (w1 @ we @ ws), (1.142)

A=—-Fo(A®id—id® A). (1.143)
The first term of the second line is

((0FE + Ed)(w1 @ wa)) U tws ( )
= (0E(w1 ®ws)) Uws + E(d(w; @ wa)) U tws ( )
= 0(B(w1 ® wa) Uwws) — (1)1 271 B(w; @ w) U tdws 4+ E(d(w1 ® w)) U ws (1.146)
= §(E(w ® wa) Uwws) + (—1)1 2 B(w) @ wy) U tdws + E(d(w; ® wa)) U wws ( )
= (0B + Bd)(w1 ® ws @ w3), ( )

where

B=Uo(E®u). (1.149)
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Similarly, the second term of the second line is

w1 U (0F + Ed)(ws @ w3) (1.150)
= (=1)"6(1wy U B(ws @ w3)) — (—1)11dw; U B(ws ® wz) 4wy U Ed(wy @ ws) (1.151)
= (—1)48@) 5 (10 U E(ws ® ws)) + (—1)9°81) 1dwy U E(ws ® ws) 4 w1 U Bd(wy @ ws) (1.152)
= (5C+C’d)(w1 ®OJ2®CU3). (1153)
Here we set

C(w1 X wo K w3) = (_1)deg(w1)(u [SAY E)(wl R wo & U.)g), (1.154)

that is,
C=Uo(((-1)%0.1)® E). (1.155)

Indeed,

(6C + Cd)(w1 ® wa ® w3) (
= 60 (w1 @ wy @ ws) 4 Cdw @ wy @ ws) 4 (—=1)4EW) C(wy @ d(wy ® ws)) (1.157
= (=1)4e§(Uo 1L ® E)(w) @ wa ® w3) (

+ (—1)d°g(d“’1)(u 01 ® E)(dw) @wa ®@ws) + (U0t ® E)(w ® dlws @ ws)) (

as required. Therefore

(w1 U wwa) U ws — twy U (twe U ws) = (0D + Dd) (w1 @ we @ ws), (1.160)

D=A-B+C=-Eo(A®id—id®A) —Uo(E®:1)+Uo (((-1)¥%0.) ® E). (1.161)
In other words,
Ko(t®t®t)=-Eo(A®id—id®@A) —Uo (E®1t)+Uo (((-1)%*%0.1) ® E). (1.162)

In variables, this gives

K(tw ® wr @ ws) = —E((w1 Aws) @ ws) + E(wr ® (we Aws)) (1.163)
— B(w1 @ wy) U wws + (—1)38@0) 105 U B(ws @ ws). (1.164)
a N

Definition 1.22. For f € H*(M,R/A) and g € H'(M,R/A), choose representations f = P«Ts|z, (1)
and g = p.Ty|z,(m)- Define

frg=p (Ty Uwy — (—1)*wp UT, — Ty UST, + E(wy,wy)) | Zysrs- (1.165)
Thus f x g is the differential character represented by
Teg = Tp Uwwy — (—1)* 1w UT, — Ty U ST, + E(wy,wy). (1.166)

Choosing a representative of ug = [¢,4], one can also write

Tpg = TrUrwcy — (—1)F oy UT, + E(wy, wy). (1.167)
= /

We check the properties in order. Below, equalities up to im§ and imr, are denoted by ~s and ~,.,
respectively, and equality up to im 6 +imr, is denoted by ~s,.. (Below there is some fluctuation between
the notations E(wy,ws) and E(w; ® wa), but they have the same meaning.)
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[Proposition 1.23. The product f x g is independent of the choices of the representations Ty, Ty. ]

(Proof) The ambiguities of T, T, are

Ty Ty +rudy + 655,  dy € CF(M,A), sy € C*H(M,R),
Ty~ Ty +rudy + 084, dg € CH(M,A), s, € CHM,R).
Under this change,
Tig = (Tf +rids +655) Uy — (—1)*wp U (T, + redy + ds,)
— (Ty + rudy + 055) US(Tg + rady + b59) + E(wy, wg)
=Ty + (ruds +05¢) Uwy — (—1)*uws U (redy, + ds4)
— T UO(redg + 6sg) — (redy +55) Ud(Ty + rudg + 0s4)
= Tpag +7udp Utwy +8(sp Utwy) — (—1)F1wp Uridy + §(wwys U sy)
— Ty Uoredg — (redy 4+ 0s5) U (8T, + dridy)
= Tpeg +7adp U (wy — 0T,) 4+ 0(sp Uwwy) — (1) s Ured, + 8(wwp U sy)
— (=D)*(8(Ty Uredy) — (wy — rcy) Uridy) — (rudyp + 8s5) U drady — dsp U ST,
=Tpeg +1edp Uricg +6(s5 Uwwg) + 6 (wwy U sg)
— (=1)*8(Ty Uridy) — (—1)fricy Uridy — (rody + 6sp) Udridy — 855 U ST,
=Tpg+ 75 (df Uy — (—1)Fcp Udy — dy Uddy)
+6 (sp Utwg +wpUsg — (1) Ty Uridy — s Udredy — 55 UGTy) .
Here we used
8(Tf Uredy) = 0Ty Uridy + (=1)*T} U dr.d,
= (wys — recp) Ured, + (1) Ty U r.d,.

Thus the change of T, is an ambiguity of the representation, and f x g is well-defined.

Also note that, in the expression (1.167), the ambiguity ¢, — ¢4+3d, of the representative of u, = [c,]

is part of the ambiguity of Tj,. O
Proposition 1.24. The product f x g is indeed a differential character:
frge HH (M R/A). (1.184)
Namely, there exists w € QFHFTY(M) such that (f x g) 0 0 = p.iw.
(Proof) It is enough to check this at the level of representations.
§ (Ty Uricg — (-1 oy UT, + E(wy, wy)) (1.185)
=0TfUricg+ s U Ty + 6E(wy,wy) (1.186)
= (wy —recp) Urecg + twp U (wg — macy) + t(wr Awg) — wy U wwg (1.187)
= 1wy Awy) —r(cr Ucy). (1.188)
Notice that
recy Urycg = 1i(cp Ucg). (1.189)
Thus f * g is a differential character with
01(f *9) = wrsg = wy Ay, (1.190)
02(f *g) = Ufeg = up Uuyg. (1.191)
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Proposition 1.25.

frg=(=1)*FDUD o 7 (1.192)
roof) Compare the expression
(Proof) C h i
Ty =Ty Uricy — (=1 w, U Ty + E(wy, wy) (1.193)
with
Ty Uricy ~s (1) D0 e UTy + H(OT) @ ricy) (1.194)
~p (=)D e UTy + H(wy @ Tacy), (1.195)
and
wp UTy ~ (1) Uiy 4+ (=) H (wy @ 0T,) (1.196)
= (=) Uwws 4+ ()M H (wy @ (1wy — 7acy))- (1.197)
Then
Tpg — (—1)EHDEDT (1.198)
~sr (“D)PF e o UTy + H(wy @ 1acy) (1.199)
(DR EIT, U sy + (—1) P H (g © (1 — acy)) + By, ) (1.200)
() EHDEHD (T Ureep — (—1)iwy U T + E(wg, wy)) (1.201)
= —(=1)PHVST, U Ty + (—1) VDT U STy + H(wy ® 7.cy) (1.202)
+ H(wy ® (wy — Teq)) + E(wy,wy) — (1) FDED R0, wr) (1.203)
s H(1oy © ) + Blwp,wy) — (—1)E DO By, wp). (1.204)
This vanishes by (1.132). O

Proposition 1.26.

(fxg)xh=fx(gxh). (1.205)

(Proof) Let f,g,h be differential characters of degrees k, [, m, with representations T¢, Ty, Th.

T fugysh = Trag Urscn — (=1 wwp 0 UT), + E(wpeg, wn) (1.206)
= (Tf Uricy — (~D*w,uT, + E(wy,wg)) Urscp — (=D (wp Awy) U Ty + B(ws Awg,ws)

(1.207)

= (Tf Urwcy) Uricy, — (—1)"(wy UT,) Ursen + E(wy,wy) Uracy, (1.208)

— (=) (wp Awg) UTy, + E(wy Awg,wh). (1.209)

On the other hand,

Thagsny = Tp Urscgen — (—1)F 1wy UTyun + E(wp, wgen) (1.210)
=T;Uru(cyUcy) — (=1)*up U (Ty Urscp, — (=D, UT, + E(wg,wn)) + E(ws,wyg Awy,)

(1.211)

=T} U (recy Urien) — (—=1)Fwy U (T, Ureen) + (=) wp U (1w, UTy) (1.212)

— (=) wy U E(wg,wn) + E(wp,wy Awp). (1.213)
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Compare these. Using
wp U (twy UTh) = (wy Uwy) UTy, — 6K (wy @ wy @ Ty) — (DM M2 K (1w @ w, @ 6Ty),  (1.214)
we get

Liprgyen = Tyagen) (

= E(wf,wy) Ursch + (1) u(ws Awy) UTy + E(ws Awg,ws) (
— (=D (s Uwwy) UTy, — 6K (1wy @ wy @ Th) — (= 1D)FT 2K (1w @ w, @ 6T1)) (1.217
+ (=1)*uwp U E(wg,wn) — B(wp,wy A ws) (
+OK(Ty @ ricy @ricy) + K(0TF @ 1icy Q Tichp) (
— (DR K (wy @ T, @ ricy) + (1)K (wr @ 6T, @ rvcp)). (

Further transforming up to im 6, imr,,

Tigegyen = Lre(gen) (1.221)
~s Bwp,wy) Uren + (1) u(wp Awy) UTy + E(wy Awg,ws) ( )
— ()" (o U w,y) UTy + K (wy @ wy @ 6Ty,) ( )
+ (=1 s U E(wg,wn) — B(wp,wy A ws) ( )
+ K0Tt @ 1rvcg @ 1icp) + K(wyp ® 6Ty @ rych) ( )
~s B(wp,wy) Uren + (=1)"ME(wf @ wy) UTy + E(wy A wg,ws) ( )
+ K(wy ® twg @ (twp, — rvcp)) (1.227)
+ (=D wy U B(wy,wn) — E(wp,wy Awp) ( )
+ K((iwy — 14vcp) @ 1iCqg @ 1ich) + K(tws @ (twg — rvcy) ® T4Ch) ( )
~s B(wp,wy) Uren + (=DM (= (=) 2E(wr @ wy) USTh) + E(ws A wg,wn) ( )
+ (=D wy U E(wy,wn) — E(wp,wy Awp) ( )
+ K(wy ® wy @ wwp) — K(reep @ rocg @ mcp) ( )
~s Bwp,wy) Uty + E(ws Awg,wn) + (=) w s U E(wy,wn) — E(wp,w, Aw) ( )
+ K(wy ® wy ® wp) — K(recp @ rocg @ 14cp). ( )

Here, because r : A — R is compatible with products,

K(rvcf @ricg @rycy) = rK(cy ® cg @ cp) (1.235)
lies in imr,. The remaining terms cancel by (1.164). O
The above also shows:
Proposition 1.27.
(81,62) : H*(M,R/A) — R*(M,A) (1.236)

is a Ting homomorphism.

References

[1] Jeftf Cheeger and James Simons, Differential characters and geometric invariants, In: Geometry and
Topology, pp. 50-80. Springer, Berlin (1985).

[2] Kiyonori Gomi, Differential characters and the Steenrod squares, arXiv:math/0411043.

18



[3] Ken Shiozaki, “Notes: Cubical Singular Chain Complex,” https://www2.yukawa.kyoto-u.ac.jp/
~ken.shiozaki/doc/cubic_chain.pdf

19


https://www2.yukawa.kyoto-u.ac.jp/~ken.shiozaki/doc/cubic_chain.pdf
https://www2.yukawa.kyoto-u.ac.jp/~ken.shiozaki/doc/cubic_chain.pdf

	Differential Characters
	What is a proper subring of R?
	Preparations
	Notation p,r,
	Projective objects
	Injective objects
	On f = g when f|Zk=0

	p*  is injective
	The Bockstein homomorphism

	Memo
	Structure theorem for differential characters
	Example: Euler class of a circle bundle

	Graded ring structure


